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RESUMO

KOMATSUDANI QUISPE, Midory. Sobre a aplicacao Baum-Bott. Rio de Janeiro, 2017.
Tese (Doutorado em Matematica)- Instituto de Mateméatica Pura e Aplicada, Rio de
Janeiro, 2017.

Os indices de Baum-Bott sao invariantes importantes em folheagoes holomorfas
singulares por curvas com singularidades isoladas. Se a folheag¢ao tem uma singularidade
nao degenerada entao seus indices no ponto singular podem ser facilmente calculados
usando os autovalores da parte linear de um germe de campo de vetores que induz a
folheacdo em uma vizinhanca da singularidade. A aplicaggo Baum-Bott esta definida
no espaco de folheagoes holomorfas de dimensao um, em uma variedade complexa e
compacta, com fibrado cotangente a folheacao fixado. Esta aplicacao associa a uma
folheagao seus indices de Baum-Bott em cada ponto singular. Restringimos o estudo a
folheacoes em espacos projetivos complexos. No caso de folheagoes de dimensao um no
plano projetivo, o posto genérico é conhecido. Damos uma cota superior para o posto
genérico da aplicagao Baum-Bott para folheagoes em espagos projetivos, o qual depende
do grau da folheagdo e a dimensao do espago projetivo. Mais ainda, estendemos o
resultado dado para o plano projetivo e determinamos o posto genérico para folheagoes
de grau dois definidas em espagos projetivos de dimensao par, e também para folheagoes
de grau maximo oito, no espaco projetivo de dimensao trés. Além disso, estudamos o

posto na folheacao de Jouanolou.

Palavras—chave: Folheagoes holomorfas, indice de Baum-Bott, aplicagago Baum-

Bott, posto genérico, folheacao de Jouanolou.



ABSTRACT

KOMATSUDANI QUISPE, Midory. On the rank of the Baum-Bott map. Rio de Janeiro,
2017- Instituto de Matematica Pura e Aplicada.

The Baum-Bott indexes are important invariants of singular holomorphic foliations
by curves with isolated singularities. If a foliation has a non-degenerate singularity, its
indexes at that point can be easily calculated using the eigenvalues of the linear part of a
germ of a vector field, which defines the foliation at a neighborhood of the singular point.
The Baum-Bott map is defined on the space of one-dimensional holomorphic foliations
on a compact complex manifold with a fixed cotangent bundle to the foliation. This map
associates to a foliation its Baum-Bott indexes at each singular point. We concentrate
on foliations on the complex projective space. The generic rank of this map on the space
of one-dimensional foliations on the projective plane is already known. We give an upper
bound of the generic rank of the Baum-Bott map for foliations on projective spaces,
the number depends on the degree of the foliation and the dimension of the projective
space. Moreover, we extend the known results for the projective plane and determine the
generic rank for degree-two foliations on even-dimensional projective spaces, as well as
for degree up to eight on the three-dimensional projective space. Additionally, we study

the rank at the Jouanolou foliation.

Key words: Holomorphic foliations, Baum-Bott index, Baum-Bott map, generic

rank, Jouanolou foliation.
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Introduction

The Poincaré-Hopf theorem relates the Euler characteristic and the Hopf-indexes of a
vector field defined on a manifold. The theorem asserts that the properly counted number
of zeros of a vector field equals the Euler number of a manifold. Consequently, it relates
a topological concept, the Euler characteristic, and an analytic one, the Hopf-index of a
vector field.

Chern classes can be read as obstructions. On a complex manifold the Euler
characteristic coincides with the top Chern class of the manifold. In this case the top
Chern class gives us an obstruction to construct a vector field without singularities. In
general, the Chern classes give us obstructions to construct linearly independent vector
fields. This concept is generalized to vector bundles, and the Chern classes of a vector
bundle give us obstructions to construct global independent sections.

Baum-Bott indexes are related with Chern classes. A one-dimensional holomorphic
foliation on a complex manifold is given by a section of the tensor product of the tangent
bundle and a line bundle. The Chern classes of the tensor product can be calculated
by some local invariants of the foliation around the singularities. This local invariants
are the Baum-Bott indexes of the holomorphic foliation. So, if we know the Baum-Bott
indexes of a holomorphic foliation, we can know the Chern classes of the tensor product
that defines the foliation.

In some cases, the Baum-Bott indexes are easy to compute. If the foliation has only
non-degenerate singularities, the Baum-Bott indexes can be determined by considering the
symmetric functions of the eigenvalues of a germ of vector field that defines the foliation
near the singularity. Conversely, if we know the Baum-Bott indexes at a singular point,
we can determine the eigenvalues of the linear part of the vector field at the singularity,
up to projectivization of the tuple of eigenvalues.

Since the local behavior of a foliation, near a singular point, is determined in most
cases by its eigenvalues, then the Baum-Bott indexes can give us great information. For
instance, if the eigenvalues of the linear part of a vector field at a singular point are in
the Poincaré domain, then the singularity has a behavior of a local atractor (see [10]),
and if they are also non resonant, then the foliation is linearizable at a neighborhood of

the singularity (see [17]).
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A one-dimensional foliation &, on a compact complex manifold M of dimension n, is
a section of TM ® L, where L is a holomorphic line bundle on M and T'M is the tangent
bundle of M. The line bundle L is the cotangent bundle 77 of the foliation J. The set of
foliations on M with cotangent bundle L is denoted by Fol(M, L) = PH*(M,TM ® L).

The Baum-Bott theorem states that the Chern classes of the vector bundle TM ® L
are the sum of suitable Baum-Bott indexes of a holomorphic foliation which has only
isolated singularities and cotangent bundle L. In the following theorem the ¢-th Chern

class is denoted by ¢; and the i-th elementary symmetric function of the eigenvalues by

C;.

Theorem 1 (|27]). Let M be a compact complex manifold of dimension n, L be a
holomorphic line bundle on M and & be a holomorphic section of TM ® L with isolated

zeros. Consider the Chern classes:

ATM®L) = (TM®L)...c>"(TM ® L),

v=(v1,...,Vn) €Ly and vy + 205 + ... + 1y =n.
Then v (JEV y
/c”(TM@L): Z Resp{ (A ... A Zn},
. _ é-l e gn
M p: £(p)=0
96\ . ‘ . . ‘
where J& = 3 1s the Jacobian matriz and the Grothendieck residue symbol
<j
v d o Ndzy ) .
Res), {C (Jf)gzl /\5 Az } s the Baum-Bott index C¥ of £ at p.
1.---Cn

The Baum-Bott indexes are easier to estimate at non-degenerate singular points. For
instance, let v = (v1,...,v,) € Z%, with v; + 2vy + ... +ny, = n. If p(F) is a non-
degenerate singularity of a foliation & on M, and X5 is a germ of vector field which
defines F around p(¥F), then the Baum-Bott index C” of F at p(F) is expressed in terms
of the eigenvalues of the linear part of Xy at p(F):

_ C"(DX5(p(F)))

BB,(F,p(F)) = det(DX5(p(F))

A one-dimensional foliation on the projective space has tangent bundle O(1 — d), for
some non-negative integer d. This number is called the degree of the foliation. The space
of one-dimensional degree-d foliations on the projective space P™ is denoted by Fol(n, d).
A foliation in that space, with only non-degenerate singularities, has N = ¢, (P, TP"®T})
singular points. The set of those foliations is denoted by Fol,..q(n, d).
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Now, we associate to each foliation its Baum-Bott indexes in the following way. We

enumerate the set
A = {(Vl,...,l/n) €7, | 1/1+2y2—|—...—|—nyn:n} = {No, N1, ..., Ni},

where Ny = (0,...,0,1). Let Fy be a foliation with only non-degenerate singularities
and with singular set Sing(F,) = {p? ...,p%}. Then, there is an open neighborhood
of Fy, U C Jol,eq(n,d), and holomorphic maps, pi,...,py : U — P", such that
Sing(F) = {p1(F),...,pn(F)} and p;(Fo) = p) for j = 1,..., N. The local Baum-Bott
map BB : U — (C*)V is defined by:

F = (BB (01(F)), -, BBy, (01(F)), - -, (BB, (pn(F)), - -, BBy, (pn(F)))-

We extend the domain of the local Baum-Bott map to Fol..4(n,d) by symmetry. More
specifically, we denote by (C*F)V /Sy, the quotient of (C*)Y by the equivalence relation
which identifies the points (21,...,2n5) and (251, .-, 20(n)), Where 0 € Sy, 2 € CF
and Sy is the group of permutations of N elements. In this way we have the map
BB : Folpq(n,d) = (C*)N/Sy:

F = [(BBy, (p1(F)), -, BBy, (p1(F)), - -, (BBy, (pn(F)), - - -, BBy, (pn(F)))];

where [21, ..., zy] denotes the class of (21,...,2y) in (CF)V/Sy.

The global Baum-Bott map, BB : Fol(n,d) -~ (P*)" /Sy, is the rational map which
extends the Baum-Bott map given above.

The Baum-Bott map, for foliations on the projective plane, is not dominant due to
the Baum-Bott formula. In general, the Baum-Bott formula theorem states that the sum
of the Baum-Bott indexes of a foliation, on complex surfaces, is the autointersection of

the normal bundle of the foliation by itself:

Theorem 2 (Baum-Bott formula [2|). Let F be a holomorphic foliation with only isolated

singularities on a compact surface M, then

Ns.Ny= Y BB(F,p).

p€eSing(F)

If M =1P? and d is the degree of the foliation F, then we get

(d+2)°= > BB(F.p).

peSing(F)
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Gomez-Mont and Luengo asked in [14], if there are other hidden relations between
the Baum-Bott indexes of a degree-d foliation on the projective plane. This question is
equivalent to finding the generic rank of the Baum-Bott map.

Lins-Neto and Pereira in [22] found the generic rank of the map for one-dimensional

foliations on the projective plane:

Theorem 3 (|22]). If d > 2, then the mazimal rank of the Baum-Bott map for degree-d
foliations on P? is

d* + d.

In particular, if d > 2 then the dimension of the generic fiber of the map is
3d + 2.

As a consequense, the unique relation among the Baum-Bott indexes is given by the
Baum-Bott formula.

Lins-Neto, in [21], studies the generic fiber of this map for degree-two foliations on
the projective plane. In this case the dimension of a generic fiber is the dimension of the
automorphism group Aut(P?). Then, a generic fiber is an union of orbits of the action of
Aut(P?) on Fol(2,2). He finds the exact number of orbits.

Theorem 4 (|21]). The generic fiber of the Baum-Bott map for degree-two foliations
on the projective plane P? contains exactly 240 orbits of the natural action of the

automorphism group Aut(P?).

We are interested in the generic rank of the Baum-Bott map for foliations on high-
dimensional complex projective spaces. Theorem 1 gives us some relations among the
Baum-Bott indexes of a foliation. We want to know if there are other algebraic interactions
between these indexes, too.

In the case of degree-one foliations, we find the maximal rank:

Proposition 1. If n > 2, then the generic rank of the Baum-Bott map for one-

dimensional foliations on P™ of degree one is
n— 1.

In particular, a generic fiber of this map is an union of orbits of the action of Aut(P™)
on Fol(n, 1) and it has dimension
n(n+1).

We give an upper bound for the generic rank of the Baum-Bott map.
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Proposition 2. Forn > 2 and d > 2, the generic rank of the Baum-Bott map for degree-d

foliations on the projective space P™ is at most
min{dim Fol(n, d) — dim Aut(P"), (N —1)(n — 1)}.

If n = 2, the upper bound given in the proposition above is sharp and it is equal to
the maximal rank given in Theorem 3. Moreover, when n = d = 2, the two numbers given

in the upper bound coincide. Then, we have the following conjecture.

Conjecture 1. For n,d > 2, the generic rank of the Baum-Bott map BB : Fol(n,d) -~
(]P)k)N/SN 18
min{dim Fol(n, d) — dim Aut(P"), (N —1)(n — 1)}.

We prove that the conjecture is true for foliations of low degree on P3:

Theorem 5. If d = 2,...,8, then the generic rank of the Baum-Bott map for degree-d

foliations on P3 is

(d+1)(d+2)(d+4)

dim Fol(3, d) — dim Aut(P?) = .

— 16.

In particular, if N(d) = d*> + d* + 1, a generic fiber of the map BB : Fol(3,d) -~
(P*)N@ /Sna is a finite union of orbits of the action of Aut(P?) on Fol(3,d).

In general, finding the rank of the Baum-Bott map at a random foliation is difficult.
We compute the rank of this map at the Jouanolou foliation in terms of some linear
transformations. This foliation, on P", is defined in the affine coordinate system
(x1,...,2,) € C" by the vector field

n—1

Z(xfﬂ — 2,205 + (1 — 2,290,

i=1
We need some notation. Let J = {j1,...,j,} be an ordered set and V}, for j € J, be
vectors of same dimension. We denote [Vj]je; = [V}, ...V}, ], the matrix whose column

vectors are Vj,,...,Vj . Let n,d € Z, and I = (iy,...,i,) € Z%;, we define the linear
transformation M, 4(I) : C* — C"! given by the matrix:

(tj41 = 5)d + (ij2 — 4j41)(d + 1)
lj+3 = Lj42

Mn,d(l) = . )

Tinm — bitm_
gtm Syl 1<j<n

where 4,11 =d —1— (i1 + ... +14,). We are identifying i; = 7; mod (n+1)-

We can state:
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Theorem 6. Let n > 3 be an integer number. The rank of the local Baum-Bott map
BB : Fol,4(n,d) = (C""")N at the degree d Jouanolou foliation is:

dimJol(n,d) +1 —n(n+1) Z dim ker(M,, 4(1)) ,if mis even.

dimJol(n,d) +1 —n(n+1 Z dim ker(M,, 4(1)) — , if n is odd.

We partially prove Conjecture 1 for degree-two foliations:

Theorem 7. Let n > 2 be an even number. The rank of the local Baum-Bott map
BB : Fol,,q(n,2) — (C* 1)V at the degree-2 Jouanolou foliation is

dim Fol(n, 2) — dim Aut(P") = (n + 1) <” * d> - (" = 1> — (n+1)%

n n

Corollary 1. Let n > 2 be an even number. A generic fiber of the global Baum-Bott
map, defined on Fol(n,2), is a finite union of orbits of the action of the automorphism
group Aut(P™) on the space Fol(n,?2).

The rank at the Jouanolou foliation, in other cases, is stricly less that the upper bound

given in Proposition 2.

Proposition 3. If n > 3, the rank of the local Baum-Bott map BB : JFol ,4(n,d) —
(CYHYN at the degree-d Jouanolou foliation, for degree d greater than two, is strictly less
than the upper bound given in Proposition 2. The same holds for degree d = 2 with odd

dimension n.
We are able to explicitly find the rank at the Jouanolou foliation on P3:

Theorem 8. Let d > 2. The rank of the local Baum-Bott map at the degree-d Jouanolou
foliation on the projective space P? is
e if d is even,
d—+2
dim Fol(3, d) — Aut(P?) — (( ‘g ) - 2) ,

e ifd=—1 mod (4),

dim Fol(3, d) — Aut(P?) — (<d "g 2) 4 ?) ,

e ifd=1 mod (4),

dim Fol(3, d) — Aut(P?) — ((d J?: 2) + %) ;
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and the dimension of the space Fol(3,d) is 4(‘%3) — (df) — 1.

The structure of the thesis is divided into three chapters:

In the First Chapter we give some concepts and results to make easier the
comprehension of the thesis. We give the concept of holomorphic foliation, a glimpse on
Chern classes and we state the Baum-Bott Theorem 1, which relates Baum-Bott indexes
and Chern classes.

In the Second Chapter we define the Baum-Bott map and estimated its rank. We
review the Baum-Bott formula, which is Theorem 2, and the theorems of the Baum-Bott
map, which are Theorems 3 and 4, for foliations on the projective plane P?. Then, we
study the rank at foliations on high-dimensional projective spaces. We state Proposition 1
for degree-one foliations, and Proposition 2, which give us an upper bound for the generic
rank of this map. We prove Theorem 5, which is stated for foliations of low degree on the
projective space IP3.

The Third Chapter is dedicated to the Jouanolou foliation. We give some known
results and remarks of this foliation. We study how the space of vector fields, generating
foliations, is decomposed in terms of the automorphisms of the Jouanolou foliation. We
also estimate its Baum-Bott indexes and the rank of the local Baum-Bott map at this
foliation, which is given in Theorem 6. As consequences, we get Theorem 7 and Corollary
1, which estimate the generic rank and fiber of the Baum-Bott map for degree-two foliation
on even-dimensional projective spaces, and Theorem 8, which give us the exact rank of
this map at the Jouanolou foliation on P3.

Finally, at the Appendix, we study the eigenspaces of an operator induced by an

automorphism of the homogeneous Jouanaolou vector field.



Chapter 1
Preliminares

In this chapter we review some fundamental topics. For more information, see [28] and
[29].

1.1 Holomorphic foliations

A non-singular holomorphic foliation of dimension k on a complex manifold M is given

by:
e a covering {U, }aca of M by open sets,

e for each o € A, there is a biholomorphism v : U, — DF x D" * where D C C is

the unitary disc at the origin,

° ifUaﬁzUaﬂUg%@,

Vap i Ya(Uas) — ¥p(Uap)
(z,w) = Pgoy(z,w) = (p1(z,w), pa(w)).

