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Chapter 1
Introduction

During the last decades intense research has been devoted to the study of dynamical
systems subjected to random perturbations. Considerable effort has been dedicated to
investigate exit times and exit locations from given domains and how they relate to the
respective deterministic dynamical system. The theory of large deviations provides the
usual mathematical framework for tackling these problems in case of Gaussian perturba-
tions, for details see M. Freidling & A. Wentzell [18] and W. Siegert [26]. We will study
the relation to the respective deterministic dynamical systems from a different point of
view.

We study the so-called cut-off phenomenon for a family of stochastic small pertur-
bations of a given dynamical system. We will focus on the semi-flow of a deterministic
differential equation which is perturbed by adding to the dynamics a Brownian forcing of
small variance. Under suitable hypotheses on the vector field we will prove that the one-
parameter family of perturbed stochastic differential equations presents a profile cut-off
in the sense of J. Barrera & B. Ycart [14].

The term “cut-oft” was introduced by D. Aldous and P. Diaconis in [6] to describe the
phenomenon of abrupt convergence of Markov chains introduced as models of shuffling
cards. Since the appearance of [6] many families of stochastic processes have been shown
to have similiar properties. For a good introduction to the different definitions of cut-off
and the evolution of the concept in discrete time, see J. Barrera & B. Ycart [14] and P.
Diaconis [19]. In [11], L. Saloff-Coste gives an extensive list of random walks for which
the phenomenon occurs.

How to describe the “cut-off” phenomenon? Before a certain “cut-off time” those
processes stay far from equilibrium in the sense that the distance in some sense between

the distribution at time ¢ and the equilibrium measure is far from 0; after that instant,



the distance decays exponentially fast to zero.

Consider a one-parameter family of stochastic processes in continuous time {z¢}.so
indexed by € > 0, ¢ := {x{};>0, each one converging to a asymptotic distribution p*
when t goes to infinity. Let us denote by d(¢) the distance between the distribution at
time t of the e-th processes and its asymptotic distribution, where the “distance” can be
taken to being the total variation, separation, Hellinger, relative entropy, Wasserstein, LP
distances, etc. Following J. Barrera & B. Ycart [14], the cut-off phenomenon for {z¢}.~o
can be expressed at three increasingly sharp levels. Let us denoted by M the “maximum
of the distance”. In general, M could be infinite. In our case, we will focus on the total

variation distance so M = 1.

Definition 1.1 (Cut-off). The family {x}cso has a cut-off at {t}eso if te — +00 as
e — 0 and

M if 0<ec<l,
lim d*(ct.) =
e—0

0 if c>1.

Definition 1.2 (Window Cut-off). The family {z¢} =0 has a window cut-off at {(t, we) }eso,
if te = 400 as € — 0, w. = o (t.) and

lim liminfd*(t. + cw.) = M,

c——o0 €—0

lim limsupd‘(t. +cw.) = 0.

c>+00 0

Definition 1.3 (Profile Cut-off). The family {x}.so has profile cut-off at {(tc,we)}eso
with profile G, if t. — +00 as € — 0, we = o (te),

G(c) := ll_r%d (te + cw.)
exists for all c € R and

lim G(c) = M,

c——00

lim G(¢c) = 0.

c——+400

Sequences of stochastic processes for which an explicit profile can be determine are

scarce. Explicit profiles are usually out of reach, in particular for the total variation



distance; in many cases of interest only cut-off or window cut-off has been obtained so

far.



Chapter 2

Stochastic Perturbations:

One-Dimensional Case

On this chapter, let zp € R\ {0} be fixed and let us consider the semi-flow {1 }1>¢

associated to the solution of the following deterministic differential equation

for ¢ > 0. The hypothesis made in Theorem 2.1 on the potential V' guarantees existence
and uniqueness of solutions of (2.1), as well as all the other (stochastic or deterministic)
equations defined below.

Our main Theorem in the one-dimensional case is the following:

Theorem 2.1 (General Case). Let V : R — R be a one-dimensional potential that
satisfies the following:

i) Vecs.
i) V(0) = 0.
iii) V'(z) =0 if only if x = 0.
iv) There exists § > 0 such that V"(x) > ¢ for every x € R.