Each open set U, is called a trivializing open set of the foliation. A plaque is a set
Y H(DF x wyp), where wy € D"*. On M we define a relation of equivalence: p = ¢ if
there are plaques Py, ..., Ps, for some s € N such that p € P;, ¢ € P, and such that
P.NP;#0 fori=1,...,5s—1. The equivalence class of p € M is called the leaf by p.
A singular holomorphic foliation of dimension k£ on a complex manifold M is a
non-singular foliation of dimension k in M\S, where S is an analytic variety on M of
codimension at least two. We ask S to be minimal in the following sense, if S’ is a proper
analytic subset S’ C S, then the foliation on M\S cannot be extended to M\S’. Under
that condition, S is called the singular set of the foliation F and denoted by Sing(F).
Every one-dimensional foliation is locally defined by a holomorphic vector field. More

precisely, a holomorphic one-dimensional foliation F on M is given by a covering (Uy)aca
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of M by open subsets, a collection (X,)aeca of holomorphic vector fields, X, € X(U.,),
and a multiplicative cocycle (gaﬁ)UamUﬂ?g@, such that X, = g.3Xs on U, N Uz # 0.
In the case of one-dimensional foliations on the projective space, we have the following

proposition:

Proposition 1.1.1 (|28:Teorema 6.4.1]). Any one dimensional foliation F on the
projective space P, n > 2, has cotangent bundle of the form T; = O(k), where k > —1.
The integer number d = k + 1 is called the degree of the foliation F. If the foliation F
has degree d, then it can be defined in an affine coordinate system (C", (z1,...,x,)) by a

polynomial vector field of the form
X = Q;(x)0; + GR,
j=1

where Q, ..., Q, are polynomials of degree at most d, G is a homogeneous polynomial of

degree d and R = Z?Zl x;0; 1is the radial vector field.

1.2 Chern classes

Let M be a C'*° manifold and 7 : £ — M be a C* complex vector bundle of rank n.
We denote by A°(U) the C-algebra C*(U, C), and A?(U) the A°(U)-module of complex
p-forms on U. Let AP(U, M) be the A°(U)-module C*(U, A"(TM®)*® E), i.e, A?(U, M)
is the set of C™ sections of the bundle AP(TM®)* ® E on U, where (TM®)* denotes the
dual of the complexification of the real tangent bundle Tx M of M.

A connection in FE is a C-linear map
V:A"M,E) - A (M, E),
satisfying the Leibniz rule:
V(fs) =df ® s+ fV(s), for all f € A*(M), s € A°(M, E).
The connection can be extended to a C-linear map
V:AY M, E) = A*(M, E),
such that
V(iw®s)=dw®s—wAV(s), forall w € A'(M) and s € A°(M, E).

The curvature of the connection V is defined by Ky := VoV : A°(M, F) — A*(M, E).
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,s2) be a
local frame of F on U,, this means s € A°(U,, E) and {s{(x),...,s%(x)} is a base of
E,, for every x € U,, where we suppose that {U,}aca is an open covering of M which
trivializes TM® and E. Then, there exists 65 € A'(U,) such that

In order to obtain a local representation of the curvature, let s* = (s,...

n

vs$2295; 52

Jj=1

Then, Ky is given locally by a n x n matrix of C'*° 2-forms
0% =df* — 0% N O°,

where OF; = db; — Zk: 0% N 07
An invariant polynomial over the space of n x m matrices M(n,C) is a function

p: M(n,C) — C which is a polynomial in the entries of the matrix and
p(g ' Ag) = p(A),for all A € M(n,C) and for all g € GL(n,C).

The elementary symmetric functions of the eigenvalues of an n x n matrix are examples

of invariant polynomials, and they are defined by
det(t] + A) Z Coi (AN,

where A is a n x n matrix. The function Cj is called the j-th elementary symmetric
function of the eigenvalues of an n X n matrix. Given v = (v1,15...,v,) € Z%,, we

denote
cr=Ccroy...or.

Let p be an invariant polynomial of degree k. If we define p(Kv|y,) by p(©%) for all
a € A, then p(©%) = p(6%) on U, N Us. Hence it defines a global 2k-form p(Ky) on M,
which does not depend on the trivialization and is closed, i.e., dp(Ky) = 0, [28: Lemma
3.2.2|.  This means that the 2k-form p(Ky) belongs to the de Rham cohomology
H2(M,C). Indeed, the class [p(Kv)] € H}p(M,C) is independent of the connection
V over E. This means that it can be defined the class [p(F)] := [p(Kv)], which depends
only on the class of C* isomorphism of E. The class [p(F)] is called the characteristic
class of E.

Let Cj, for j = 1,...,n be the elementary symmetric polynomials of the eigenvalues
of an n X n matrix. The Chern forms of a curvature Ky associated to a connection V

over E are defined by

¢j(Kv) =Cj <2 Kv)
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and the Chern classes of E are ¢y(E) = 1, and
i .

The 2n-form ¢(E) =1+ ¢1(F) + ... + ¢, (E), is called the total Chern class of E.

If M is a complex manifold, then we define ¢;(M) := ¢;(T'M), where TM denotes the
holomorphic tangent bundle of M. The 2i-th form ¢;(M) is called the i-th Chern class of
M.

1.3 The Baum-Bott index formula

There is a theorem of Heinz Hopf which asserts that on a compact manifold the properly
counted number of zeros of a vector field equals the Euler number of the manifold. In
the article [4] Bott shows that when a vector field has non-degenerate singularities other
relations appear between the characteristic number of the manifold and the local invariants
of the vector field. If the vector field is holomorphic, then all the characteristic numbers
are determined by the singularities of the vector field.

In [3] Bott generalizes its results to holomorphic vector fields with higher-dimensional
zero sets and to bundles, instead of vector fields.

In the article 2], Baum and Bott extend the results of [4] to meromorphic vector fields,
which is equivalent to give sections of T'M ® L, where T'M is the holomorphic tangent
bundle of M, and L is a holomorphic line bundle of the manifold. They only assume that
the singularities are isolated. Carrel in [8] gets the same result as a particular case. In [6],
Bruzzo and Rubtsov get localization formulas which contains the Baum-Bott formula of
[2] and Bott’s formula of [4] as a special situation. In [11], Chern proves the theorem given
in the article [2] with differential geometric tools under the assumption of non degeneracy.
Soares in [27] also proves this theorem but without the non-degeneracy assumption using
the relation between Grothendieck residues and the Bochner-Martinelli kernel. Guillot
in [15] works with endomorphism on the projective space and gets as a special case a
Baum-Bott formula like in [2] for homogeneous vector fields.

In 1972, in [1], Baum and Bott give a theorem on singularities of holomorphic foliations
which includes the meromorphic vector-field theorem as a special case. In [13], Dia gives
an improvement of the results. Lehman and Suwa in [19] generalize the Baum-Bott
residues for singular holomorphic foliations on complex manifolds, working with a singular
subvariety of the complex manifold.

Here we are going to state Soares’ result in [27]. For this, we need to define the residue
of a form.

Let f; : V — C, i =1,...,n, be holomorphic functions defined on the open subset
V C C", with 0 € V such that f~1(0) = {0}, and then define f := (fy,..., f,). Consider
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I" to be the real n-cycle defined by I' = {z € V' | | fi(2)| =€, i =1,...,n} with orientation
d(argfi) A ... Nd(argf,) > 0. Set

g(2)dzy A ..o Ndzy
w = Y

fi(2) - fa(2)

be a meromorphic n-form, where ¢ is holomorphic in V. The residue of w on 0 is

w) [

Resqw = (

Theorem 1.3.1 ([27]). Let M be a compact complex manifold of dimension n, L be a
holomorphic line bundle on M and & be a holomorphic section of TM & L with isolated

zeros. Consider the Chern classes:

CTM@L) = (TM®L)...d"(TM ® L),

v= (V... Un) €Ly, vi+ 200+ ..+ 0y, = 0.

Then v (JEVd y

/c”(TM@L) -y Resp{ (&dah-. A Z”}

= &1...&,
M p: £(p)=0
; v d o Nd

where J& = g& is the Jacobian matriz, and Res, I - A Z”} denotes

Z.

J 1---Cn
the Grothendieck residue symbol and it is called the Baum-Bott index C* of £ at p.

If ) is a homogeneous invariant polynomial of degree n, then () is a linear combination

with complex coefficients of the invariant polynomials C¥, ie., Q = > A\, C", A\, € C. If
we denote by ¢(TM ® L) € H3%(M;C) the class corresponding to @, then

/q(TM®L): Z Resp{Q(JOle/\”'/\dZ”}.

4 p: £(p)=0 SR

We are interested in the case where M is the complex projective space P, and the
line bundle L is O(d — 1), where d is an integer number with d > 0. In this case,
the holomorphic section & of TP" ® O(d — 1) represents a degree-d singular holomorphic

foliation on the projective space P".



Chapter 2
The Baum-Bott map

In this chapter we define the Baum-Bott map on the space of one-dimensional foliations
on a compact complex manifold. When the manifold is the projective space P" we get
and upper bound for the rank of the Baum-Bott map. In some cases we will see that the

bound is sharp.

2.1 The Baum-Bott map

Recall that if X is a compact complex manifold of dimension n, a foliation by curves on X
is a section of T X ® L, where L is a holomorphic line bundle over X. The line bundle L is
the cotangent bundle T of the foliation F. We denote by Fol(X, L) = PH*(X,TX ® L)
the set of foliations ¥ on X with cotangent bundle T = L. It is known that all foliations
in Fol(X, L) with only non-degenerate singularities have the same number of singularities,
N=N(L)=c,(TX ®L).

When a foliation has a non-degenerate singularity, its Baum-Bott indexes can be
easily calculated. Let us denote by C; the ith-elementary symmetric functions of the
eigenvalues of a n x n matrix and C* = C{"C3”* ... Con, where o = (au, ..., ) € 7%,
and o + 2ag + ...+ na, = n. Let F be a foliation with non-degenerate singularity p(F),
and let X5 be a germ of vector field around p(F) which defines F around p(F). Then the

Baum-Bott index of F associated to « at p(F) is:

DX (p())
det(DX5(p(F))

BB.(F,p(F))

As we saw in Theorem 1.3.1, the Baum-Bott indexes of a foliation with only isolated
singularities are related with the characteristic classes of the cotangent bundle of the
foliation and the tangent bundle of the manifold.

We associate to each foliation, the projectivization of eigenvalues at each singularity.

Given a foliation F on a compact complex manifold X with only non-degenerate



22

singularities {pi(F),...,pn(F)}, let’s choose X, a germ of vector field around p;(¥)
defining JF around the singularity p;(F). We define

spec(F, p;(F)) = [[(Ma(p; (F)) - - Anlps (F)]]e,

where \;(p;(F)) is an eigenvalue of DX;(p;(5)),

(21, 20)] = {(Zoq)s - - Tom)) | 0 € Sn},

where S, is the permutation group {1,...,n}, and [z]p = {X\z | A € C*}. Note that,
if the eigenvalues are two by two distinct, then spec(F,p;) can be identified to the
projectivization of the set of eigenvalues of DX;(p;). Also, it does not depend on the

germ of the chosen vector field. Let’s denote by
Fol.oq(X, L) := {JF € Fol(X, L)/all the singularities of F are non-degenerate}.
Given F € Fol,,q(X, L) with singularities {p:(F),...,pn(F)}, we define
E(&F) = (SpeCC}N?pl(gj))? s ,Spec(?, pN(gj))%

and £(F) := [E(F)], where [(z1,...,2n8)] = {(Zsq),-- -, Ton))/ 0 € Sn}. Then we a have
the map
§: Foloq(X,L) — Z:=((P(C"/S,)N)/Sn
F — [(spec(F, p1(F)), ... ,spec(F, pn(F))].

Note that Z is a complex variety and the map & is holomorphic.

The projectivization of the eigenvalues of DX;(p;(F)), where the singularity p;(F)
is non-degenerate, allows us to calculate the Baum-Bott indexes. Conversely, the
projectivization of the eigenvalues associated to a foliation F at a non-degenerate
singularity p(F) can be calculated in terms of BBy, (F,p(F)),...,BBa, ,(F,p(F)),
if we choose the sequence (Aj,...,A, 1) in a good way. Here we use the fact
that C1(DX,(p;(F))),...,Cr(DX;(p;(F))) determine the characteristic polynomial of
DX;(p;(F)), and the map A : U — A(U) is a bijection, where U is an open subset

of P»~! and identifying \ as a diagonal matrix, then

A U — Pl
A= O Al = [(CFO), P2 NC) -, CI NG -, CalW)]e

Let us concentrate on foliations on the projective space P". In this case, the
cotangent bundle is O(d — 1)), where d > 1 is the degree of the foliation. We denote
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by Fol(n,d) = PH(P", TP" ® O(d — 1)). If n > 2 and d > 1, we have

dim(Fol(n,d)) = (n+ 1) <” N d) - (” - 1) Y

n n

We denote by
Fol.oq(n,d) := {F € Fol(n,d) | all the singularities of J are non-degenerate}.

Remark 2.1.1. Note that Fol,,;(n,d) is a Zariski open and dense subset of Fol(n,d).
Moreover, if a foliation Fo € Fol ., (n,d) then it has exactly N = d" +d" ' + ...+ d+1

singularities.

Let us define the local Baum-Bott map. If F, € Fol,,q(n,d) with singular set
Sing(Fo) = {p?,...,p%}, then there is a neighborhood V of the foliation F,, V C
Fol.eq(n,d), and holomorphic maps, pi,...,px : V — P" such that p;(Fy) = p?, and
for any foliation I € V, its singular set is Sing(F) = {p1(F),...,pn(F)}. In this case we
define the holomorphic map BB : V — (CF)V, the local Baum-Bott map, by:

F— (BBn(F.p1(F)),...,BBN, (F,p1(F)),...,BBn, (F,pn(F)), ..., BBn, (F, pn(F))),

where {(ov,...,an) € Z% | o1+ 2as+ ...+ na, =n} = {No, Ny..., Ny}, with Ny =
0,...,0,1).

Let us extend the domain of the map BB to Fol.,q(n,d), by introducing a symmetry
on the coordinates of the complex vector space (C*)Y with respect to the singularities.
More precisely, let Sy be the symmetric group of order N. We denote by (C*)V /Sy the
quotient of (CF)Y by the equivalence relation which identifies two points (z1,...,2n)

and (2,(1),---,%0(n)), Where 0 € Sy and 2z € CF. Then, we can define the map

BB : Fol,oq(n,d) — (CH)N/Sy:
F— [(BB(F,p1(F)),...,BBe(F,p1(F)),...,(BB(F,pn(F)), ..., BBp(F,pn(F)))],

where [z1,...,2,] denotes the class of (z1,...,2y) in (CF)V/Sy and

Sing(F) = {p1(F), ..., pn(F)}.
This map can be extended to a rational map,

BB : Jol(n,d) -~ (P*)N /Sy,

which is called the global Baum-Bott map.
By the Baum-Bott Theorem 1.3.1, we see that the Baum-Bott map is not dominant.
In the case of compact surfaces, the Baum-Bott Theorem 1.3.1 give us an explicit

relation between the indexes. Let F be a holomorphic foliation on a compact complex
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surface M, and let N5 denotes the normal bundle of &F. The following result, can be found
in [2| and [5].

Theorem 2.1.1 ([2]). If the foliation F has only isolated singularities, then

Ny.Ny= Y _  BB(Fp).
peSIng(F)

Therefore if the complex surface M is the projctive plane P? and F is a degree-d foliation,
then we get

> BB(F.p)=(d+2).
peSing(s)

In the above statement the symbol BB(&F, p) corresponds to the Baum-Bott index C?
of F at p.

Gomez-Mont and Luengo ask in [14], if there are other hidden relations between the
Baum-Bott indexes of a degree d foliation on the projective plane.

In the article [22], Lins-Neto and Pereira give an answer to the question.

Theorem 2.1.2 (|22]). If d > 2, then the mazimal rank of the Baum-Bott map for degree-
d foliations on the projective plane P? is d*> + d. In particular, if the degree d > 2, then
the dimension of a generic fiber of the map is 3d + 2.

This means that the only relation between the Baum-Bott indexes, in the case of the
projective plane, is the Baum-Bott relation in Theorem 2.1.1.

Lins-Neto in [21], studies the generic fiber of the map for degree-two foliations on
the projective plane. In this case, the dimension of a generic fiber is eight, which is the

dimension of the automorphism group Aut(P?). His result is the following:

Theorem 2.1.3 (|21]). The generic fiber of the Baum-Bott map for degree-two foliations
on the projective plane P? contains exactly 240 orbits of the natural action of the

automorphism group Aut(P?).

In this work, we study the Baum-Bott map in the case of one-dimensional foliations

on the projective space P, of higher dimension.

2.2 An upper bound for the rank of the Baum-Bott

map on the projective space

We denote gr(n, d) the generic rank of the Baum-Bott map for degree-d foliations on the

projective space P". In particular, when the degree is zero, gr(n,0) = 0. This is because
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any foliation of degree zero has only one singularity and in some affine coordinate system
C" C P" is defined by the radial vector field R = > x;0;.
j=1

Let us see what happens when the degree is greater than zero. First, let us find a
lower bound for the dimension of a generic fiber of the Baum-Bott map.
If F' is a fiber of the Baum-Bott map BB, then

dimF > dimJol(n,d) — gr(n, d).
There exist a Zariski open and dense subset U C Fol(n, d) such that
dim F' = dim Jol(n, d) — gr(n, d), (2.2.1)

for all fibers F' in the open set U.
We have a natural action Aut(P") on Fol(n,d). Recall that:

Aut(P") = {[A]/A € GL(n+1,C)} = PGL(n +1,0C),
where [A] is the projectivization of A. Then, Aut(P") acts on Fol(n,d) by:

Aut(P") x Fol(n,d) — Fol(n,d)
(T , 9 — T*F.

The orbit of a foliation Fy € Fol(n, d) will be denoted by:

O(F) := {F € Fol(n,d) | there exists T € Aut(P") such that T*F, = F}
={T"F, | T € Aut(P")}.

Since the Baum-Bott map is invariant by the action of the automorphism group Aut(P"),
we have O(Fy) C BB~Y{BB(%)}. Thus for a fiber F and for a foliation F, € F, we get:

dim F' > dim O(Fy).