Let us consider the family of Markov processes indezed by € > 0, x¢ = {x }4>0 which are

given by the the semi-flow of the following stochastic differential equation,

deg = =V'(z)dt + /edW,,

Ty = To



fort >0, where xq is a deterministic point in R\ {0} and {W;}i>o is a standard Brownian
motion. This family presents profile cut-off in the sense of the Definition 1.3 with respect
to the total variation distance when € goes to zero. The profile function G : R — R is
given by

G(b) := [|N(ce® 1) — N(0, 1)HTV,

where ¢ is the non-zero constant given by

The cut-off time t. and window time w, are given by

1 iz

te = 2V”(O) (hl (1/6) +1In (2V (0)))’
1 2

We = V(0) + €',

for some 0 < 7y < 1/a.

This Theorem will be proved at the end of this chapter.

2.1 The Linearized Case

Let us take ¢ € R and o2 €]0, +00[. We denote by N (u, 0?) the Normal distribution with
mean 4 and variance 2. Given two probability measures p and v which are defined in

the same measurable space (€2, F), we denote the total variation distance between p and

v by || — vlpy := sup |u(A) — v(A4)].
AeF
Definition 2.2. We say that V is a regular potential if V : R — R satisfies
a) V is C3.
b) V(0)=0.
c) V'(z) =0 iff v =0.
d) V"(0) > 0.
e) lim V(z)=+o0.
|z| =400

In order to prove Theorem 2.1 we will prove the analogous result for a “linear approx-
imation” of the vector field V.



Theorem 2.3 (The Linearized Case). Let us consider the one-parameter family of Markov
processes indexed by € > 0, y¢ = {ys }4>0 which are given by the the solution of the following

linear stochastic differential equation,

dy; V" (y)yidt + /edWr,

(2.2)
Y = Yo

fort >0, where yy is a deterministic point in R\ {0}, {Wi >0 is a standard Brownian
motion and V' is a reqular potential. This family presents profile cut-off in the sense of
the Definition 1.3 with respect to the total variation distance when € goes to zero. The

profile function G : R — R is given by
G(b) = [N (ce™ 1) = N(0, Dl
where ¢ is the non-zero constant given by
i O, =
where ® = {®;}4>0 is the fundamental solution of the non-autonomous system

d(I)t - — V” (’l/Jt)(I)tdt

for every t > 0 with initial condition &y = 1. The cut-off time t. and window time w, are

gen by
1
= g (00 I 2V 01),
._ 1
we L V”(O) )
respectively.

Notice that choosing V' (z) = QT””Q we see that the Ornstein-Uhlenbeck process presents
profile cut-off. In what follows, we call the solutions {y}eso of (2.2) the “linear approxi-
mations”.

In order to prove Theorem 2.3, we will find the qualitative behavior of the semi-flow
¥ = {thiso at infinity.

The following lemma tells us the asymptotic behavior of the expectation and variance

of the “linear approximations”.



Lemma 2.4. Leu us assume the hypothesis of Theorem 2.3. Let us assume that there

ewists a C? function V : R — R such that
a) V(0)=0.
b) V'(z) =0 iff v =0.
c) V"(0) > 0.
d) |x|1i>ri100V(x) = +00.

Then it follows that

Z> tginoo wt =0
i) lim @, = 0.
t——+o00

In addition, let us assume that V is a C® function. Then it follows that

iii) There exist constants ¢ £ 0 and ¢ # 0 such that

. "
lim "¢, = ¢
t—4o00

. " ~
lim "y, = ¢
t——+00

where & = { P }4>¢ is the fundamental solution of the nonautonomous system
dq)t - —V,/(¢t)q)tdt

for every t > 0 with initial condition &y = 1.

iv)

t
1\? 1
. 2 L _
LU / (cps) % = 2ynoy
0

For the proof of this lemma, see Appendix C.

The following lemma characterizes the distribution of the “linear approximations”.



Lemma 2.5. Under the hypothesis of Theorem 2.3, we have

t

1
yi = Do + /e, / oW (2.3)
0

for every t > 0, where ® = {®;}4>0 is the fundamental solution of the non-autonomous

system
d@t - — V” (¢t ) @tdt

for every t > 0 with initial condition ®q = 1.
Proof. 1t follows from It6’s formula. For details check [13] and [20]. O

Using the decomposition (2.3) of the process y¢ into a deterministic part and a mean-
zero martingale with respect to the natural filtration of the Brownian motion and using

[to’s isometry for Wiener’s integral, we obtain

E[yﬂ - yO(I)t7
¢ 2
Viy] = ed? / L ds
Yy - t q)s .
0

By Lemma 2.5 we have that for each ¢ > 0 and ¢ > 0 fixed, y; is a random variable

with Normal distribution with mean
vi = Elyi] = o

and variance

t 1 9
U ZV[@/E]ZECP?/((}#) ds.
0

Corollary 2.6. Let us assume the hypothesis of Theorem 2.3 and let € > 0 be fized. Then
the random variable y; converges in distribution ast — oo to a Gaussian random variable
N€ with mean zero and variance 2V+®)'

Proof. 1t follows from Lemma 2.4. O]

Now we have all the tools in order to prove Theorem 2.3.

9



Proof of Theorem 2.3. For each € > 0 and t > 0, we define

)

TV

d(t) = H/\/(uf,nf)—/\f(o’#’(m)

217(0)

€

D(t) = HN( yo<1>t,1) - N(0,1)

TV

Using triangle’s inequality and Lemma A.1, for each € > 0 and ¢ > 0 we obtain

d(t) < D(t)+ |N(0,2V"(0)®,°L) — N(0,1)]|
jd°(t) = D) < [N(0,2V"(0)¢*I;) — N(0,1)]|

t

2
where I, = f (é) ds. For each ¢ > 0 let us define
0

1
te := 2V 0) (In (1/e) + bo)
and
1
T V)

with by := In (2V"(0)y2). For every b € R, we define t.(b) = t, + bw.. Using Lemma A .4,

we obtain

lim d“(F. (b)) — D(L(b))] = 0

e—0

for every b € R. Let us consider the function G : R — [0, 1] defined by
G(b) == [N(ce™ 1) = N(0,1)]|y
where ¢ # 0 is the constant of item 4i7) in Lemma 2.4. Observe that

DE(EL(b)) = "N‘(eV”(OﬁE(b)@ge(b)e_b, 1) — N0, 1)H

TV

for every b € R. Therefore, by item iii) of Lemma 2.4 and by Lemma A.3, we have

lim D<(7, (b)) = G(b)

e—0

10



for every b € R. By Lemma A.2, we have blim G(b) = 0 and blim G(b) = 1. Conse-
——0c0

—>+00

quently, the theorem is proved. O]

Corollary 2.7 (The First Order Approximation). Let us consider the Markov processes
y = {yt}t>0 which is given by the solution of the following linear stochastic differential

equation,

dy, = =V"(U)y,dt 4+ dW,,
Yo = 0

fort > 0, where {W,}i>0 is a standard Brownian motion and V' is a reqular potential.
For every e > 0 fized, let us define zf = 1 + /ey, for every t > 0. Then the family
2¢ = {zf }+>0 presents profile cut-off in the sense of Definition 1.3 with respect to the total

variation distance when € goes to zero. The profile function G : R — R s given by
G(b) = |N(ce® 1) =N(0,1)|
where ¢ is the non-zero constant given by
C VIO,
tkinoo € ¢t <

and the cut-off time t. and window time w, are given by

te

= gygg) (n (V9 +10 V7))

and

1
V”(O)

We =

respectively.

The proof of Theorem 2.3 can be adapted in order to prove this corollary in a straight-

forward way, so we omit it.

Remark 2.8. The constants c and ¢ obtained in Lemma 2.4 depend on the initial condition
of the semi-flow ¥ = {t}i>0. Theorem 2.3 and Corollary 2.7 remain true if we take as
window time w. = w40, for each € > 0, where {0¢}eso is any sequence of positive numbers
such that 113(1) 0. = 0.