We replace this last inequality in (2.2.1), then for a generic foliation Fy,

dim O(Fp) < dim Fol(n, d) — gr(n, d). (2.2.2)
Let us find the dimension of the orbit O(%), for a generic foliation F5. We know that the
Aut(P”
orbit O(Fy) = L), where Stab(JFy) = {T" € Aut(P") | T*F, = Fy} is the stabilizer
St&b(gro)

of Fy. Therefore we focus on the stabilizer. We study the cases degree d = 1 and d > 2,

separately.
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In the case of degree-one foliations on the projective space P", the foliation Fy can
be given by a linear vector field in C"™!. Suppose that all eigenvalues of this vector field
are non-zero and two by two different. In some homogeneous coordinates, the foliation is
defined by the linear vector field

X(ilj'o, RN ,mn) = Z )\jxjﬁj,
7=0

where \; € Cand \; # \j, \; # 0, fori,j = 0,...,n. Suppose that [A] is an automorphism
in Stab(JF). Since the foliation Fy is given by the vector field X, we have

AN X o A= pX, (2.2.3)

for some p € C with p # 0. If the matrix A is given by A = [a;j]o<i j<n, replacing in
(2.2.3) we have:
aij(Ai — pA;) =0, fori,j =0,....n. (2.2.4)

Since [A] € Aut(P"), there are indexes i, jo € {0,...,n} such that a,,;, # 0; replacing
in (2.2.4), we have X\;; = pX;, and a;; = a;, = 0, for ¢ # ip and j # j,. Once
again, there are indexes i; # 7y and j; # jo such that a;; # 0. We replace in
(2.2.4), and we have \;, = pAj,, a;; = a5, = 0, for @ # 43 and j # j;. Doing
so, there are indexes ig,...,i, € {0,...,n} all different, and indexes jo, ..., 7, with

the same property such that a;,;, # 0 and p = )\—i’“, for kK = 0,...,n. We can

suppose that \; # ¢Aj, for all 7,5 = 0,...,n, where §]kis a k-th root of the unity, for
kE=1,....,n+ 1. Then i, = ji, for all k =0,...,n and p = 1. Hence A is a diagonal
matrix. Therefore, the stabilizer for a generic degree-one foliation on the projective space
P is Stab(Fy) = {[A4] € Aut(P") | A is a diagonal matrix}.

Consequently, for a generic degree-one foliation Fy:

Aut(P)

O(Fy) =
(%) {[A] € Aut(P") | A is a diagonal matrix}’

and dim O(Fy) = (n +1)> — 1 — n = n? + n. We know that dim Fol(n,1) =n(n +2) — 1,

and replacing this information in (2.2.2):
gr(n,1) <n—1. (2.2.5)

In the case of generic foliations of degree d > 2, the stabilizer is the identity. For
instance, a foliation F, can be represented by a homogeneous vector field X in C"*i.
Let [A] be an automorphism in Stab(Fy), then A*X = pX, for some u € C*, hence
X oA = pAo X. The singularities of the foliation F, are points [(p},...,p")]p € P",
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such that X (p{,...,p.) = N(ph,...,p.,), for some \; € C, and generically there are

d"+ ...+ d+ 1 of such points. The set of singular points of the foliation is invariant by

the automorphism [A]. We know that an automorphism is uniquely determined by n + 2

points in generic position, and the automorphism [A] fixes a subset of the projective space

P that has more than n + 2 points. Hence for a generic foliation F, the automorphism

[A] must be the identity. Therefore, generically, for a generic foliation Fy of degree d > 2:
Aut(P™)

0(F0) =~y = Aut(")

Replacing this information in 2.2.2; we get

ar(n, d) < (n + 1)(””) - (”*d_ 1) (12 (2.2.6)

n n

Let us estimate another bound in terms of some Baum-Bott indexes. Let F be a
foliation with non-degenerate singularity p(&), and let X5 be a germ of vector field around
p(F) which defines the foliation F around the singularity p(F). The Baum-Bott index of

the foliation J associated to o = (a1, ..., an) € Z%,, with oy + 205 + ... + nay, = n, at
the singularity p(F) is:
C*(DX5(p(9)))
BB, (F,p(F)) = )
TP = Gt (DX p())

where C* = C{"...Cp». Let us denote BBy = BB(n0y...,0), BB = BBu-210,..0)5
BBn_Q = BB(Q,O,---,O,LO,O) and BBn_l = BB(1707---707170)' Observe that for a 7& (0, c. ,0, 1),

we have
BB.(F,p(F)) = (BB, *>T-tenBR2 BRI BB *)(F, p(F)).

Then the Baum-Bott map, at a generic foliation &, depends on those n — 1 indexes, at
each singularity. Also, the Baum-Bott Theorem 1.3.1, tell us that we have at least (n—1)

relations between those n — 1 indexes and this means
grin,d) < (n—1)N—-(n—1)=(N—-1)(n—1). (2.2.7)

From 2.2.5, 2.2.6 and 2.2.7, we get an upper bound for the generic rank of the Baum-
Bott map.

Proposition 2.2.1. Let gr(n,d) denote the generic rank of the Baum-Bott map for
one-dimensional degree-d foliations on the projective space P" with n > 2, and N =
d"+...+d+ 1. Then we have:

1. For degree-one foliations,

gr(n,1) =n—1.
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2. Ford>2

gr(n,d) =d*+d , ifn=2,
gr(n,d) < min {dim Fol(n, d) — dim Aut(P"),(N — 1)(n— 1)} , ifn >3,

where dim Fol(n,d) = (n + 1)("+d) - (”+d_1) - 1.

n n

Proof. For degree one, we already have gr(n,1) < n — 1 from (2.2.5). If we find a
foliation such that its rank at the Baum-Bott map is n — 1, we have the result. In fact,
observe that the map [A = (Ay, ..., \)]p = [CT(N), ..., CP (N Ci(N), . .., Cr(N)]p defined
on some open subset of P! is a bijection. Since a degree-one foliation on the projective

space P" is generated in the affine coordinate system C” by the vector field:
X = )\11’181 + )\21‘262 + ...+ /\nxnc?n,

for some Ai, Ao, ..., A\, € C*, then the result follows.
For n,d > 2, from (2.2.6) and (2.2.7), we have

gr(n,d>gmin{<n+1>(”+d) - (”*d‘l) —(n+1)2,(N—1)(n—1)}.

n n

If n = 2, we have

24d 24+d—1
3( JQF )—( +2 )—32:d2+d+3(d—2),

and,

gr(2,d) <min{d®+d+3(d —2), (d* + d)(1)} = d* + d.

For degree-d foliations on the projective space P?, with d > 2, by Theorem 2.1.2, the

maximum rank is d? + d. Then
gr(2,d) = d* +d.

For n > 3, we will show that

(N = 1)(n—1)— ((n+1)(”+d) - (”*d_ 1) (n+ 1)2) S0 (228)

n n
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For instance, for n = 3, the difference (2.2.8) is

sy (17 - () )

A+ d) — ((CH 1)(d;2)<d+4) - 16)

3(d — 2 +15(d —2) + 14(d —2) + 16 _
2

0.

Ifn>4,

dintl _d+5 a0tk k>4
n—1 3 k—1

we replace in the difference (2.2.8),

(n—1)(d"+d" ' +d"? + ...+ d)+

- ((n-l—l)(nj;d) - ("*Z”) —(n+1)2)

>(n—1D)d"*(d* + d* + d* + d)+
(d+1)(d+2)(d+3) [((d+4) (d+n—1)\ (d+n+1)
_( 2 ( 377 n-—2 ) n—1 '_%>

2%&+dﬁuﬂ+®—«d+nu+2§d+au+5%+%

_;ud—m4+Lmu—2f+4md—m?+@wd—2y+wo>
N 6

0.

Remark 2.2.1. Observe that min {dim Fol(n,d) — dim Aut(P"),(N —1)(n — 1)} is

(N-1(n—-1)=d*+d ,ifn=2.
dim Fol(n, d) — dim Aut(P") , if n > 3.

Remark 2.2.2. We have ¢(2,1) = 1. The Camacho-Sad index over an invariant line

gives the extra condition.
We would like to know if the upper bound of the Proposition 2.2.1 is sharp for n > 3.

Remark 2.2.3. Ifn > 3 and d > 2, the upper bound of Proposition 2.2.1 is sharp if, and
only if, the generic fiber of the Baum-Bott map is a finite union of orbits of the action of
Aut(P"™) on the space Fol(n,d).
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2.3 The generic rank of the Baum-Bott map for

foliations of low degree on P?

Let F be a degree-d foliation on the projective space P? with only isolated and non-
degenerate singularities. If p(%F) is a singularity of &, then there is a germ of vector field
Xy, given in some affine coordinate system, such that p(F) is its singularity and it is
non-degenerate. Its Baum-Bott indexes can be calculated in terms of the indexes BB;
and BB;, which are defined by:

(CL(DX5(pi(9))))?

BB(F,pi(F)) = Cs(DX5(pi(F)))
_ (DX (0 () Ca(D X (pi(F))
BBy (%, pi(F)) = C5 (DX (pi(F))) '

Then, we are interested in the rank of the following map:

BB Fol,eq(3,d)
F

N (CQ)N
= (BBI(F,p1(F)), BB2(F, pi(F)), ..., BB1(F, pn(F)), BBa(F, pn(F))),
where Fol,..4(3,d) C Fol(3,d) is the open and dense set of foliations in which each element
has only isolated and non-degenerate singularities. In this case, the number of singularities
is N =1+d+d*+ d® Observe that this map and the Baum-Bott map have the same
rank. We will call this map also the Baum-Bott map and denote it by BB.

By proposition 2.2.1, the generic rank of the Baum-Bott map for d > 2 has the upper
bound,

— 16.

gr(3’d>§4<3—;—d> - ( 2-§d> - (d+1)(d—2+2)(d+4)

If 2 <d <9, we will see that

(d+1)(d+2)(d+4)
2

gr(3,d) = — 16.

We fix d > 2. To show that the upper bound given in Proposition 2.2.1 is sharp, it is
enough to find a foliation such that its rank is that number. Therefore, we are interested
in computing the rank of the derivative of the Baum-Bott map at a given foliation which
has only isolated and non-degenerate singularities. We show first for 3 < d < 9.

We know that a degree-d foliation on the projective space P? can be defined in the affine
coordinate system C? by a polynomial vector field of the form Q10, + Q20, + Q30. + GR,
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where @Q,Q)2, Q)3 are polynomials in three variables of degree at most d, G is a

homogeneous polynomial of degree d and R is the radial vector field, then

By = {z'y2*0,, 2'y™2"0,, xPy12"0,, v°y' 2"R | R is the radial vector field,
t+j+kl+m+nr+s+t<ds+t+u=dand
Z.7j7 ka l? m,n,p,q,7,s, ta (RS ZZO}J

is a C-basis of the space of degree-d foliations on the projective space P2,

We are going to see how the derivative matrix DBB(F) can be calculated in terms
of the basis B, at some foliation Fy. Let Xy = X0, + Y0, + Z0. be a vector
field in C® which generates a degree-d foliation on the projective space P? and let
V = V10, + V20, + V30, be a vector field in C* generated by the monomial vector fields
of the basis By. Fixing py a non-degenerate singularity of Xy, we want to calculate
0y BB (Xo+tV, p(t)), 0: BBa(Xo+tV, p(t)), at t = 0, where p is the curve of singularities
of the vector field X, + tV with p(0) = py.

Recall that if A = [a;;] is a 3 X 3 matrix, then its elementary symmetric functions of

the eigenvalues are:

Ci(A) = tr(A) = a1 + ag + ass,
Cz(A) = Q11622 — 12621 + G11033 — G13031 + Q22033 — A23032,

C3(A)

det(A) = a11(022a33 - a32a23) - a12((121@33 - G23G31) - Cl13(a21a32 - a22a31)-

Then, the Baum Bott indexes of X + ¢tV are:

C3H(D(Xo +tV)(p(t)))

C3(D(Xo +tV)(p(t)))’

C1(D(Xo +tV)(p(1)))Ca(D(Xo + V) (p(t)))
C3(D(Xo +tV)(p(t)))

BBi(Xo + 1V, p(t)) =

BBy(Xo +tV,p(t)) =

We denote, for simplicity, C;(t) := C;(D(Xo+tV)(p(t))) and BB;(t) :== BB;(Xo+tV, p(t)),
then

B(0) - SO0 ~ GO

~ C1(0)C5(0)C5(0) 4 C1(0)C3(0)C3(0) — C1(0)C(0)C3(0)
N C3(0)2

BB;(0)
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We denote | . | = det( . ). For computing BB{(0), BB5(0), we need the following
equations:
C1(0) =tr(DXo(po)) (2.3.9)
ox, V)| |ax,2)| |a(Y, Z)
0= a<x,y>‘ ‘a@c,z) ‘aw,z) ) oo (23.10)
p'(0) = =[DXo(po)] "V (po) (2.3.12)
C1(0) =V(tr(DXo))(po) - p'(0) + tr(DV (py)). (2.3.13)
L (oY) A, 2)| oY, 2) ,
o) =¥ ( 3(93&)' 'a<x,z> ‘a@,z) ) om0
X, Vo)| | |O(X,V5)| | |O(Y,V5)
(|5 ‘a@c,z) ’a@,z) ) o+
oV, )| [o(Vi,2)]  |0(Va, Z)
(|50 M o, 2) M 5y, 2) D (#o). (23.14)
C5(0) =V (det(D X)) (po) - o' (0)+
oY, Z)| |0(X,Va,Z)| |O(X,Y,V5)
o a(x,y,z>‘ ‘ 0w, v.7) ‘ ’a<x,y,z> ) ) (23.15)

We see that to calculate the rank of the Baum-Bott map at a specific vector field with
only non-degenerate singularities we can use the formulas (2.3.12)-(2.3.15) and implement
it in an algorithm.

ALGORITHM: Calculates the rank of the Baum-Bott map at a degree d-foliation
on the projective space P3, for foliations with non-degenerate singularities.

INPUT: Vector field (X,Y,Z) in the vector space C* which generates a degree d-foliations
on the projective space P3.

OUTPUT: The rank of the derivative of the Baum-Bott map at the foliation generated
by the given vector field.

Step 1 Define a matrix MV whose set of rows, MV[j], forms the basis B,.

Step 2 Define M S a matrix whose rows, M S[i], are the singularities of (X, Y, Z), which
are the solutions of (X,Y, Z)(z,y, 2) = (0,0,0).
k < 0, this constant will count all the singularities that are going to be found by

subsequently change of coordinates.

Step3 Verify that the singularities are non-degenerate, if there is one that is degenerate,

exit.
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Step 4 Calculate the matrix DBB, the derivative matrix of the Baum-Bott map with
respect to the basis MV
For j : 1, to the dimension row of MV
Fori: k+ 1, to the dimension row of M S +k
Let dS be the solution of the matrix equation D(X,Y,Z)(MS[i])(dS) =
MV [j](MS]i]), dS is the derivative of a parametrization of the singular points of
(X,Y,Z) +tMV]j], around M STi].
The derivative of the Baum-Bott indexes BBy, BB, at M S[i] in the direction M V'[j]:
DBB(2i —1,§) + DBB,(MS[i))(MV])).
DBB(2i,j) + DBBy(MS[i])(MV]5).
k < dimension row of M S +k.

Step 5 Ifwe can make another change of coordinates to another affine coordinate system:
Redefine (X, Y, Z) and MV in this new affine coordinate system.
Else Go to Step 7

Step 6 If there are new singularities of the foliation:
Redefine M S with only new singularities.
Go to Step 3.
Else Go to Step 5.

Step 7 Calculate the rank of DBB.

First, we study foliations on the projective space P of degree d > 3. In the next
section we will focus on d = 2.

We consider the degree-three foliation F, on the projective space P2, generated by the
vector field (X,Y,Z) in the affine coordinate system C3:

JPUR RIS SRS SO S75 SRS SRS SUD 875 DS IS S
=rx+=zy+=z+-)=z+=-y+=2+-)=v+—=y+—2+—
2 T T T T Y T TN T Y T 1T ’
Y_(1+1+1+1)(1+1+1+1)<1 RS +1)
Tt TR T T T TR Tt T ot T Y Tt T 1)
1 1 1 1.1 1 1 1.1 1 1 1
(zx+-y+-z+2)(zx+zy+ -2+ =)=+ =y+ =2+ —).

Z=Gra gyt grtg)Grt gyt gt gt vt 3Et g

This vector field has 27 singularities in the affine space C3. We use the Algorithm and
find that the rank of the Baum-Bott map restricted to these singularities is 54, the rank
we were looking for in the case d = 3, which is the upper bound given in Proposition
2.2.1.
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Let J4 be the degree-d foliation on the projective space P3, generated by the vector
field X; = (X, Y, Z) in the affine coordinate system C?:

i 1 1 1
X = 1
]I[l(4k—3x+4k—2y+4k—1z+4k:)’
d

1 1 1 1
Y = -
H(4k—2x+4k—1y+4kz+4k+1>’

1 IS S B
-1 T T 1 T e 2

To find the singularities of the vector field, we solve the system:

1 1 1 1

4k —3 4k —2 4k —1 x _@
1 1 1 N

Am—2 4m—1 4m Y171 “ams1 |7
1 1 1 5 1

In —1 4n dn +1 4dn + 2

where k, m,n are natural numbers and 1 < k,m,n < d. We see that the determinant of

that matrix is

B (4(k —m) —1)(4(m —n) —1)(2(k —n) — 1) 40
16(2k — 1)(4k — 3)(4k — 1)m(2m — 1)(4m — )n(4n — 1)(4n + 1) '

Hence the singularities of the vector field X, are (x(k, m,n),y(k,m,n), z(k,m,n)), where

1 < k,m,n < d are natural numbers, and

(4n —1)(2m — 1)(4k — 3)

wkmn) = = am DEn 1)
_ 3(2k—1)(4m — 1)n

y(k,m,n) = k(4m +1)(2n+1)’

z(k,m,n) = 3(4k — Dym(4n +1)

S 2k(Am + 1)(2n + 1)

The singularies are all different. In fact, two singularities
(x(k,m,n),y(k,m,n), z(k,m,n)), (z(r,s,t),y(r,s,t), z(r, s, t))

with
(x(k,m,n),y(k,m,n), z(k,m,n)) = (z(r,s,t),y(r,s,t), z(r, s,t))

must fulfill one of the following conditions:

1. k=r, m=s, n=t,
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1 1
2. k=r, m= 1(14—475), n= Z(_1+4S)’
1 1
3. k= Z(1+4S)’ m = Z(—1+4T), n=t,

1 1 1
4. k= 1(1 +4s), m = 1(1 +4t), n = 5(—1 + 2r),

(S8

1 1 1
k= 5(1 +2t), m= 1(—1 +4r), n= Z<_1 +4s),

1 1
6. k= 5(1+2t), m=s, n= 5(—1—1—27’).

Since k, m,n,r, s,t are natural numbers, we get k = r,;m = s,n = t. Therefore the vector

field has d® different singularities. The singularities are non-degenerate. In fact, we have:

DX y(x(r,s,t),y(r, s, t), 2(r,s,t)) =

1
a 0 0 3 47»1—2 41"1—1
1 1 1
060 45—2  4s—1 1s )
1 1 1
00 ¢ -1 A A1
where
d 1 1
a H (4k_3$(T,S, )+4k_2y(r7$7 )_'_4]{_12(71787 >+4k,)7
k=1,k#r
d
1 1 1 1
b= t t —_— t
m_grwés(é‘:m_zx(r?‘g? )+4m_1y<r787 )+4m2(?“,8, )+4m+1)7
d 1 1 1 1
= t — t t .

If we show abc # 0, then the singularity (z(r,s,t),y(r, s,t), z(r,s,t)) is non-degenerate.

Otherwise, if for some k& we have

x(r, s, t) + (rys,t) +

1k —3 ik — 27

then
3(k—r)(4k —4r — 1)(2k — 2t — 1) _

Te(2k — D)k — 3)@h — Dr(r £ D2t + 1)

which implies k = r. If for some m we have

1 1 1 1

t t — t =0
4m_2x<r787 )+4m_1y(r7s7 >+4mz(r787 )+4m+1 )

then
3(4m —4r +1)(m — s)(4m — 4t — 1) B

8m@m — D)(dm — )dm + Drds + DEt+1)
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from what we get m = s. Analogously, if for some n we have

1 1 1 1

t — t t =0
4n_1l’(7’,8, )+4ny<r787 >+4n+1Z(T757 )+4n+2 bl

then
32n —2r+1)(4n —4s+1)(n —t) B

An(2n+1)(4n — 1)(4n+ 1)r(ds+ 1)(2t + 1) ’

and we get n = t. In conclusion, abc # 0.

We restrict the derivative of the Baum-Bott map at the foliation generated by the
vector field X, to these d® singularities. We calculate its rank with the Algorithm, and we
get that the upper bound given in the Proposition 2.2.1 is sharp, for degree d =4,...,9.

Thus, we have proved the following theorem.

Theorem 2.3.1. If 3 < d < 9, the generic rank of the Baum-Bott map for degree-d

foliations on the projective space P is

(d+1)(d+2)(d+4)

dim Fol(3, d) — dim Aut(P?) = 5

— 16.

In other words, a generic fiber of the Baum-Bott map has dimension dim Aut(P?) and is
a finite union of orbits of the action of the automorphism group Aut(P®) on the space of

one-dimensional degree-d foliations on the projective space P3.

2.4 The generic rank of the Baum-Bott map for degree-

two foliations on P? and P*

For the case of degree-two foliations on the projective plane P2, Guillot gives an example
of a foliation with maximum rank for the Baum-Bott map in his article [16]. We would
like to have explicit examples for degree-two foliations in higher dimensions.

We saw in Section 2.2 that the Baum-Bott map can be restricted to the study of the
n — 1 Baum-Bott indexes BB, ..., BB,_1 with

(CT'Ci)(DX5(p(9)))
Cn(DX5(p(5)))

BB;(F,p(F)) = cfori=1,....n—1,
where p(F) is a non-degenerate singular point of the foliation F, Xy is a germ of vector

field which defines the foliation around the singular point p(F). Hence, we consider
BB = (BBy,...,BB,_1).
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Let us focus on a particular degree-two foliation F, on the projective space P", defined
in C"™! by the following homogeneous vector field X, = (X§, ..., X?):

Xo = wo(z1 — 22 — 23 — ... — T),

XY =21(z — 23 — ... — 2, — ),

XY = 24(Tig1 — Tigo — ... — Ty — T — ... —Ti_q), fori=2,...,n—1,

X0 =gp(2g — 21 — ... — Tp_y). (2.4.16)

We want to express the derivative of the Baum-Bott map at this foliation in easier terms.
The stabilizer of the foliation Fy is

Stab(F,) = {T* € Aut(P") | i =0,1,...,n},
where T is the automorphism on the projective space P™ defined by
T(zo, 1, ..., Tpn) = (T1,T9 ..., Ty, To)- (2.4.17)

If p € Sing(%F,), then T~*(p) € Sing(Fy), for i =0, ..., n.
Given I = (ig,...,i,) € Z%5", we set o’ = af} ... 2%, |I| =io+ ...+ i,. Let B be the
set
B = {270, | IGZ%l, |[I| =2and j =0,...,n}.

We can consider B as a generator for the space of degree-two foliations on the projective
space P" by homogeneous polynomial vector fields on C**!. Suppose p, € P" is a non-
degenerate singular point of ¥y and let V be an homogeneous vector field in C**!. In the
next equations, we identify an homogeneous vector field in C"*! with its corresponding
vector field in affine coordinate systems. If p(t) is the singularity of Xy 4 ¢tV such that
p(0) = po, then

BB;(Xo + tV,p(t)) = BB;(T*(Xo + tV), T (p(t))) = BB;(Xo + tT*V, T (p(t))).
Consequently, if I € Zggl, we have
BB;(Xq + tz' 8y, p(t)) = BB;(Xo + tz™ Da,, T~ (p(1)))
— BB;(Xq 4tz " Dd,, T2(p(1)))
= BB;(Xo + tz" "Do,, T (p(t))) (2.4.18)

To find the rank of the Baum-Bott map at the foliation F; we can just consider the

Baum-Bott indexes at the points whose orbits generate the singular set of the foliation
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Fo. Let pi1,...,pk, be those generators and suppose they are all non-degenerate. Let
By = {270y | I € Z%'and|I| = 2} be given an order, and B, = T*(By), ...,
B, = (T")*(Bo). In this way, B = By UB; U... UB,. Now, for each j = 0,...,n,

let’s denote

DBB1(p1)|IBaj DBBl(pkn>|IB%j
DBB(p1)|s; = : ,.., DBB(p,)|s;, = : )
DBB,_1(p1)g, DBBy,_1(pk, )|,
DBB(p1)|z, DBB(p1)ls,
Dy = : yooey Dn = :
DBB(px, ) s, DBB(px,)ls,
Then -~ .
Dy D¢ Dy ... D, o D,1 D,
Dn DO Dl s an?) Dn72 anl
D, D, Dy ... D,_u D,_35 D,_
rank DBB(F) = rank ' ’ ! ’ ?
D2 D3 D4 Ce Dn DO Dl
D, Dy, Dy ... D, D, Dy

We can choose the generators of the set Sing(Fy) that are in the affine coordinate
system (C", (z1,...,2,)). In this way, the sets By, ..., B, in this affine coordinate system
become By, ..., B,, with the inherited order: By, = {270, | I € 7%, and [I| < 2},
By = T*(By),..., B, = (T*)"(By), where T*(-) = z;7*(-) and

To z, 1
T(Jfl,...,éﬁn):(x—l,...,x—?,x—l .

The homogeneous vector field Xy, in this affine coordinate system, is given by the vector
field Xy = (X?,..., X9):

n

XY =2y (—21 + 229 — 1),
XY = 29(—221 + 19 + 203 — 1),
X =2i(—22) + 2 + 2241 — 1), fori=3,...,n— 1,
X0 =2, (=221 + 2, +1).
(2.4.19)

For the case n = 3, the vector field X; in the affine coordinate system C? is given by

(XY, Z)=(—2(1+2—2y),y(—1 =2z +y + 22), 2(1 — 22 + z)).
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This vector field generates a degree two-foliation on the projective space P3. Its singular

set is generated by
{(1,1,1),(-1,0,3),(-1,0,0),(0,1,0), (0,0,0)}.

They are non-degenerate singularities and we can find Dy, . .., D3. The rank of the matrix
DBB(%,) is 20, which is the upper bound given in Proposition 2.2.1.

For n = 4, let’s see with more details the Baum-Bott map. Let F be a degree-d
foliation on the projective space P* with only isolated and non-degenerate singularities.
Let p(F) be a singularity of F, there is a germ of vector field, Xg, given in some affine
coordinate system, such that p(F) is its singularity, and it is non-degenerate. We are

interested in the following Baum-Bott indexes:

CH(DX5(pi(F)))
- Cui(DXs(pi(9)))
(CH(DX5(pi(F)))Co(D X5 (pi(F)))
Co(DX5(pi(F)))
(
(

BBy (F,pi(F)) =

(C1(DX5(pi(F)))C3(DX5(pi(F)))
Ci(DX5(pi(9))) .

In this case, we have to study the rank of the following map BB : Fol,.q(4,d) — (C*)V,
defined by

F = (BB1(F,pi(F)), BBao(F, pi(F)), BB3(F, pi(F)) ) fi=1,....n}

where Fol..q(4,d) C Fol(4, d) is the open and dense set of foliations in which each element
has only isolated and non-degenerate singularities. In this case, the number of singularities
is N=1+d+d*+d+d".

Now, we calculate the Baum Bott indexes. Let X = (X3, X5, X3,Xy) and V =

(Vi, Vo, Vi3, V) be vector fields, then the elementary symmetric functions of the eigenvalues
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are

C1(DX) = 01Xy + 0o Xo + 03X3 + 0, X4,

(X1, Xs) I(X1, X3) (X1, X4)

C2(DX) = ‘ (1, x2) ‘ 0(xy,3) ’ O(xy1,4)

‘8(X2,X3) ‘8(X2,X4) ‘8(X3,X4)
O(x2, x3) (2, x4) O(x3, x4)

C4(DX) = 0(X1, Xo, X3) 0(X1, Xo, Xy) 0(X1, X3, Xy) ‘8(X2,X3,X4)
I(x1, 9, T3) O(x1, 9, T4) O(x1, 73, 14) Oz, x3,14) |’
0(X1, Xo, X3, Xy)

Ca(DX) = (1,19, w3, 4) |

Let’s denote C;(t) = C;(D(X +tV))(p(t)), where p(t) is the singularity of the vector field
X +tV. If the vector field X has non-degenerate singularities, then DBB;(X, p(0))(V) =
O,BB;(X +tV, p(t))),—,, and

DB, (X. p0)(V) = 25’80'() g;ggom,
DB, p0)(V) = 222 10y + SLy0) - D )
DEB(X, p0)(V) = i) + ey - “ oo

For the case n = 4, the vector field X, = (X7, X9, X2, X?) in the affine coordinate
system C* is given by

X = 21(—21 + 225 — 1),
X9 = xy(—221 — 19 + 225 — 1),
X9 = 24(—221 + 23 + 274 — 1),
XY = x4(—22) + 24 +1).

There are seven points which generate the set Sing(J), in the affine coordinate system,

these points are
{(0,0,0,0), (0,0,0,-1),(0,0,1,0),(0,0,3,-1),(0,1,0,—1), (0, =5,3,—1),(1,1,1,1)}.

The generators of the singular set are non-degenerate and we can use this points to find
Dy, ...,D,. Then we can calculate the rank.

By these two examples we can state the following theorem.

Theorem 2.4.1. The Baum-Bott map for degree-two foliations on the projective space

P? and P* has generic rank 20 and 45, respectively.
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Corollary 1. A generic fiber of the Baum-Bott map for degree-two foliations on the
projective space P? and P* is a finite union of orbits of the action of the automorphism
group on the projective space on the space of one-dimensional degree-two foliations on the

projective space of same dimension.



Chapter 3
The example of the Jouanolou foliation

In this chapter we study the Jouanolou foliation and its rank at the local Baum-Bott map.

3.1 The Jouanolou foliation

The Jouanolou foliation is the first example of a one-dimensional foliation on the
projective plane P? without invariant algebraic curves. In [18] Jouanolou showed that

the holomorphic foliation on P? defined in the affine plane by the vector field:
o =1—ay?, y =2 -y d>2, (3.1.1)

does not have any algebraic leaf.

Algebraic solutions of differential equations were studied in 1878 by Darboux. He
focused on equations of first order and first degree over the complex projective plane P2
He showed in [12] that if an equation of this kind has enough algebraic solutions, then it
must have a first integral. Then, Poincaré in 1891 showed in [25] that in order to find an
explicit algebraic solution to a particular equation it would be enough to find an upper
bound on the degree of the solution in terms of the polynomials that define the equation.
Indeed, if the equation is defined by polynomials of degree less than or equal to two, then
it always has solutions of degree one in the projective plane.

The study focused on the search for bounds on the degree of the solution, which is
known as Poincaré’s Problem, and many such bounds have been found; for example see [9]
from Carnicer, |7] from Cerveau and Lins-Neto. However, Jouanolou in [18|, showed that
these turned out to be of limited use in solving differential equations due to his following

result:

Theorem 3.1.1 ([18]). A generic foliation on the projective plane P? of degree greater

than or equal to two does not have any algebraic solution.
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As part of the proof of this theorem, Jouanolou gave an explicit example of a family
of foliations with no algebraic solution, which is equation (3.1.1). Later, Lins-Neto in |20]
proved that the set of foliations on the projective plane P? of degree greater than or equal
to two without algebraic leaves contains an open and dense set.

Another family of examples is presented by Zoladek in [30]. He presents a series of
polynomial planar vector fields without invariant algebraic curves in the projective plane
P2.

Theorem 3.1.2 ([30:Theorem 1]). Let the integer exponents a,b,c,d satisfy the

assumptions
e a <d<b+c,
e (b+c+2?—4N<0and2(b+c+1)<N+1
e gedla+1,d+1) =1, ged(c+1,b+c—d+1)=1, ged(b+1,b+c—a+1) =1

where N = (b+1)(c+1) — (a —¢)(d —b) and ged stands for the greatest common divisor.

Then the system

b+1, ¢ d

/! . a /I c+1
=yt =y Y =

does not have invariant algebraic curves in the complex projective plane P2.

Jouanolou’s result was extended by Soares to the projective space P3:

Theorem 3.1.3 (|26]). Let X,,, i € C, be the vector field
X, = (pr +y* — 250, + (py + 2% — y2), + (uz + 1 — 2290,

and let F,, be the foliation on the projective space P? represented by the vector field X,,.
Then, for 0 < |pu| << 1 and degree d > 2, the foliation F, has no invariant algebraic set,

meaning either an algebraic solution or an algebraic surface invariant by the solution.

Theorem 3.1.4 ([26]). Let Fol(3,d) denote the space of one-dimensional foliations of
degree d on the projective space P2. For each d > 2 there is a dense subset §q C Fol(3,d)

such that any foliation in §4 has no invariant algebraic set.

On higher dimensions, Lins-Neto and Soares in [23|, generalized the above results for
the projective space P". In this case, the multidimensional Jouanolou system is defined
by

/o .d /o .d Y |
Ty =af, T} =9, ...,%, = T]. (3.1.2)

For n even the Jouanolou foliation doesn’t have invariant algebraic curves, and for n
odd, perturbed Jouanolou foliation doesn’t have invariant algebraic curves. With these
examples it is proven that the set of foliations on the projective space P of a given degree

and without algebraic curves contains an open and dense set:



44

Theorem 3.1.5 ([23]). Consider the vector field

n—1

X§ = (et —2ix)0; + (1 = 202)Dp, (3.1.3)

=1

and
X;f:Xg—l—,uiR, ue C,

where R is the radial vector field R = 31" | 2;0;, and let F§, ?ﬁ be the foliations on the
projective space P, n > 2 represented, by the vector fields X& and Xff respectively. Then,
for degree d > 2 and n even, the foliation F& has no algebraic solution and, for degree

d > 2 and n odd, the foliation fffj has no algebraic solution provided 0 < |u| << 1.

Theorem 3.1.6 ([23]). Let Fol(n,d) denote the space of one-dimensional holomorphic
foliations of degree d on the projective space P, n > 2. For each d > 2, there is an open

and dense subset F4 C Fol(n,d) such that any foliation in Fq has no algebraic solution.

In fact, they show that the foliation F¢ has no algebraic solution of geometric genus
( dn+1 _ 1)
@ —1)
projective lines and they are the only invariant algebraic curves. But when one adds a

greather than zero, whether n is even or odd. If n is odd, there are invariant

perturbation uR, 0 < |u] << 1, then there are no invariant algebraic curves at all.

The study then focus on invariant algebraic hypersurfaces. In [24], Maciejewski,
Moulin, Nowicki and Strelcyn, stated that if n+1 > 3 is prime and d > 2 n T then the
foliation given by the equation (3.1.2) does not have invariant algebraic hy%ersurfaces. In
particular, this holds for the primes n+1 > 5and d > 3 and forn+1 =3 and d > 5.

Zotadek, in [31], generalized this and Theorem 3.1.3 of Soares with the following theorem.

Theorem 3.1.7 ([31]). Ifn > 2 and d > 2, then the Jouanolou foliation given by (3.1.2)
has no invariant algebraic hypersurfaces. This implies that the space of foliations on the
projective space P without invariant algebraic hypersurfaces is dense in the space of all

foliations of given degree.

Let us see some interesting facts about the Jouanolou foliation. As we have seen, the
generalized degree-d Jouanolou foliation J4, d > 2, on P can be defined in homogeneous
coordinates by the radial vector field in C"*! and the homogeneous vector field (3.1.2). In
affine coordinates (z1,...,x,, 1), it is induced by the vector field (3.1.3). All singularities
of the foliation are contained in this affine coordinate system C" and are the solutions of
the system

N —dit i .. —d -
ry =1, xpj =1 , 0< 7 <n—-2,

where N = d"+d" ' 4...+d+1. If £ is a primitive N-th root of unity, then the singular

set 1s:
Sing(dq) = {pi = (g, g7 A ey 1 < < N)} :
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For each 7, the set of eigenvalues of the linear part of the vector field at the singular point
pi is Spec(Ja, pi) = {N = (=14 dwi)& | 1 < j < n}, where w is a primitive (n + 1)-th
root of unity.