11



2.2 The Gradient Case

From now on and up to the end of this chapter we will use the following notations and

names.
Definition 2.9.

a) The stochastic Markov process x¢ := {x},5 defined in Theorem 2.1 is called the It6

diffusion.

a) The semi-flow ¢ = {;},5, defined by the differential equation (2.1) is called the

zeroth order approximation of x€.

c¢) The stochastic Markov process 2 := {zf},5, defined in Corollary 2.7 is called the

first order approximation of x€.

The following lemma will give us the existence of a stationary probability measure for

the Ito diffusion z¢ = {xf},.,.

Lemma 2.10. Let V' be a regular potential and for every e > 0, let us consider the Ito

diffusion x¢ = {x{}>0 which is given by the following stochastic differential equation,
dzt = —V'(z5)dt + /edW,,

Ty = o

fort >0, where xq is a deterministic point in R\ {0} and {W;}i>o is a standard Brownian

motion. Let us assume that

lim |V'(z)] = +oo.

|z| =400

Then for every e > 0 fized, when t — oo the probability distribution of xj converges in

distribution to the probability u given by

pi(de) = ——r—,

where M€ = [ e~ V&) dz,
R
Proof. For details see [23] and [26]. O

Now we will restrict our potential to the class of coercive regular potentials.

12



Definition 2.11 (Coercive Regular Potential). Let V' be a regular potential. We say that
V' is a coercive regular potential if there exists 6 > 0 such that V" (x) > § for every x € R.

In the class of coercive regular potentials, we restrict ourselves to the class of potentials

with bounded second and third derivatives.

Definition 2.12 (Smooth Coercive Regular Potential). Let V' be a coercive regular po-

tential. We say that V' is a smooth coercive reqular potential if
Ko = ||[V"||le := sup [V"(x)| < oo,
z€eR
and
k3 = ||[V" |l :=sup |V"(2)] < .
z€eR

The following lemma tells us that the stationary probability measure of the Ito diffu-
sion {xf}s>0 is well approximated in total variation distance by the Normal distribution

with mean zero and variance TE,(O).

Lemma 2.13. Let V' be a coercive regular potential, then
li ¢ - N°© =0
it 16—~ Al = 0.
where N¢ is a normal distribution with mean zero and variance W'

2
e V@Way -

Proof. Let 0 < n < V"(0) be fixed. By Lemma 2.10 the p‘(dz) = “577= is a well

defined probability measure on (R, B (R)). Then

1 6—%‘/(3:) 6_%7v”(20)12
I =Nl = 5 [ [~ S|
R
1" CEQ
where M€ = ﬂ{e‘gv(w)dm and N¢ = J e—%‘v & dx = A/ VZT’_EO)'

13



By triangle’s inequality, we have

1 e 2V (x) e*%V(I) 1 e 2V (x) 67% =
Ny < - / - dr 4 1 / - d
||,LL ||’]I‘V - 9 Me Ne T+ 2 NE Ne X
R R
_ |M;]:[EN6| +2]1\75/ e %V(m)_e EV"(ZO)x d
R
< %/ e IVE) 2 gy
R

Recall that V' is coercive, that is, there exists ¢ > 0 such that V”(z) > § > 0 for every
x € R. Then, it follows that

. 1 2 2 V' (0)2?
lim — eV @) _ o=

for every 8 > 0. By the continuity of V" at zero, there exists §,, > 0 such that
[V (x) = V"(0)] <n

for every |z| < 4.

Also, by Taylor’s Theorem with Lagrange remainder, we have that V" (x) = W@TM

for every |z| < §, where |{,| < |z|. Then,

5y oy
1 2 2 V//<0>12 1 2 V”(Ez)z2 2 V”(O)zQ
— e V@ _emeTr |de = — e e 2 —e e 2 |dx
Ne Ne
3y —6y
oy
1 2)\1
2 _—s2 " "
< | PP V(&) - V()] de
—&n

o A

o/
i/ x%*%% <Ivy ) (C z2e 72dx
ENe - \/_(2)\)3/2

on —n/2
< ,’7 /V/l( /
= Vm(2)\)2
R

IN

where A := min{d, V”(0)} > 0. Consequently, first taking ¢ — 0 and then  — 0 we

14



obtain the result. O

The following proposition will give us a quantitative estimation of the distance between

the Ito diffusion and the zeroth order and first order approximations.

Proposition 2.14 (Zero Order & First Order Approximation). Let us assume that V is

a smooth coercive regqular potential. Let us denote By = sup |Ws| for every t > 0.
0<s<t

i) For everyt > 0, we have |x§ — ;| < \/eBy(kat+1). We call this estimate the zeroth

order estimate.

ii) For every t > 0, it follows that |z§ — ¢y — \/ey;| < eB?rgz(kat + 1)*t. We call this

estimate the first order estimate.

Proof. First we prove item 7). Let € > 0 and ¢ > 0 be fixed. It follows that

t

si—v = = [V - Vi) ds v,

0
t

=~ [V (a5~ ) ds+ VW,

0

t t
— [V"(65)dr
= —ve [vrewe T s v,
0

where the second inequality follows from the Intermediate Value Theorem, #¢ is between
s and z¢ and the third inequality follows from the variation of parameters method.

Therefore, using Gronwall’s inequality we obtain |z — 1| < \/€By(kaot + 1).

15



Now we prove item 7i). Let € > 0 and ¢ > 0 be fixed. It follows that

t

si— v Ve = = [ V@) - V() - V(e ds

- / [V7(65) (2§ — bs) — V" (¢hs)Veys) ds

= - / V//(Z/}s>(x§ - 1/15 - \/Eyt)ds -

/ (V7(60) — V" (1)) (a5 — . )ds,

0

where the second identity comes from the Intermediate Value Theorem and 6 is be-
t

tween 1, and z¢. Let us define e, := [ (V"(05) — V" (¢5)) (2§ — 15)ds. Again using the

0
Intermediate Value Theorem and the zeroth order estimate already proved, we have

t

e < [ ralat — vPds < Byl + 1)
0

for every t > 0. Consequently, using the variation of parameters method and Gronwall’s

inequality we obtain
|25 — b — Vew| < eBlrs(rat +1)%.

]

This proposition will permit us to prove that two first order approximations with
random initial conditions that are “near” are close in total variation distance. This

statement is made rigorousin the following proposition.

Proposition 2.15 (Linear Coupling). Let us assume the same hypothesis of Corollary
2.7 and in addition let us assume that V' is a smooth coercive regular potential. Take
{0c := "}es0, where 0 < v < 1. Let us denote by z¢(X) := {z{(X)}i>0 the first order

16



approximation with initial random condition X. Then, for every b € R it follows that

lim szﬁe (%@) I (Zfe«») HW =0

where for each € > 0, t. and w, are defined in Corollary 2.7 and for each b € R, ¢, > 0 is
small enough so that t.(b) := t. + bw, > 0 for every 0 < € < ¢,

Proof. By Itd’s formula we obtain

bde

€ € € 1

s, (%(z))) = D5 ) + VeDu, / 30s) S>d(Wf€(b)+s — W),
0

bo,
€ € € 1
“bse (Zfe(b)> = (I)bcsze(b) + Vedys, / @d(wﬂ(bwrs - er(b))
0
for every 0 < € < ¢, where ® = {®;};> is the fundamental solution of the non-

autonomous system
d(pt - — V” (T/)t ) q)tdt

for every t > 0 with initial condition ®; = 1. Applying Lemma B.6 with X := ®ys, 2% )

bde
Y o= Py 25 ) and Z = ey, [ 5 Wipys = Wiiy): G = 0 (X,Y) and (Q, F,P)
0

the canonical probability space of the Brownian motion, we obtain

1

Zbs, (xge(b)> %, (Zi(b)) H’]I‘V = \/ b N2
2me [ <q> ) ds
()

0

Using Proposition 2.14, we obtain

Zbs, (xgs(b)> = . (Z’i(b)> H’H‘V = "

ks (ale() + 1) LO)E| B2 |
Using the fact that for each € > 0, 6. = €” for some 0 < v < 1, &y = 1, the Intermediate

17



Value Theorem for integrals, Lemma D.1 and Lemma D.3 we obtain the result. [

The following proposition will permit us to change the probability measure in a small
interval of time in order to compare the total variation distance of the Ito diffusion and

the first order approximation with a random initial condition.