Let [, ..., a,] € PGL(n+1,C) denote the class of the automorphism (zo, . .., x,) —

(oo, - - -, apxy,). Define
d d
Q; Qi . Qp_1
}C:{[O{(ﬁ...,an]: = P ,OSZSTL—Z :—d}
Qi1 7)) Oy g

The subgroup H C PGL(n + 1,C) is cyclic of order N and is generated by the class

[57 éf(dn_lJr...er) 5*(d2+d)7 é*d’ 1]

where £ is a primitive N-th root of unity. Moreover, H acts freely and transitively on the

singular set of the foliation Sing(dy). This group leaves invariant the Jouanolou foliation.

Moreover, the vector field in C"*!, which generates the Jouanolou foliation on P", admits
dn+1 -1

the symmetry groups: Z/2Z, Z/(n + 1)Z and Z/NZ for N = 1

In some cases, the Jouanolou foliation admits invariant algebraic curves. From [23], by

dn+1 -1

. . T . . d? —1

invariant lines. Every invariant line has d 4 1 singular points, and the direction of such a

Lins-Neto and Soares, the degree-d Jouanolou foliation d4, d > 2 and n odd, has

projective line at p; is the eigendirection associated to the eigenvalue —(1 4+ dw’)£*, with

w! = —1. See figure 3.1.

CP(1)

D = (Ez g—i(dz +(£): g—id)

Figure 3.1: Tangent projective line is an eigendirection for the Jouanolou foliation on P3.

3.2 Eigenspaces associated to the Jouanolou foliation

In this section we will decompose the space of vector fields in C", which generates foliations

on P of given degree, into eigenspaces of an operator derived from an automorphism
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leaving the Jouanolou foliation invariant. This will help us to find the rank of the Baum-
Bott map at the Jouanolou foliation, we will see this in Section 3.4. Some proofs of this
section are in Appendix A.

The degree-d Jouanolou foliation J; on the projective space P™ is defined by the

homogeneous vector field in C**!:
Xy, = (29,24, ..., 20, 2)).
This foliation is invariant by the automorphisms A, S € Aut(P"), which are defined by:

Az, ... xp) = (e, . oo T, Q1 Tpt1)),

S(xla s 7In+1) = (xn—l-hxla s 7xn)7

where a; = € = 5—(d”+...+d)’ oy = 5—(d”_1+d"—2+...+d)"“’ o = 5—(!1’/"+1‘J'+‘..+cl)’m7 a, = &9,
Qpy1 = 1, € is a primitive N-th root of unity and N = d" +d" '+ ... +d+ 1. The
automorphisms A and S generate cyclic subgroups of Aut(P") of order N and n + 1,

respectively. The invariance of J; by these automorphisms follows from:
A*(Xy,) = €%y, §°(Xg,) = Xy,

In the affine coordinate system (xy,...,z,) the Jouanolou foliation is defined by the

vector field: )

Xy, = Z<$?+1 — 2;29)0; + (1 — 2,27)00,

i=1

and the automorphisms A, S are defined by the maps A and S, respectively:

A:C"—C", A(xy, .. ) = (121, ooy Q1T 1, ATy,

1
S:.C"--»C", S(x1,.. o xn) = — (1,21, ..., Tpo1).
Recall that a degree-d foliation F on the projective space P" is defined by a non-zero
section of the twisted tangent bundle TP" ® Opn (d — 1) modulo non-zero complex multiple.

The family of such foliations is parametrized by the projective space
Fol(n,d) := P(H*(P", TP" @ Opn(d — 1))).

A foliation F is represented in the affine coordinate system (z1,...,x,) by a vector field

of the form
X =0+ GR,
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where R is the radial vector field R = 210, +. ..+ x,,0,, G is a homogeneous polynomial of
degree d and @ is a polynomial vector field of degree at most d. Given I = (iy,...,i,) €
7%, weset x' = zi' .. i and |I| = i;+...+i,. Thespace Vq = H)(P", TP"®0pn(d—1)),

considered as a C-vector space, is generated by
B, = {20y, «"R| I, R€Z%, |I| <d, |R|=d, and k=1,...,n}.

The pull-back maps associated to A and S, A* : Vg4 — V  and S* : V; — S*(V,), are
defined by A*(X) = DA ' X oA and S*(X)=DS1XoS.

We would like to observe that By is a basis of eigenvectors of A*. The eigenvalues are
N-th roots of unity. Let E; = {V € V4| A*V = ¢V} denotes the eigenspace of the

operator A* associated to the eigenvalue £&/. We have the following lemma:

N
Lemma 3.2.1. Every vector in By is an eigenvector of A* : V4 — Vg and Vo= @ E;.

j=1
Moreover, if x10y, x®R € By then
A*(2'0y) = o o’ 2" 0y and A*(2"R) = o2l R,
where o = afl ... ain.
Next, we will study how the map S* acts in V.
Lemma 3.2.2. Let Q) be a polynomial with deg(Q) < d in n variables. Then
1 x Ty
5" (Q0) = —nQ(— xl o DR (3.2.4)
P o
5'(Q0n) = 2, Q(—, g, for2<k<n (3.2.5)
1 T Tpn—1
S*(OR) = —2,Q(—, 2. a, 3.2.6
(@) = —5aQ, 2L, 2 (3.26)

We see that the vector fields in (3.2.4), (3.2.5) and (3.2.6) in general have a pole divisor

2971 Therefore, we define
S*: Vd — Vd, S* = xfflS*.
Let’s see how it acts on V:

Lemma 3.2.3. Let [ = (iy,...,i,) € Z%, such that |I| < d. If iny = d — ||, then

S*(z10y) = 2 ... alr 2R (3.2.7)

n—

S*(zloy) = a2 .. 2l ginn gy, for2<k<n (3.2.8)

n—

S*(z!R) = —a®2 .. 2l ginn19, (3.2.9)

n—
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This operator maps eigenspaces into eigenspaces, more specifically, we have the

following lemma.

Lemma 3.2.4. We have $*(Xy,) = Xy, and S*(E},) = Ey(y, where
f(k) = (dk —d*+d) mod (N). (3.2.10)

Moreover,

Xg, = Y (S (0n). (3.2.11)

J=0

Proof. The following relation holds: S~'o Ao S = A%". It yields:
SoAloS=A"" = A

The above relation implies: So A = A0S, A* o S* = S* o (A")4, 2471A* 0 §* =
20-15% o (A*)4 = §* o (A*)?. Since A* o (2,5%) = £ %x, A* 0 §*, we have 297 14* 0 §* =
A* o (éd(d—l)xg—ls*) _ A*(gd(d_l)g*) _ fd(d_l)A* oS*. Hence, A* oS* = g—d(d—l)g* o (A*)d.
If V € By, then (A%)?V = ¢*V and A*(S*(V)) = £ Ud-DS (¢ V) = ¢4y which
proves (3.2.10). In particular, we get S*(Ey) = E;. Finally $*(Xy,) = Xy, and (3.2.11)
follows from (3.2.7), (3.2.8) and (3.2.9). |

The automorphisms A and S induce operators A*,S* : V, — V4, where V; is the
space of homogeneous vector fields in C**! of degree d. Let us compare Lemmas 3.2.1

and A.1, of Appendix A. Observe that the eigenvalue of the operator A* on the vector

i1 in,intlg : : * i1 i
xy' ... a1 O is the same as the eigenvalue of the operator A* on the vector 7' ... x;" 0k,

if K <n,and —2% ... 2R, if k = n+ 1. Also, from Lemma 3.2.3 and Lemma A.2, S*
evaluated in z%' .. .xj;f;ak has the same image in Vg as S* at zi' ... 279y, if k < n,
and —2% ... 2R, if k = n 4+ 1. Also, we can identify the monomials of degree d in
n + 1 variables with the monomials in n variables of degree at most d with the following
correspondence:

int1

ml = alt ooy, where i 4L F iy F i = d.

i1 in
T ..x T Z,,

These identifications are summarized in the following lemma:

Lemma 3.2.5. Let I = (iy,...,0n,0n41) € Z%l and I' = (i1, ..., i,). If we identify 210y

with 70y, for k=1,...,n, and '0p,1 with —z" R, then

A (2" 0y) = A* (1), A (="' R) = A* (210, 11),
S*(z!'0y) = S*(10}), S*(—z''R) = $*(210,41).

Now we are able to know how many eigenspaces of each dimension exist:
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3n+4

Theorem 3.2.1. The operator A* : V4 — Vg has ("+d) + n("+d N —(n—-1) 5

non-trivial eigenspaces. More precisely:

1. There is one eigenspace of dimension n + 1:

d d d
Ed =< anl’ “ e ,xnanIfl, an7 ‘lez > .

2. There are (”J“g*l) eigenspaces of dimension n, and they are:
<xzloy, ...z, >,

where I € 7%, and |I| < d —1.
(Bn—4)(n+1)
2

(a) (S)*(< 287 2,01, 05 >), (S*)*(< 247201, 2805 >), (S)*(< 2§ ‘w;01, 28, ;00 >
), for3<j<n-—-1 k=0,...,n and,

3. There are eigenspaces of dimension two, which are:

n

(b) if n is even: (S*)*(< x2+181, a4 j0ayy >), for 1 < < 5 = 1 and
k=0,...,n
- -3
if n is odd: (S*)*(< x2+181, oy, j0yyy >), for 1 <j < nT’ kE=0,...,n
-1 -1
andforj:nT, thenk:0,...,n2

4. There are (n + 1)
generated by: (S) (210y), where xfﬁl € By, withi,, = 0, k = 0,...,n and
d—1
j

al £ 1wy, 20 j,for]—Q

[(n+d 1) —3(n—1)] eigenspaces of dimension 1, which are

The list is complete and each eigenspace of A* corresponds to exactly one of the spaces

given in the above items.

Proof. Let E be an eigenspace of A*. Then by the identification given in Lemma
3.2.5, F is contained in an eigenspace E of A*. The spaces £ and E are equal, after the
identification, if and only if E does not contain a monomial 28, , with 4,1 > 0, since
this kind of vector does not belong to B;. Theorem A.1 gives the list of eigenspaces of
A*. We see that the eigenspaces of A* of dimensions 1 and 2, and the eigenspace E,; are
eigenspaces of A*, since 279,,; with 4,,; > 0 is not a monomial in those eigenspaces.
Lemma A.7 and Theorem A.1 give the complete list of eigenspaces of those kinds, and
we get Items 1,3 and 4. We observe from Item 1 of Theorem A.1 that z/0,.,; € E,
with 2,41 > 0, precisely for eigenspaces generated by < zx! 01, .. monf Ons1 >, where
2! = z,121. Since E C E, then E =< 21210, ..., 2,219, >, and we conclude the proof.
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In the case of the space of polynomial vector fields in C? generating degree d foliations
on P3, we are able to identify each eigenspace of dimension two, three and four. We

identify z = x1, y = 29 and z = x3.

Lemma 3.2.6. Let V be the space of polynomial vectors fields defined in C* generating
degree-d foliations on the projective space P3. Then the linear operator A* : V4 — V4 has

the following list of eigenvalues and eigenvectors which generate eigenspaces of dimension
two, three and four (see Table 3.1):

Figenvector in
Eigenvalue P(0:) P(9y) P(0.) P(R)
fd ydaz Zday (9Z %R
£d3+d2+d o, IR
§d3+d Zdax yxdilﬂz
£d2+d Zyd_lax ay
5d2+2d 10, - 0,
¢ 210, 290,
fd—H xaz yd:R
§d3+d+1 0. IR
§d3+2d Zd_lﬁx yxd_lﬁz
d?+d+1 B =
E(d%d)%d Tk - ily - — Y
£ Ty 280, | Aty TR0, | 2ty 2RO,

Table 3.1: Eigenvectors and eigenvalues of A*, for n = 3, where P(V) = {2V € By}.

In the case of the space of polynomial vector fields in C* generating degree-d foliations

on P*, we are able to identify each eigenspace of dimension two, four and five.

Lemma 3.2.7. Let V; be the space of polynomial vector fields in C* generating degree-d

foliations on the projective space P*. Then the linear operator A* : Vq — V4 has one

d+3

eigenspace of dimension five, 20 eigenspaces of dimension two and ( 1

four (see Table 3.2).

) of dimension

3.3 The Baum-Bott indexes of the Jouanolou foliation

In this section we want to calculate the Baum-Bott indexes of the Jouanolou foliaton.
Recall that the Jouanolou foliation is defined in the affine coordinate system C™ by the

vector field )

Xy, = Z(m‘fH — 2,290, + (1 — 2,29)0,.
i=1
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P(o) P(02) P(0s) P(04) PR)
ZL‘gal l’gag ZL‘i@g 84 17131
:1337181 :c‘f32
d—1
JI4[E2 81 82
r323 10, 290,
nglﬁl ZEQQJ?ilag
l’ff_lal ZL‘33L’611_184
o mxf’liR
30, r328 IR
240, xzx’il_lfR
3
xlxgl*l@g Jfgag
xd_182 IL‘dag
3 1
$4£L’g7182 83
ZEll’Zl_lag .Z‘gl’%l_la4
x10o r42d TR
xngf*l@g x§84
1311‘2_163 Iga4
d—1 d
x283 $4[E§l_1R
I384 Ig:R
T20y acng
2104 IR
11+1, 12,23 % @1 ,.02+1, %3, % 11,02 03+ 1 % ©1 .02 .13, a1
oy T aRrdayt 0 | al'ay T a0y | afagadT x0s | af vy a0,

Table 3.2: Eigenvectors of the linear map A* : V; — V, for n = 4.

In the above table, each row contains the generators of the same eigenspace.

The operator A : C* — C" is given by A(xy,...,x,) = (121, ..., ¥y 1Tp_1, ¥y Ty ), Where
= @I td) i — 1 pand € is a primitive N-th root of unity. The points
pi=A"Y1,...,1), for i = 1,..., N give all the singular points of the foliation J4. Since
A*(Xy,) = £€4Xy,, we have:

BB(Xy,,pi) = BB(A"(Xy,), A~ (p:)) = BB(Xy,, p1).-

Then, it is enough to calculate the indexes at the point (1,...,1) € C".
In order to know the Baum-Bott indexes of the foliation, we must find the elementary

symmetric functions of the eigenvalues of the matrix DXy, (1,...,1). We have that

DXy,(1,...,1) = —1d+dB,
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where B is: _ -
-1 10 ... 0
-1 0 1 0
-1 00 . 0 O
-1 00 ... 0
-1 00 ... 0 O

Observe that B"™! = Id and its characteristic polynomial is pg(\) = A" + A"t + ... + 1.
Then the characteristic polynomial of DXj,(1,...,1) is

pa,(N) =) _dTH A+ 1)
i=0
Therefore the elementary symmetric functions of the eigenvalues of DXjy,(1,...,1) are:
Ry A k
(DX;.(1,...,1)) = (—1) 4. 3.12
X =03 (") (3:3.12)

In particular, the Baum-Bott indexes are determined by:

Cp (DX, (1, .. D)CDX, (L., 1))
Cu(DXg (L, 1))

DXy (1
(d+n)"= (;(””%wk>
+

dn+dn 1

BB;(da4,(1,...,1)) =

Tir1 1=1,...,n—1.

We conclude the following proposition.

Proposition 3.3.1. Consider the degree d > 2 Jouanolou foliation dq on the projective
space P™. If p(3q) € Sing(dq), then for j=1,...,n — 1, we have:

@+ (£ phat)

k=0
dr+drt+ . +d+1

BB;(da,p(da)) =

In general,
& (n- J+k\
> BB = (" e,
p(F)eSing(F) k=0

for any one dimensional degree-d foliation F on the projective space P™ with only isolated

singularities.
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3.4 The rank of the local Baum-Bott map at the

Jouanolou foliation

Our goal in this section is to estimate the rank of the local Baum-Bott map at the
Jouanolou foliation.
In 22|, Lins-Neto and Pereira study the rank of the Baum-Bott map at the Jouanolou

foliation on the projective plane P?. They stated the following theorem.

Theorem 3.4.1 ([22: Theorem 2|). For any d > 2, the rank of the local Baum-Bott map

at the Jouanolou foliation J4 on the projective space P? is at most
d*>+7d—6
5 :

In particular, if d = 2,3, then rank(BB,Jq) = d* +d, and if d > 4, then rank(BB, J4) <
d? +d.

We see that for n = 2 the rank of the local Baum-Bott map at J4 is strictly less than
the generic rank of the local Baum-Bott, if d > 4.

From now on, let us consider n > 3. We will consider the Baum-Bott map defined on
V= H(P", TP" ® Opn(d — 1)), which is generated as a C-vector space by

By = {20, 2R | k=1,...,n, I = (iy,...,i,), R=(r,...,m) € Z%,
|I| < dand |R| = d}.

Since the singularities of Xj, are non-degenerate, there exists a neighborhood U of Xy,
in V4 and holomorphic maps v; : U — C", j = 1,..., N, such that v;(Xj3,) = p; and
Sing(X) = {11 (X),...,yw(X)}, for all X € U. The local Baum-Bott map can be written

on U as

BB(X) :(BBI(Xv 71(X))7 tr anl(X7 71(X>)7 ce
..., BBy(X,y(X)),..., BBp_1(X,7n(X)))

In this way, we want to compute the rank of the linear map
DBB(Xy,) : Vq — C=N,

In the following lemma, we will see that DBB(Xjy,) can be encoded in one of the

singular points of Xy, :

Lemma 3.4.1. ForanyV € Vg, ke {l,....,n—1} and j € {1,..., N}, we have:

DBBy(Xy,,pi11).V = £ *DBB(Xy,,p;).A*(V),
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where in the above formula pyni1 = p1-

Proof. Let r > 0 be such that X;, +tV € U, for all |t| < r. Set p;(t) := v;(Xy, +tV),
|t < r (see Figure 3.2). Since A* Xy, = %Xy, and BBy(A*X,p) = BB(X, A7!(p)), for
all p € Sing(X), we have BBy (Xy, +tV, pj41(t)) = BBr(£? Xy, +tA*(V), A (p;41(2))) =
BBy (Xg, +t6 A (V), A7 (pja (1))

(Xa+ E-1A%Y
Vi—1
/
R
A*W‘

Xs+Y)

)

Figure 3.2: The maps v;_1 and v;, where Y = tV.

Taking the derivative with respect to ¢t at t = 0 in the above formula, we get
DBBy(Xy,,pj+1).V = DBBy(Xy,,pj)-£ A" (V) = £ *DBBy(Xy,,p;).- A" (V).

[ ]

For simplicity we denote by T} := (DBB:(Xy,,p;), ..., DBB,_1(Xg,,p;)) : Va —
C 1 1<j<N,and DBB(Xy,) =T :=(T1,...,Tn).

As a consequence of Lemma 3.4.1, T can be factorized into a product of a nonsingular

matrix and a block diagonal matrix. More specifically, we have:

Corollary 2. For any j € {1,...,N} and V € V4 we have:
T (V) = E9T5(A* (V).

In particular:

a) A*(ker(T)) = ker(T),
N
b) if we set K; = E;Nker(T), i€ {1,...,N}, then ker(T) = P K,

=1

c) E;Nker(Ty) = K;, forallj=1,...,N.
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N
d) dim(ker(7)) = > dim(E; Nker(1})) or equivalently
=1

(2

rankT = Z rank T

Proof. Items a) and b) follow from Lemma 3.4.1.

For item c), observe that V € E; N ker(Ty) if, and only if, A*(V) = £V and
0 = Ty(E9V) = Ty((A*) (V) = &9y ;(V), for j = 1,...,n — 1, which is equivalent
to V € E; Nker(T).

For item d), let’s consider V' an eigenvector of the operator A* associated to the
eigenvalue ¢, from Lemma 3.4.1:

T)(V) = €907 (1),

Choosing a base for each eigenspace E; associated to the eigenvalue £, the derivative of

the Baum-Bott map at the Jouanolou foliation is:

e, Tile --- Tiley
i T2.’E1 TZIIEQ TZ"EN
Tnlp, Tnle, - Tnley
T\ g, Tilg, --- Ti| gy
B 40T, &g, - NI gy,
5(1\f—1)(1—al)T1|E1 5(1\7—1)(2—d)T1|E2 5(N_1)(N_d)T1|EN
T1|E1 0 0
0 Tilw 0 0
=M ile , (3.4.13)
0 0 0

0 0 0 Tig,

where the matrix M € M(C, (n—1)N):

Id Id - Id
(1-d) 1q 2=d1q N=d1q
M = é . é- . 5 .
g(N—l)(l—d) 1d g(N—l)(Z—d) d ... g(N—l)(N—d) 1d

and Id is the (n — 1) x (n — 1) identity matrix. Since det(M) # 0, we can calculate the

rank of the linear map 7" in terms of the rank of the linear map 77, which proves (d). m
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Corollary 2 tell us that in order to calculate the rank of 7', it is enough to calculate T}
in each eigenspace of A*. Recall that S* : V4 — Vg, given by (3.2.7), (3.2.8) and (3.2.9),
maps eigenspaces of A* into eigenspaces (see Lemma 3.2.4). As a consequence of this fact,

it is enough to study 7' at some convenient eigenspaces:
Corollary 3. We have T(S*(V)) = T(V), for all V € V4. Moreover, E; C ker(T).

Remark 3.4.1. Note that 240, ..., 280, _1,0,, 2{R € E4 are the monomials of the vector
field Xy,

Proof. By equations (3.2.4), (3.2.5) and (3.2.6), if @) is a polynomial in n variables of

degree at most d, then we get:

1 = Tn—1

xf;ls*(ng+tQ81) :ng —tQ(x—n,x—n,..., o ):L‘ZfR,
d—1 ox L x Tn—1y d
Xy, S (ng + tQ@k) = ng + t@(—, (1:_’ ey )xnﬁk,l, for k > 2, and
1 ne
aﬁ*RQW)Qd——HQR)::)Qh—+tQ(;—,§lw..,ﬁEl)xiﬁg,

and the singularity S~!p;(t) goes to p; as t goes to zero. This implies
g y p

O S ey
T(Q0) = T(-Q(- 2t 2 )alm),
TQd) = T(Q(, 5L Tnolydg |y for o< k<,
_ _ L n Tn-1y d
T(-QR) = T(Q(- o a0y,

and the first part of the corollary follows. Finally, since BB(Xy, +tXj,,p1(t)) =
BB(Xjy,,p1), we get T'(Xy,) = 0. From (3.2.11), we have

T(Xz,) = T(Y_(§)5(0a) = (n+ )T(3,),

then T'(0,) = 0 and E,; C ker(T). u
From now on, we are going to use the identifications made in Lemma 3.2.5. We denote

Ok = Ok mod (n+1)- Then, the corollary above is read as:

Lemma 3.4.2. Given I € Z2§', we have:
Ty (2'0p) = Ty (x70p_1), fork=1,...,n+1, (3.4.14)

where J = S7(I).

Given a polynomial vector field V, define P(V) = {2V € By | I € 7%, and |I| < d}.

By the relation above, to calculate the map 7T} on a vector, we can compute it on a more
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convenient one, at some vector in P(d;). In order to find the rank of the linear map T}
at vectors in P(0;), we need to find the derivative of the elementary symmetric function
of the eigenvalues with respect to those vectors. The calculations are easier if the vector

is zero at the singular point p;. Let us see it in the following lemma:

Lemma 3.4.3. Let Q) be a polynomial in n variables such that Q(p1) = 0 and let t be
a complex number, small enough. Let X(t) = Xy, +tQ01, with singularity at p,, for all
t € C, and set Ci(t) = C;(DX(t)(p1)). Then, we have:

C1(0) =01Q(p1),
cio =0 (=2} ) maw+
" k:_o (n _Z?Jr k) (%:Q(pr) + - + an—z’+k+2Q(p1))di_k_l> , (3.4.15)

fori=2,...,n.

Proof. Let P(\) = det(Ald — DX(t)(p1)) be the characteristic polynomial of the matrix
DX (t)(p1), then it is equal to the following determinant:

A+ (d+1) = t0hQ) (—d—thQ) —tdQ —tdQ —t0,_1Q  —tD,Q
d (A+1) —d 0 0 0
d 0 A+1)  —d 0 0
d 0 —d 0
d 0 (A+1) —d
d 0 0 (A+1)

where each 0;Q) is evaluated at p;, fori = 1,...,n. Let us denote Wy = A4 (d+1) —t0,Q,
Wy = —d — t0,Q, and W; = —t0;,Q, for i = 3,...,n. We divide the last row by A + 1,

hence we have

PO = (A+1)

Wy Wy Wi
A+1) —d 0
0 (A+1) —d

0 0
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We add to the first row the n-th row multiplied by —W,,, and to the (n — 1)-th row we
add the last row times d, then to the resulting (n — 1)-th row, we divide it by A+ 1. Then

d
(Wl - (m) Wn) W2 Wg W4 Ce Wn,Q anl
d A+ 1) —d 0 ... 0 0
POY = (A4 1)? 0 (/\.+ 1) .—d - .0 0
d 0 0 0 ... A\+1) —d
d + a2\’ 0 0 0 0 1
A+1 A+1 o

Doing so, we arrive to the expression

(1= () (%)
(%(%) ) |

=AD" —dA+ )" W+
—(dA+D)"P+ A+ D" P+ TP+ 1)) Wat
—(dA+ D)2 PN+ D) A TR A W

B

P\ =\ + 1)

Therefore

PO =A+1)"+ A+ 1" Hd—tQ) +d(A+1)"*(d + 1(%Q . .. + 0, Q)+
+ PN+ D" d+ Q... + 0, 1Q)) + ...+
+d" A+ 1)(d+ t(3:Q + 33Q)) + d"H(d + Q).

It follows that,

PN |i=o =(A+ )" H(=01Q(p1)) + d(A 4+ 1)"2(02Q(p1) + - .. + 0nQ(p1))+
+ dz()\ + 1)"_3(0262(]71) + ...+ 8n_1Q(p1)) + ...+
+ d" A+ 1)(0Q(p1) + 05Q(p1)) + d" 1 0:Q(py)-

We know that P(\) = >_(=1)]A""'Cy(t), then 9;P(\)|i=0 = D_(=1)"A\""'C!(0), and we
i=0 i=1
obtain the formulas (3.4.15). u

Now we can identify which vectors are not in the kernel of the linear map 77:
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Lemma 3.4.4. Let d and n be integer numbers with d > 2, and n > 3. Let ) be
the monomial Q = z% ...z of degree at most d. If Q ¢ {xd a7 ah.. . a’}, then

Q0 ¢ ker(Ty). The number r is the solution of d = (n+ 1)r + 1.

Proof. By contradiction, suppose that Q9; € ker(T1). Then (Q — 29)0; € ker(T}). Let
Ci(t) = Cy(D(Xy, + t(Q — 24)01)(p1)). Observe that p; € Sing(Xj, + t(Q — 29)d;). The

following relations hold:

1 — =0, fori=2,...,n.

Denote 4,1 =d — (i1 + ...+ 4,), then io =d — i3 — (i3 + ... + i,11). We use equations
(3.4.15) and (3.3.12). We have:

(’in+1 — Zl)d + n(zl -+ in-‘,—l) - Zl(n - 1) = 0,

and for i =3,... n:

i—2 .

. N . i n—i+k N .

(21(1 — Z) + In—it3 + ...+ Zn+1)d ! + E (( L ) ((1 — Z)Zl + In—it+3+k + ...+ Zn+1)—|—
k=1

n—i+k—1Y\,. ) ) o n—2 . .
+n< )(21+2n_,~+2+k+...—|—zn+1)) d=* 1+< )(nzn+1+zl) = 0.

k-1 i—2
(3.4.16)
From the first equation,

il + nin+1 = (Zl - in+1)d Z O, (3417)

For i = 3, we replace (3.4.17) in (3.4.16), and we get
(—2i1 + in + in+1)d + (22'1 + n(zn + in+1)) = 0.

This is equivalent to 2iy(d — 1) = (in + ins1)(d + n), and using (3.4.18) give us i, = in1.
For i = 4, we replace i,, by 4,41. From (3.4.17) and (3.4.18) we conclude that 7,1 = i,41.
Doing so, we get i3 = ... = i,41. Now, from (3.4.17) we obtain (i; — i,41)(d — 1) =
(n+ 1)ip11. We know that d =iy + 49 + ... +iyq1, hence d = (i1 — ipy1)d + io — ppq. If
i1 = int1, thenio = d. If iy > 4,11, then iy = i, 1+1 and iy = 4,41, thusd = (n+1)i,41+1.
[

Let us compute the rank of T} restricted to the eigenspaces of dimension one.
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Lemma 3.4.5. The total rank of T} at the eigenspaces of dimension one of A* : V4 — Vy

S rank(Tifs) = (n+ 1) [("*d_ 1) —3(n— 1)] |

, n—1
dim E;=1

18:

Proof. Item 4 of Theorem 3.2.1 gives us the structure of the eigenspaces of dimension

one. We use Corollary 3, and we have the following equality:

Z rank(7T}|g,) = (n+ 1) Z rank(7(z'0y)),

dim ;=1 21¢D
where 20, € By, D = {xl,l,xg’lxj,x?’l,x? | I = (i1,...,0,) € Z% with iy >
0, and j = 2,...,n}. Since x, 272k ...a" € D, then (n + 1) > rank(Ty(270,)) is
z1¢D
the number of eigenspaces of dimension 1. [ ]

We will calculate the rank of the linear map 77 restricted to eigenspaces of dimension
two.

From Item 3 of Theorem 3.2.1 and Corollary 3, we have:

Lemma 3.4.6. Consider the eigenspaces of dimension two of the operator A* : Vg — V.

If n is even, then

N 3
1 d—1
E rank T |g, =(n + 1) E rank T4 [z, 4120, 101, Zr 2] Opta]
j=1 r=2
dim B, =2

n+1
+ Z rank T [z,2§ 0, 2%, 0] } .

r=3

If n is odd, then

n—1
N 2
Z rank T'|p, =(n + 1) Zrank T, [:L‘nﬂxfﬁ@l, 2,280+
=1 r=2
dirn ;=2
n+1 n+1
+ Z rank T [z,25 10y, fo@g] } + rank 7} [xnﬂx@ O1].
r=3
In the above formulas Ti[-,-] denotes the restriction of Ty to the space < -, - >.

Now, let us analize the rank of the linear map T) restricted to the eigenspaces of

dimension two of the form < z,29710;, z¢ 1102 >

Lemma 3.4.7. Forr = 3,...,n+ 1, the rank of T restricted to the space generated by

d—1 -
Ty 'O, w0 is one.
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Proof. Lemma 3.4.14 tells us that
rank T [z,25 01,2, ,0s] = rank Ty [z,24 'Oy, 220,].

Let us define Q(x1, ..., z,) = dr,2d ' —z¢—(d—1)ad, forr = 3,...,n, and Q(x1, ..., 1,) =
dzd™" — 1 — (d — 1)ag, in the case r = n + 1. Observe that p; € Sing(Xy, +tQ0,),
for all t € C. Then, det(AId+D(Xy, +tQ0;)(p1)) = det(AId+D Xy, (p1)), this implies
that BB(Xj, +tQ01,p1) = BB(Xy,,p1), for all ¢ € C, hence Q0, € ker(T). Therefore,
rank 71 [z, 237101, a0 <1, for r =3,...,n+ 1. From Lemma 3.4.4, we conclude that
rank Ty [z, x5 01,2l ,0s] = 1. u

We can recognize which eigenspaces of dimension two have maximum rank:

Lemma 3.4.8. Letn > 3. Ifn=2K + 1, orn = 2K, for some positive integer K, then
rank T3 [xfﬁxnﬂél, xra:‘li_l&nﬂ] =2, forr=2,..., K.

Proof. By relation (3.4.14), T\ (2,20 '0,41) = T (2%}, 07y 4101). Since 2 < r < K,
xﬁ:}n 4oTny1 and xfjr}xnﬂ are different polynomials. We realize that r +1 < n —r + 2.
Suppose there exist some o € C such that Ty (2% {7,4101) = Ty (20}, 2,4101). Let
Q1 = 28 o — 24, and Q2 = 27} ,xuy1 — 24, Then 0,Q1 = —d,0,11Q1 = d — 1,
Q2 = —d, Op_r12Qs = d — 1. It follows that T1(Q10;) = aT1(Q20:). Observe that p; €
Sing(Xy, +tQ;01), for j = 1,2, ¢ € C. Let us denote C; g, (t) = Ci(D(Xy, +tQ;01)(p1)).
We use (3.4.15) to get Cj, (0) = aCi,,(0), for i = 2,...,n. If i = 2, then
Cy0,(0) = d(%Q1 + ... + 0,Q1) = —d = C5,(0), hence a = 1. If i = r + 1, then

11.0,(0) = Cr11 0,(0) = (=1)""*(d + 1)d", which give us a contradiction. ]

We conclude the study of eigenspaces of dimension 2 with the following lemma:

Lemma 3.4.9. The total rank at the eigenspaces of dimension 2 of A* is:

N (n+1)(2n — 3) , if n is even.
Z rank T |g, = n+1 L,
= (n+1)(2n —4) + 5 if n is odd.
dim ;=2
Proof. We replace Lemma 3.4.7 and Lemma 3.4.8 in Lemma 3.4.6. [

Finally, let us study 77 at eigenspaces of dimension n. We will need some notations.
Let J = {j1,...,Jr} be an ordered set and V}, for j € J, be vectors of same dimension. We
denote [V;]jes = [V}, ... Vj.], the matrix whose column vectors are V; ..., V; . If n,d € Z,

and I = (i1,...,i,) € 22, we define the linear transformation M, 4(I) : C* — C"~' given
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by the matrix:

(441 = i5)d + (142 — ij51)(d + 1)
lj+3 — ljt2
- ij+n—1

Z.‘
gtn 1<j<n

where i,y =d —1— (i1 + ... +4,). We are identifying i; = 7; mod (n+1)-

We can relate the rank of the linear map 7T} restricted to an eigenspace of dimension

n with the exponents of the monomial that defines the eigenspace.

Lemma 3.4.10. Let n,d be integer numbers such that d > 2 and n > 3. Then for all

monomials x! = x ... xin

' of degree at most d — 1, we have

rank T1 ¢, 210,151 = rank M, 4(1),

.....

Proof. Let iy, ...

I _ .0
xt =al ..

(3.4.14), we have

, i, be non-negative integer numbers such that i1 +... 417, < d—1. Let

.z be the monomial and let i,,1 =d — 11 — (iy + ... +4,). By identification

T1<£L'2$182) = Tl(a;?fﬂ ;“ ity n+181)

Ti(z32'05) = Ty (2 2y . alla2,,0,), ...,

Ty (2,2'0,) = Tl(x’fl“x;"“ . 3;;1181)
Let us still denote i; = 7 mod (n+1), and let @; be the polynomial Q;(x1,...,2p41) =
d Tt el — ad, Gi0) = Gi(D(Xg,(py), and Cig(t) = Ci(D(Xy, +
tQ;01)(p1)). Observe that p; € Sing(Xy, +tQ;0;), for i = 1,...,n—1, 5 = 1,...,n
and t € C.

We see that the linear transformation 7} restricted to space generated by the set of

eigenvectors {z;279; | j = 1,...,n} has the same rank as the following matrix

-Gal) (o

12:(0)  Cog,

(0)

TG0 T a0 )
Cla,0) 3,Q2<o>>
C1(0) C3(0)
Lo(0) ;,Q2<o>)
Ci(0)  Cul0)

3
(2
Ci)Qn

(v

)

(2 <o§>

0)

)

(

)

0):

0
())

C

1

(0)

7,0, (0)
Sor)
(3.4.19)
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Since @;(p1) = 0, we can use the formulas given by (3.4.15):
ale = ij + 1,62Qj = ij+1 —d,@ij = ij+k_1, for k = 3,...,n+ 1, andj = 1,...,n.