Proposition 2.16 (Short Time Change of Measure). Let us assume the same hypothesis

of Proposition 2.15 and also let us follow the same notation. Then for each b € R

im H%e (:v@(b)) R (””"’faw) Hw =0

Proof. We will use Cameron-Martin-Girsanov Theorem and Novikov’s Theorem. For the

precise statements of these theorems we use here, see [1] and [12]. Let € > 0, t > 0 and

b € R be fixed. Let us define ~f := % and I'f = (V/(%)_V”(wzw#v”(wt)zté). Then, for

every € > 0 and ¢t > 0 it follows that

e \2 2
(i < 2Ty gt

2 2 2 2(1/%)2
< 4r3DB; (K,Qt + 1) + 2K5
€

and

2
T < 26 + 26307

< Ax2R2 2 2(%)2
< 4k; t(/‘igt+1)+2/€2 c

Let us define I(b) := [tc(b), t(b) + bd]. Then, for every € > 0 it follows that

2
sup (1)
/ () < 4br326, (m (fe(b)+b5€)2+1> sup B2 + 2bw2s, =
telI<(b) €
I(e)

18



and

2
sup (¥r)
/ (I9)? < dbrs, (m (fs(b)+b55)2+1> sup B2 + 2bw25, =
teI<(b)
I(e)

Using Lemma C.3, there exists a constant ¢ > 0 such that

/ (7)? < 4bk36. (/-62 (tc(b) + b56)2 + 1) sup B? + 2bckid,
tel<(b)
I(e)

and

/ (T)* < 4brjd. (HQ (e(b) + 556)2 + 1) sup B} + 2bck3d.

tel<(b)

for € > 0 small enough. Consequently, for any constant p > 0 it follows that

Te (b)+bo.
Edexp |p / (v9)* ds < +o00
te(b)
and
te(b)+bde
Eexp [p (T€)ds| § < +oo

for € > 0 small enough. From Novikov’s Theorem it follows that

(e (b)+b5e T (b)+bd.

AP 1
£ (b)+b6. € ‘)?
— T = exp Vs dWs — = (vs)"ds o,
dP; be / ) 2 / S
te(b)+ \ i (b) te(b)
(7.(b)+bs. te(b)+bdc
dP? 1
T lbhe o / TEdW, — = / (T ds ¢ .
dP;_(b)+bs. L) : 7. ()
\ € €

are well defined and they define true probability measures IP’% i € {1,2}. From now

(b)+bde’

19



on and up to the end of this proof we will use the notation P* := P% i €{1,2} and

(b)+b.°
t
P := P; 3)416.- Under the probability measure P*, W)' := W, — [ 4¢ds is a Brownian
Ze(b)
motion on the time interval ¢.(b) < t < £.(b) + bd.. Also, under the probability measure
t

P2, W2 :=W,— [ Tds is a Brownian motion on the time interval £.(b) < t < £.(b) +b..

te(b)
Consequently,
te(b)+boe te(b)+bo
exps [ ydW.—% [ (7)’ds
apt 0 7e(b)
dp? £ (b)+bé fe(b)+be
expq [ TdW,—-1 [ (I9)*ds
te(b) te(b)
(7. (b)+bo. 7e (b)+bo.
1
= ool [ Geergaw-5 [ (09— @) ds
L Te(b) te(b)
(7. (b)+boe 7o (b)+bde
1
—epd [ Gieroanteg [ o@oates
L te(b) te(b)

By Pinsker’s inequality and the mean-zero martingale property of the stochastic integral,
we have for every t.(b) <t < £.(b) + b,

£o(b)+bde
€ € € € € €\2
‘ Lps, (%(b)) 2o <$Eg(b)> HW < Em / (I'§ —5) " ds

te(b)
. te(b)+-boe

dP

= B |5 (IS — %) ds
7. (b)

By Cauchy-Schwarz’s inequality and the mean-one Doléans exponential martingale prop-

20



erty, we have

| )05 i 7 (b)+b5. 7 (b)+b5. 2
dP
Be | [ @Eatds| < |Belewd [ oGotas| [ @soatas
te(D) L te(b) te(b)

7. (b)+b3.
Ep |exp { 2 / (v9)%ds p | x

<
L te(b)
e (b)+bo 4
Ep / (s —75)* ds
te(b)
It follows for € > 0 small enough that
te(b)+bée
exp / (v)?ds p < exp {46&%(56 (/12 (tc(b) + b5€)2 + 1) sup B} + 2bcm§5e} ,

3 teI<(b)
te(b)

where the last expression is P-integrable for ¢ > 0 small enough. Using the scaling property
of Brownian motion and the distribution of the maximum of the Brownian motion in a

compact interval, the last inequality implies that

T (b)+bde
limEp |exp ¢ p / (79 ds = 1.
e—0
te(b)
for any constant p > 0. Also, it is true that

4

te(b)+bo 4
(TS —95)%ds | < | 0o sup (IS —~5)°
20 sel<(b)
e 16 e . 8
S Cb45? sup ("'US 4¢S) + sup |Is ws - \/Eyt| 7
s€I<(b) € s€I<(b) €

where C' = C(kg,k3) > 0 is a constant. Using the last inequality and Proposition 2.14,
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we obtain that

Le(b)+bde
lim Ep / (T —~5)*ds = 0.

e—0
te(b)

Consequently,

$26e <$§e(b)> B ZZ‘SS (mi(b)) HW =0
O

Now we have all the tools in order to prove our result for the class of bounded coercive

regular potentials.

Theorem 2.17 (Smooth Coercive Regular Potentials). Assume the same hypothesis of
Proposition 2.15 and also let us follow the same notation. Let us consider the family

z¢ = {x}i>0 given by the the semi-flow of the following stochastic differential equation,

do; = =V'(z5)dt + /edW,,

Ty = To

fort >0, where xg is a deterministic point in R\ {0} and {W,}+>0 is a standard Brownian
motion. This family presents profile cut-off in the sense of the Definition 1.3 with respect
to the total variation distance when € goes to zero. The profile function G : R — R 1is

given by
G(b) = HN(ée_b7 1) — N0, 1)HTV7

where ¢ 1s the non-zero constant given by

and the cut-off time t. and window time w. are given by

1 1 "
te = 2V770) (In (1/e) +In (2V"(0)))
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and

1
We = + €7,

V//(O)
where 0 <y < 1/a

Proof. Let € > 0 and ¢t > 0 be fixed. We define

DE(t) = [l — 1y
and

d*(t) := [l2f = N|py ,

where p¢ and N¢ are given by Lemma 2.10 and Lemma 2.13. For each b € R, take ¢, > 0
such that () := t. + b(w, + 8.) = t°(b) + bS. > 0 for every 0 < € < ¢, By Corollary 2.7
and Remark 2.8 we know that for each b € R

lim d (t(b)) = G(b). (2.4)
By definition,
De(te(b)) = Tie) — 1 v

IN

s, (#5.0) — . (5.0 HW + || (2m) — s (40 HW +

o~ N, + IV = il

Using Proposition 2.15, Proposition 2.16, Lemma 2.10, the relation (2.4) and the item 7) of
Lemma D.2, we have limsup D¢(#°(b)) < G(b). In order to obtain the converse inequality,

e—0
we observe that

tE®) = |-V,

~ . (5.0) HW + ‘

€ _Ne .
Al = Nl

25, (xa(b)) ~ T, (xi(b)> HTV *

IN
N
S
&
RS
&
=
~——

Again using Proposition 2.15, Proposition 2.16, Lemma 2.10, the relation (2.4) and the
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item i) of Lemma D.2 we have lim inf D¢(£(b)) > G(b). Consequently,

e—0

lim DE(t(b)) = G(b).

e—0
O

The following proposition will permit us to approximate a coercive regular potential

by a smooth coercive regular potential.

Proposition 2.18 (Removing Boundedness for V” and V). Let us assume that V' is a
coercive regular potential. For every M €]0,+o0[, there exists a smooth coercive regular
potential Vi (x) which is an approzimation of V' in the following way: Vy(x) =V (x) for
every |z| < v2M.