Therefore for e =2,...,nand j=1,...,n, we get

iCi(0)CY o (0) — C1(0)C} g (0) = i(i; + 1) (” _2+ ’“) gy
k=0

i—2
n—1i+k , , ke n—1Y\,
+(d+n) ( ( )2y+1—d+lj+2+-~~+lj+n+kz‘+1)d g 1—(2._1>(2;‘+1)>~
0

k=

We replace ij+1 —d+ ij+2 + ...+ ?:jJrnJrk,iJrl by —(ZJ + 1+ ij+n+k7i+2 + ...+ ij+n) in the
above expression, hence we get

205(0)C1 ,(0) = C1(0)C3.0,(0) = d((i5 + 1 = ij1n)d — (i + 1 + 1)),
iCi(0)C1 g, (0) = Cy (0) 10, (0) = d(((i = 1)(i + 1) = (ijn—isz + ... +1jun))d ™+

n—1i+ . )
+ E (( ) )5 + 1) = (Gjpnsh—iva + -+ i)+
n—1i+ k -1 , o
—TL< ) Zj + 1 + Z]+n+k i+1 + ...+ ’Lj_t,_n)) dz k 1+

— (6 + 1 + 1) (7;__ 22> ). (3.4.20)

We observe that we have to calculate the rank of the matrix:

(i +1 = djn)d — (ij + 1 + nijin)
(2065 + 1) = (Gjgn—1 + ij4n))d? + (0 = 2)(205 + 1) — 4j5n) — n(ij + 14 Gjgn1 +j4n))d — (55 + 14 nijpn)(n — 2)
SO (0)Cg,(0) = C10)Ch g, (0)

LG 0)C g, (0) = C1{0)Cg, 0) .

To the second row, we add the first row multiplied by —(n — 2). The resulting second

row, we divide it by d, so the matrix is similar to

d(ij + 1 = djn) = (i + 1+ nijin)
(204 + 1) — (ilj+n—1 +ijn))d = (2005 + 1) + n(ijrn1 +j4n))
8(303(0)01,@(0) — C1(0)C5,(0))

d(nC (0)C1,(0) = C1(0)C;, 0, (0))

- - 1<<n
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To the second row, we add the first row multiplied by —2. The resulting second row we

divide it by (d + n), so the matrix is similar to

(ij + 1-— ij+n)d — (’L] + 1 + n?;]q_n) i
ijJrn - Z-j+nfl

(3C5(0)C1,(0) = C1(0)C5 4, (0))

QU=

| G004 0, (0) — C10)C g, (0)

d1<j<n

The third row of the matrix is:

3<Z] + 1) — (Z‘j+n72 + Z‘j+n71 + ij+n)>d3+
+ ((n = 3)(3(1; + 1) = (ij4n-1 + tj4n-1 + Gjsn)) — 1(i; + 1+ Gjpn_2 + ij4n-1 + ij1n))d°+

" <(n ) 2) (83 +1) = jn) = (n = 3)(ij + 1+ i1 + ij4n))d+

. . n—2
—(lj+1+mj+n)( 5 )

We add —(d® + (2n — 3)d?® + n(n — 3)d) times the second row to the third one, then we
add —(”;2) times the first row to the third one, the resulting row we divide it by d. So

the third row becomes

(3(ij + 1) = (ij4n—2 + 2ij1n))d*+

We add —2(n — 3) times the first row to the third one, divide the resulting row by d,
then add —3 times the firts row to the third one. The resulting third row we divide it by
(d 4+ n) and becomes

Z‘jJrn - Z'j+n72-
In this way, the matrix 3.4.19 is similar to

(ij +1-— ’ij+n)d — (ZJ + 1+ nz'j+n)
Z.j-I—n - Z‘j—‘,—n—l
ljtn = bjn—2

L4Cu(0)C 4, (0) = C1(0)Cl g, (0))

d

L (nC(0)CY o, (0) = C1(0)C, 0, (0))

) Ji<j<n
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We proceed analogously with the following rows and realize that the matrix (3.4.19) is
similar to
(1 = ijn)(d = 1) +d =1 = (n+ 1)ijn
ljtn = Gj4n—1
jtn — Lj+2 1<i<n
Since d — 1 = 4; — @jn + 4j41 — bjgn + - + 4j1n1 — 4j4n + (0 + 1)ij4,, then the matrix
(3.4.19) is similar to

(ij41 = i5)d + (ij2 — ij1)(d + 1)
lj+3 — jt2

G — diene
gtn  fin—l 1<j<n

|
By the preceding lemma, in some cases appears another eigenspace that is in the kernel

of the linear map 77.

Lemma 3.4.11. Let n be a integer number such that n > 3 and d = (n + 1)r + 1, for
some positive integer v. Then z;x' ... ahd; is in the kernel of Ty : Vg4 — C*1) for

7=1...,n.

In the case d = 2, the linear map 7} restricted to eigenspaces of dimension n has

maximum possible rank, more specifically:

Lemma 3.4.12. Letn > 3, d =2 and E an eigenspace of dimension n of A* : Vo — V.
Then:

rank T |p =n — 1.

Proof. Let E be an eigenspace of dimension n of A*. Then by Item 2 of Theorem 3.2.1
E =<{z;2'0; | j=1,...,n} >, for some I € Z%, with |I| < d — 1. Lemma 3.4.10 tells

1111

(i1 — i;)d + (ij10 —ij11)(d + 1) ij41 = U
ij+3 — ij+2 . d+1 d le(n72) Z‘jJr2 - ijJrl

; On-2)x1 Om—2)x1  Idn—2

Titm — Litn— Titn — bitn—
Jj+n j+n—1 1<j<n j+n j+n—1 1<j<n

where i1 4. .. +i,41 = d—1. If we demonstrate that det[(¢;4; —7j4i—1)]1<ij<n # 0, then the

lemma is proved. In fact, we see that the determinant of the matrix [(i;4; —4j4i—1)]1<ij<n

1s:



Z.n—i-l - Zn Zn - in—l Z'n—l - in—
7:1 - in—&—l in—&—l - Zn Zn - in—l
7;2 - Z'1 Z'1 - Z.n-i-l Z'n-‘rl - Zn
O
in_g — in_4 in—4 - in—5 in—5 - in—
Z'nfg - Z.n73 in—3 - Z.n74 Z.1174 - inf
in—l — in—Q in—Q - Z‘n—?) Zbn—?) - in—

2

6

5

4

in—&—l - Zn

—
ie — is
11— Iyl
e

iy — 13

ig — iQ Z'2 - il

iy — is is — iy

15 — U4 14 — 13
in - in—l in—l - in—Q
Z'nJrl —p lp — In—1
11— Ipgl Ipgl — In

Since d = 2, i1 + ...+ 1,41 = 1. Let’s analize all possible subcases:

o If7,,1 =1, then

(n=Un

(1)

det[(ij1i — Gj4i-1)|1<ij<n =

o Ifi, =1:

. , (n=1)n
det[(ij4; — ij4i-1)]1<ij<n = (—1) 2

[ If@lzl

. , (n=1)n
det[(ij4i — ij4i-1)]1<ij<n = (=1) 2

66

£ 0.

£ 0.

£0.
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[ ] If in—l = 1:
-1 1
0o -1
det[(ij1i — ij1i-1)]i<ijon = (1) 2 . B # 0.
0 0 -1
0 0 0
e Ifi, =1, 2<k<n-—2. Let’s denote:
[ 1 1 0 |
0 -1
My =
0 -1 1
0o ... 0 -1
L d kxk
Then
o=1n | Opxn—i M,

70,

det[(ij4i — ijrio1)]i<ijon = (—1) 2

—M . Oryxk

where MT , denotes the transpose of the matrix M, .

[ |
Gathering all the information, we can estimate the rank of the local Baum-Bott map

at the Jouanolou foliation:

Theorem 3.4.2. The rank of the local Baum-Bott map BB : Fol ,4(n,d) — (C* 1)V

the degree-d Jouanolou foliation is:

dimVy;—n(n+1) Z dim ker(M,, 4(1)) ,if n is even.
Iezr,
[I|<d—1

dim Vg —n(n+1) = Y dimker(M,q(I)) -

rezz,
1]<d—1

(n+1)
2

, if n is odd.

Proof. By Corollary 2, the rank of the Baum-Bott map at the Jouanolou foliation
is the sum of ranks of the linear transformation 7 : V4, — C" ! restricted to the
eigenspaces of the linear operator A* : V; — V,;. By Theorem 3.2.1, there are only
eigenspaces of dimension one, two, n and n + 1, and we know how many there are of
each dimension. There is only one eigenspace of dimension n + 1, which is Ey, and by

Corollary 3 it is contained in the kernel of T}. Each eigenspace of dimension n is generated
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by {z;2'0; | j = 1,...,n}, where I € Z%; and |I| < d — 1. We use Lemma 3.4.10 to
calculate the rank of 7} restricted to those eigenspaces. Lemma 3.4.9 tell us the total
rank of 77 restricted to eigenspaces of dimension 2. Finally, for eigenspaces of dimension

1, we use Lemma 3.4.5. Then:

rank(7T") = Z rank 71| g, + Z rank 11| g, + Z rank 11| g, + Z rank 7' |, .

dim E;=1 dim E;=2 dim Ej=n dim Ej=n+1

We add and substract dim V, on the right side of the equality and we conclude the proof.
]

The difference of the dimension of the space of foliations and the dimension of the
automorphism group, which is given by Proposition 2.2.1, in general, is greater than the
rank of the local Baum-Bott map at the Jouanolou foliation, as we see in the following

proposition:

Proposition 3.4.3. The rank of the local Baum-Bott map BB : Fol,4(n,d) — (C" )N
at the degree-d Jouanolou foliation, for degree d greater than two, is strictly less than
the upper bound given in Proposition 2.2.1. The same holds for degree d = 2 with odd

dimension n.

Proof. By Theorem 3.2.1, there are ("+ff—1) eigenspaces of dimension n, these are
generated by {z;210; | j =1,...,n}, where I € 7%, and |I| < d—1. Lemma 3.4.10 gives
Then, in Theorem 3.4.2, we have:

if n is even:

d—1
rank T < dimV,— (n+ 1)n — (n—i— ),
n
if n is odd: . g1
raunkTSdz’de—(n—l—l)n—n;L _(n~|— B )
n
In any case
d—1
rank T < dimVy— (n+ 1)n — <n+ )
n

We have (n + 1) < (n + 1)n + (”+d_1), for d > 3, and if d = 2, then (n + 1)? =

(n+ 1)n + ("Jrz_l). Hence we conclude:
If nis even and d > 3: rank T < dimV, — (n + 1)2.

1
If nis odd and d > 2: rank T < dimV, — (n + 1)2 — n—2i— .

When the dimension of the projective space is even and we are in the case of degree

two foliations, we know the generic rank of the Baum-Bott map because of the Jouanolou

foliation.

Theorem 3.4.4. Let n > 2 be an even number. The rank of the local Baum-Bott map
BB : Fol 4(n,2) = (C*Y)N at the degree-2 Jouanolou foliation is equal to the upper
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bound given by Proposition 2.2.1. Then, the generic rank of the Baum-Bott map for

degree-2 foliations on the projective space P™ s

d d—1
dim Fol(n,2) — dim Aut(P") = (n + 1) <n M ) — (n * ) — (n+1)%
n n
In particular a generic fiber of the Baum-Bott map is a finite union of orbits of the action

of the automorphism group Aut(P™) on the space Fol(n,2).

Proof. By Lemma 3.4.12, the rank of the linear map 77 at eigenspaces of dimension
n is n — 1. Theorem 3.2.1 states that there are ("Jrzfl) of these eigenspaces which are
generated by {z;2'0; | j =1,...,n}, I € Z%, with |I| < d—1. Lemma 3.4.10 tells us how
3.4.2 and the theorem is proved. [ ]

On P3, we can estimate the rank of the local Baum-Bott map at the Jouanolou

foliation:

Theorem 3.4.5. Let d > 2. The rank of the local Baum-Bott map at the degree-d

Jouanolou foliation J4 on the projective space P is

d+2
rank(T):dide—16—(< —gi),— )—2),

o if d is even,

e ifd=—1 mod (4),

d+2 d—
rank(7") = dim' V4 — 16 — (( —g )+TS>’

e ifd=1 mod (4),

d+2 d—1
rank(7") = dim 'V, — 16 — (( —g )—l—T),

d+3) _ (d;rz) '

and the dimension of the space Vg4 is 4( 3
Proof. By Lemma 3.4.2, we have to estimate the rank of the matrices

(i1 = 15)d + (ij2 — 1541)(d + 1)

Lj+3 = Y42

d+1 d 0 L1 =
0 0 1] Ljt2 — Lj41 )

e . :
s EAEIEC AN FUPS
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where i; s are integer numbers with ¢; > 0, where i; = 4; 1od (n41) and 1y +ip+iz+iy = d—1.

Let us analize the determinant of the matrix

lg— 11 13— 1y 14— 13
A

lg — 13 11— 14 12— 11
We denote a = 13 — i1, b = iy — 19, ¢ = i3 — 1o, then the determinant is
a—b c b—c

c b—c —a—b+c

b—c —a—-b+c a—c

We add the second row to the last one, then we add the first column to the last one, and
finally we add the fist row to the second one, then the determinat is —(a+b—2¢)(a®+b?).
If the determinant is equal to zero, we have two cases.

First case: a = b = 0. This implies i3 = 71, 74 = i» and the matrix:

iy — 11 11 — 12 lg — 11

(d + 1)(2'2 — i1) + d(i1 — i2) (d + 1)(i1 — i2) + d(iz — i1> (d + 1)(i2 — i1) + d(ﬁ — iz) ]

can have rank one if d = 2r + 1, where r = iy + iy, i1 # @9, i1 = i3 and i3 = 14, Or it can
have rank zeroif d =4r + 1 and r = i1 = iy = i3 = 14.

Second case: a + b — 2¢ = 0. This means that iy = i3 — iy + 4; and the matrix:

(d + 1)(@2 - il) + d(ig — i2) (d + 1)(i3 — i2) + d(i1 — i2) (Cl + 1)(’i1 — ig) + d(’ig — i3) ]

1 — g 19 — 13 1g — 11

has rank less than two if (i3 — i3)® + (i1 — 42)> = 0. This yields d = 4r + 1,
11 = 19 = 13 = 14 = r and the rank is zero.

In view of the results, if d = 4r + 1, there are 2r eigenspaces of dimension 3 such that
the rank of the linear map DB B(Xj,, p1) restricted to each of those eigenspaces is one, and
one eigenspace of dimension three that is in the kernel of the linear map DBB(Xj,, p1).
If d = 4r + 3, there are 2r + 2 eigenspaces of dimension 3 such that the rank of the linear
map 7T} restricted to each of those eigenspaces is one. We replace this information in
Theorem 3.4.2:
if d=4r+1:

. 4
rankT:dlde—3><4—§— Z 1—2r—2,

I€Z3,,
[]<d—1
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ifd=4r+3
KT = dim Vi — 3 x 4 — = > 1-(2r+2)
rank T =dim V4 — - = — —
d 9 r )
IeZs
[T|<d—1
if d =2r,
KT —dim Vy— 3 x 4 — d o1
rank T =dim Vg — — = —
d 92 ’ 9
IeZ?
[T|<d—1
and this finishes the proof of the theorem. [

Remark 3.4.2. When n = 3, we observe that the rank of the local Baum-Bott map at the
Jouanolou foliation is strictly less than the generic rank of the Baum-Bott map, at least

for degree 2, . ..,8.
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Appendix A

Eigenspaces and the Jouanolou foliation

In this appendix, we identify the eigenspaces associated to an automorphism, which leaves
invariant the Jouanolou homogeneous equation, in the space of homogeneous vector fields
of fixed degree.

The degree-d Jouanolou foliation g4 on the projective space P" is defined by the

homogeneous vector field in C***:
d . d d d
ng — ([E2,$3,...,ZE”+171’1). (A.].)

This foliation is invariant by some automorphisms. For instance, let ¢ be a primitive
N-th root of unity and A(zq,...,z,01) = (1T, .., ¥Ty, Vyr1Tpy1), Where o = § =
5—(d"+...+d) - 5—(d"71+d"71+...+d)"”, aj - 5—(d"+1*3+...+d)"”7 Qp = §_d7 Qpt1 = 17 and

N =d"+d" '+ ...+ d+ 1. This automorphism generates a subgroup of order N of the

, Q2

automorphism group Aut(P") and the Jouanolou foliation is invariant by this subgroup,
since:

A*Xﬁd = §dxad~

The singular set of the Jouanolou foliation is determined by this automorphism:
Sing(dq) = {A"'[1,1,...,1]]i=1,...,N}.

Let us fix some notations. From now on, n > 3. Given I = (iy,...,i,41) € Z;”gl, we
set ol = 2% .. :c;"jll, |[I| = i1+ ...+ i,11. Let V4 be the space of homogeneous vector
fields of degree d in the complex vector space C"*! and By = {210}, € V4 | |I| = d, k =
L,...,n+ 1}

The space of homogenous vector fields of fixed degree can be decomposed into smaller

subspaces determined by A:

Lemma A.1. Every vector in By is an eigenvector of A* : Vq — Vg, with eigenvalue

some Nth rooth of unity. The space V4 is the sum of the eigenspaces E; = {V € V, |
73
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A*V =¢VY, forj=0,1,...,N — 1. Moreover, if z'0 € By then
A*(2'0)) = olag ta o, (A.2)

where of = o't . .a;"jf =D and p(I) = —iy(d"+.. . 4d) —ix(d" ' +. .. +d) —iz(d" 2+
vt d) — i (d I L4 d) = =iy (dP 4+ d) — dnd.

We have another subgroup which leaves invariant the Jouanolou foliation. Let S be

the automorphism of the projective space P" defined by
S[z1, 29 ..., Tpy1] = [Tny1, 1, -+, T (A.3)

This automorphism generates a cyclic subgroup of Aut(P") of order (n+ 1), this map also
leaves invariant the Jouanolou foliation since S*Xj, = Xj,.

The operator S* sends an eigenspace of A* in another eigenspace, except one, the
eigenspace corresponding to the eigenvalue ¢?. This eigenspace is sent to itself. We can

see it in the following lemma.

Lemma A.2. The operator S* : V4 — V,; maps eigenspaces of A* to eigenspaces of A*
and S*(x78y) = 25 ' Doy_1, where x70; € By and 9y = 941

Proof. Let 210, 270, € B, with r a positive integer number. Suppose 1 < k < k+r <
n. If the vectors belong to the same eigenspace, then by the equation (A.2) there exists

an integer number K such that

(i — j)d" 4 A (e i — (G gee))d TR
(iy4 ... 4 iy —1— (G + ...+ jp))d" "+

+ (14 A — 1= (1 + oo A Jrgry) )P R

+ (i1 A — 1+ oo G ))dE 4

+ @1+ Fin— (1 +...+7n) = KN.

We multiply by d the equation above, and this yields to the following expression:

(ig — jo)d™ ' 4. A (g + . Fipr — (Jo 4 A Gre1))d TR
(g4 ... 4dp — 1 — (o + ...+ ji))d" F4

+ (iAot — L= (o o o)) EFT4

+ (ip+ oo+ g — (ot oo ) )dP BT

izt i = ot i) = (@K = (1= ).



I0)

This implies that the vectors @ ...azir+1af 9y 1 and #7? ... xJr+1all  O)y,—1 have the
same eigenvalue, and these vectors are the image by the operator S* of the vectors
considered at the beginning.

The proofs for the other cases are similar. [

Consequently, two eigenvectors correspond to the same eigenvalue if and only if the
image of these eigenvectors by the operator S* is contained in another eigenspace of the
space V,;. We can subsequently apply S* to a fixed eigenspace until one eigenvector is of
the form z/9;. Then, it is enough to study the eigenspaces that contain an eigenvector

210, € By. We are going to do this in the following lemmas.
Lemma A.3. Let 270,, 270, € B, belong to the same eigenspace. Then I = J.

Proof. Suppose by contradiction that I # J. By equation (A.2), since they belong to the
same eigenspace, we have p(I) — p(J) =0 mod (N). This means that p(J)—p(I) = KN,

for some K € Z. In particular,

KN =(iy — j1)d" + (i1 + iy — (j1 + o))" P 4+ ...+
(4t i — i+ F G G i — (1))
(A.4)

The above relation implies that d divides K because N = 1 mod (d). Since >.'_ i, <
d,Zizljr <d, fort=1,...,n, we have —dN < KN < dN. This yields —d < K < d.
Since d divides K, we have K = 0. Therefore,

0=(iy — j1)d" ' + (ir +i2 — (i + j2))d" >+ ...+

Hence, (i1 + ...+ 4, — (j1 + ...+ jn)) = Omod(d). We have three cases.

First case: If i3+ ...+ 4, = (j1 + ...+ jn) + d, then j; = ... = j, = 0. If we replace in
A5, we get: i1 d™ 1+ (ip +i)d" 24 ..+ (i1 + ...+ ip1)d + (i1 + ... +i,) = 0, then
i1 = ... =1, = 0, which is a contradiction.

Second case: If iy + ...+, = j1 + ...+ jn — d. It is analogous to the first case, and it
leads us a contradiction.

Third case: If i1 +... 4+, =1 + ...+ jn, we have

0=(iy — j)d" 2 4 (i1 + iy — (1 + jo))d" > 4+ .. .+
+(+. A= (i Fgp2))d+ (G + i — (1 F 1)), (A6)

then ((i14...4+4p-1)— (j1+. ..+ Jjn—1)) = Omod(d), again we have three possibilities, but
working analogously as before, i1 + ...+ 4,1 = J1 + ...+ jn_1. Continuing this proccess,

we get 71 = 71, and we conclude that [ = J. [
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Lemma A.4. Let 2'0,, 270, € B, belong to the same eigenspace.
1. If iy > 0, then o' = xle, ) = xng, where I € Z%l and |I| =d — 1.

2. If iy = 0, then ©' = 25 'ay and 27 = af ., where 2 < k < n+ 1 and

T = Tk mod (n+1)-

Proof. Let i; > 0, we have that 2! = xle, for some I € Z’gl. We can proof that
a:leal,xngﬁg belong to the same eigenspace, and using Lemmas A.2 and A.3, we get
P J'ngj 0s.

Let i1 = 0, if jo > 0, we follow the arguments given above and we get a contradiction.

Therefore, i; = jo = 0. By equation (A.2), there is some integer K such that

d((—j1 — 1)d" " 4 iy — jo)d" 2 + (in + is — (J1 + Js))d" >+
+...(io+...Fin— (1 +Js+...+Jn)) = KN. (A.7)

If K = —d, equation (A.7) becomes

A" Nd — gy — 1)+ d" 72 (d — j1 + ia) + d" 7 (d — (j1 + Js) + i+ i3)+

+...+d=—(h+33+.  Fintict+...+i,)+1=0, (A.8)
then d = j; because ) d""((d— > jx) + >_ ix)) + 1 > 0, and replacing in the equation
r=2 k=1

k=2
above, we get 15 = d — 1, and the solution is xg_lxmrl@l, xcfﬁg.

If K =0, equation (A.7) yields

(=1 = j1)d" "+ (iz — j1)d" > + (i2 + i3 — (j1 + js))d" "+
+.. o+ .. Fin— (1 +Js+...+Jn) =0, (A.9)

and is + ...+ 4, — (j1 + J3 + ... + Jn) = Omod(d). We have two subcases:

Ifio+... 44, =d+j1+J3+ ...+ jo: Replacing in the equation (A.9) and dividing
by d, we must have i, + ...+ 1,1 + 1 = d, we subsequently divide by d the equation
(A.9), until we get the exprexion —d? + isd + iy + i3 + 1 = 0, hence the eigenvectors are
2§ 2,01, 2l 0.

Ifio+...+i, = j1+j3+. . . +Jjn: Inequation (A.9) we get io+. . .+ip_1—(J1+js+. . A Jn1) =

Omod(d). We procede as before, and we get the other eigenvectors. n

Lemma A.5. Let r € N such that 2 <r <n —1. Let 2'0,,270,.1 € By have the same

eigenvalue, then

1. ifi; > 0: ol = xle, — xrﬂa:i, where I € ZT;&I and |f| =d-—1.

0 ol — Al J _ d-1 I _d J_ .d
2. 4f iy =0: 2" =27 1 Tpp, 0 =2y X o1 =25, 17 =20,



7

Proof. Let i; > 0, we follow the same arguments given for the proof of Item 1 of Lemma
A4, and we get the result.

Let iy = 0. If r <n — 2, by the equation (A.2) there is some integer K such that

d((—j1 — Dd* " + (iz — (1 + j2) — Dd" >+

o4t ip— (it 4 ) — DA+

Qo+ .o — (1 + .+ ) AT

Go 4o e — (J1 o e Jr2))d T4+

iy + . +Zn—(j1+...+jr+jr+2+...+jn)):KN. (A.10)

We have two cases:
First case: If K = —d, the equation (A.10) becomes

A" Hd =1 = 1) +d"(d — (i + j2) +iz = 1)+ F

+d(d = (it G Fire = D) AT d = (it ) R )
+d"2(d = (i e+ o) Fize e i) o

bd— (4 et ot tin)Fiat ... Fin+1=0, (A.11)

if d = 71, we must have is+. ..+, = d—1, we replace in the equation (A.11), subsequently
divide by d, and we get a contradiction. So d = j; + ...+ 7, and i, = 0. We replace in
equation (A.11), we get i3 + ...+ 4, = d — 1, we subsequently divide by d the expresion
A.11, and we find that i,.; = d —1,i,,1 = 1, we replace in equation (A.11) and simplify.
We arrive at the expression

d2d—j1—D+...4+dd— (1 +...+Jra) =D+ (d— (1 +...+jr1) — 1) =0,

then d — 1 = j; + ...+ j,_1, we replace in the equation above, divide by d, we find that
the indexes are j; =d — 1,5, = 1, and the vectors are m‘fﬂxnﬂﬁl, x‘li_lxrﬁr+1.

Second case: If K = 0, the equation (A.10) becomes

(=g — D)d" 4 (G — (i + 52) — D@ 2+ (ix + ...+, — (i + ... + ) — Dd" "+
+ (g4 F i — (1. 5T

it i = Gk e )T

oo+t i — (it A Gt 2t n) =0, (A.12)

thenis+...+4, — (j1+ ... Jr + jrs2 + ... + jn) = Omod(d). We have two subcases:

Ist subcase: If io+ ...+, =d+j1+...Jr+Jrao+ ...+ jn: we replace in equation (A.12)
and divide by d, we must have 75 + ...+ 1, = 0, we subsequently divide by d the equation
(A.12), and we get a contradiction.
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2nd subcase: If io + ...+ 4, = j1 + ... Jr + Jri2 + ... + Jn: in equation A.12 we get

to+ ...+ 4 42=71+...7 + Jrr2, and the equation becomes

(—j1 = DA P+ (g — (j1 +Jo) — DA 2+ (g + ... +ip— (1 + ...+ 5) — Dd" "+
+<i2+-~-+ir+1 - (Jl +~--+jr))dniril = 0. (A13>

We have two possible cases:
a) lfio+... 44411 — (j1+...+74-) =d, wereplace in (A.13) and we get iy = d, then the
eigenvectors are x30, x4, ,0,41.

b) Ifio+ ... 4+ 441 =J1 + ...+ Jr, we replace in (A.13), this yields the equation
b1 —1l=do+...+i— (1 +...+Jjr) — 1 =—d,

which means that 7o + ...+ 4 — 1 < 0, for £ = 2,...,r, then the exprexion on the left
side of the equation (A.13) would be negative, which is a contradiction.

The case r = n — 1 is analogous. ]
Lemma A.6. Let 270,, 270,11 € By belong to the same eigenspace.

1. If iy > 0, then z! = xlxi, i xn+1xf, where I € Z;”gl and |f| =d—1.

2. Ifiy =0, then ! = a¢ | and v/ = 2{ 'ay, where k € {1,...,n}.

Proof. Suppose iy = 0. If 22z .. 20, and 2J'2 ... 2"d,,, belong to the same

eigenspace, then 7, + ...+ j, = d, and for some integer K:
(i +1D)d"+ (i +je+1—i)d" '+ ..o+ +. . o+ 1= (ia+...+i,))d = KN. (A.14)
Then 0 < K < d+ 1 and K = Omod(d), therefore K = d and we get the equation
Ad 4 (it ja—i)d" P+ (it — (i) = d (A.15)

We have two cases.
First case: If )1+ ...+ o =d+ 12+ ... + ip:

Jid" 2+ G+ ge)d" P G ge) 1 =d
this implies j; + ...+ jn—1 = d — 1, doing so, the solution is j; = d — 1, j, = 1. The
eigenvectors are 01, x‘f’lxnanﬂ.

Second case: If 1 +...+jp, =t +...+1, =d:

G1d 24 (g —i)d P A g ey — (g b i) = d"T
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o Ifji+...+jp1 =42+ ...7_1 +d, we have i,, = d and
Hd" P (i gp)d" T e 1= d

then j14+...4+j,_2 = d—1. The solution is j; = d—1, j,,_1 = 1 and the eigenvectors

d d—1
are 2501, 1 Tp_10p+1

e Ifji+ ...+ =i2+...0p 1
Fd" (it g)d i gne — (g i) = d"R

Doing so, we get
-If j14+ ...+ = is+ ...0 + d, the solutions are xzﬂﬁl, xf’lxkanﬂ, for
k=3,...,n—2.
-1 g+ g2+ gz =ia s
qrd + ji+ jo — i = d*.
If 1 4+ jo = i3 + d, the solution is x%@l, xil_lxn_lﬁnﬂ.
If 71 4+ jo = ig, then j; = d and iy = d, the solution is :1:5’81, x‘f@nﬂ.

From now on, we will identify x,, 1., with x} and 0,414 with 0.

Let’s identify the eigenspaces of dimension 2.

Lemma A.7. An eigenspace of dimension 2 of A* : V4 — V4 has only one of the following

forms:

1 (SR (< 2y w0, 2t ;00 >), for3<j<n+1, k=0,...,n and

2. if n is even: (S*)F(< xg;;xnﬂal,xf’lxlﬂagﬂ >), for 1 < j < g — 1 and
k=0,...,n,
-3
if nis odd: (S*)*(< xg;;xnﬂal,x‘f_lxlﬂﬁgﬂ >), for 1 <j < nT’ k=0,...,n
-1 -1
andforj:nT, thenk::O,...,n2 .

(B3n—4)(n+1)

The list is complete, those are all the possible forms. In fact, there are

eigenspaces of dimension 2.

Proof. Let E be and eigenspace of dimension 2, there is some k such that (S*)*(E) =<
210y,270,,; > for some I,J € Z’;gl and 0 < j < n. Then £ = (S*)""17F(<
210,270, + j >). From Lemma A.3, j > 0. The second item of Lemmas A.4 and
A5 give us the complete list of possible vectors x/0;, 79, + j. Therefore, the eigenspaces
of dimension 2 are (S*)*(< xg_lxjﬁl,x‘fﬂ@g >),for3<j<n+1, k=0,...,n, and
(S*)*(< x%ﬁ}xnﬂﬁl,x‘f—lxlﬂaﬂj >),for1 <j<n-—2 k=0,...,n. Now we want to

exclude the repeted cases:
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a) If (S*)*(< xg_lxjﬁl,x‘f+j82 >) =< x5 'z,01,2¢,,0, >), for some 3 < j < r <
) -1
n+1, k=1,...,n. Then < ngkxj_kﬁl_k,xlﬂ_k@g_k >=< 14 2.0, xf, 00 >,

but it it not possible, and Item 1 follows.

d—1 d—1 d—1 d—1
b) If (S*)*(< Ty, jTns101, 27 T145004 >) =< 09, Tny101, 0] Tiy0aq, >), for
l1<j<r<n-—2and k =1,...,n. Then xg;jl_kxn+1,k81,k = xf*lxmam,
x‘f:,lg:rlﬂ_k@gﬂ_k = :vgjr},xml@l. We realized that k = j+1,r =n—j—1. We have

1 d—1 d-1 _od-1 d-1
(S* )< 2104101, 21 T1450245 >) =< 237511 T0 1101, B Ty jOai(n—j—1) > and
n—2

—1
1 <5 < nT Then if n is even, j = 1,..., and £ = 0,...,n give

n—3

1 g
n— n—
7 k=0,..., 7 those cases generate different eigenspaces.

us different eigenspaces. When n is odd: 7 = 1

, kK =0,...,n and

7=

According to Lemma Lemmas A .4, there are n — 1 eigenspaces of the form < z/9;, 270, >
and by Lemma A.5 one of the form < 2/0;,2705,, >, foreach r = 1,...,n — 2. We can

apply (S*) subsequently to those eigenspaces to get all the eigenspaces of dimension 2 and

we get Table A.1, and the result follows. [ ]
P(Oksr
(Detr) P(O1) | P(D2) | P(D5) | ... | P(Dy) | P(Onsr)

P(Ok)

?(81) n—1 1 c. 1 n—1

P(02) n—1 1 1

: SIS 1

fp(an_1> n—1 1

P(0n) n—1

POr) ={al0n | T €2, |I| =d}

Table A.1: Number of eigenspaces of dimension two with vectors in P(9y) and in P(0k,).

We gather all the information above and count the number of eigenspaces of each

positive dimension.

3 4
Theorem A.1. The operator A* : V4 — V; has (”:;d) + n("+d_1) —(n—1) ny

n—1

non-

trivial eigenspaces. More precisely:

1. There are ("+Z_1) + 1 etgenspaces of dimension n + 1, and they are:

o F;=< x‘é@l, c.. ,mﬁﬂﬁn, :c‘f@nﬂ >,
o <:2'0y,... w1210y >, where I € Z?gl and |I| =d — 1.

(Bn—4)(n+1)
2

2. There are eigenspaces of dimension two, which are:
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o < xi_lxzﬁﬁk,xf&cﬂ > for1<ik<n+1landi#k+1k+2,

o < xk_lxi;}ﬁk, xk+r_1xi*18k+r > for1<k<n+1land2<r<n-1

3. There are (n + 1) [("+d_1) —3(n—1)] eigenspaces of dimension 1, which are:

n—1
(S)*(210y), where x'0, € By, with i1 = 0, k = 0,...,n and z' #
xjxg_l,.r?,xﬁ_laznﬂ, forj=3,...,n+1andr=3,...,n.

Proof. From the first items of Lemmas A.4, A.5 and A.6, we identify for each fixed
I € Z’;gl, with |I| = d — 1, the vectors x;xz'd;, j = 1,...,n + 1 belong to the same
eigenspace. There are (”+g_1) of this kind.

From the second items of the same Lemmas, we realized that 49, is in the same
eigenspace as x4 410k, for k =2,...,n+ 1, the corresponding eigenvalue is d. These are
all the eigenspaces of dimension n + 1.

The eigenspaces of dimension 2 are given by Lemma A.7.

The eigenspaces of dimension 1 are given by (S*)¥(2!9,), for k = 0,...,n, where
210, € By generates an eigenspace of dimension 1, then i; = 0. Let’s identify which
219;, with i; = 0, belong to eigenspaces of dimension greater than one. The first items
of Lemmas A.4, A5 and A.6 tell us that there are (n — 1) eigenspaces of the form
< 210y,270, >, n — 1 of the form < 2/0,,270,.1 >, one < 210y, 2705, >, for each

r=1,....,n—2and < 290y, ...,2%0,,1 >= E,;. Thus, we can conclude 3. n
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