Proof. By hypothesis there exists § > 0 such that V”(x) > § for every x € R. Let
g € C*(R,[0,1]) be an increasing function such that g(u) = 0 for v < 5 and g(u) = 1 if
u>1. Let M € [1,00] be a fixed number. Let Ry, : R — R be a functlon defined by

mate = o (225 (10 (12)) 7o

Since V € C3(R,R) and g € C® (R, [0,1]), we have Ry, € C* (R,R). We also have that
Ry (x) = V"(2) for every |z| < v2M, Ry(x) = § for every |z| > 2M, RM( ) > ¢ for

every x € R, [|Ru]leo < 00 and [|R};]|ec < 00. Let us define Sy,(x) = fRM )dy for
every z € R and let us define Vy,(x) := f Sy (y)dy. Then V), is a smooth d-coercive
regular potential such that Vj,(z) = V( ) for every |z| < v2M. O

The next proposition will tell us that the approximation of the coercive regular po-
tential by a smooth coercive regular potential also implies an approximation in the total
variation distance of the invariant measures associated to the potential V' and V,; and the
total variation distance for the processes at the “cut-off time” associated to the potentials
V and V).

Proposition 2.19. Let V' be a coercive reqular potential and for every M > 0 let Vi
be the approzimation of V obtained from Proposition 2.18. Let ™ = {xiM} o be the
Ité diffusion associated to the smooth coercive potential Vi and let u©™ be thetz'_nvarmnt
probability measure associated to the stochastic process x™ defined in Lemma 2.10. Let

us denote by x¢ = {xf},5, the It diffusion associated to the coercive potential V' and let
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us denote by uc the invariant probability measure associated to the stochastic process x€
defined in Lemma 2.10.
It follows that

i) For every M > 0

lim [} — p M, =0

e—0

i1) Using the same notation as in Theorem 2.17, we have

lim
e—0

€ _ €7M p— 0
ORI ()| —
for every M > |zo| and every b € R.

Proof. Let us prove item 7). Notice that V;(0) = V”(0). By triangle’s inequality and

Lemma A.1, we have

p =My <= Ny + [N = M| -

Taking ¢ — 0 and using Lemma 2.13 we obtain

lim [} = p M, = 0

e—0

for every M > 0. Now let us prove item #i). Let € > 0 and M > |xy| > 0 be fixed. Let us
define 7¢M .= inf {s >0:

distance in terms of couplings, see (4.12) of [7],

Let us define o :=inf {s > 0 : |25M — M| > M — |zo|}, where ¥ := {¢}M} is the

semi-flow associated to the autonomous differential equation

zoM | > M}. By the variational definition of total variation

€ _eM
L) = Tio(v)

HW < P, (rM <t (b)).

d = =V (v

for every t > 0 and ¥} := zy. Using the coercivity hypothesis of Vj; we see that the
semi-flow ™ is decreasing in norm, and [¢M| < |zg| for every t > 0. In particular,
oM < 7oM - Consequently. P, (TE’M < te(b)) <P, (UE’M < tE(b)).
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Therefore it is enough to prove that lim P, (oM >t (b)) = 1. For every s > 0, let
e—
e,M

us define z¢M = % Then oM = inf {s >0 |26M] > M_Tfol} We note that

M — |z
P, (oM >t (b = P, sup Z;’M < — .
o ) ’ (0<s<te(b) | Ve

Let us define ¢ := M — |zg| > 0. We have

2
CM M 2 CM

P sup [zM]>=| =P sup (29 > — .
0 (0<s<t€(b)| ° | \/E 0 ogsgte(b)( ° ) €

Using It6’s formula and the coercivity of V), we have

2
(=) <e+m
M t
for every ¢ > 0, where the process II;™ := 2 [ z6MdW; is a martingale. Then
0

B ()] <¢

for every ¢t > 0. Using [td’s isometry, we obtain

E [(HE’M>2] < 22

for every ¢ > 0. Let us take €y, > 0 such that for every 0 < € < €pp, we have

2, — et (b) > 0. Using Doob’s inequality, we have

2 2 te b
P, | sup (zg’M)2 > M < Py | sup |IIGY| > = etelb)
0<s<t(b) € 0<s<te(b) €

62 e,M 2

< 5=k {(Ht;(b)> ]
(chp — €te(b))
2¢2 (tg(b))2

(R — ete(0)”
Letting ¢ — 0 we obtain the desired limit. O

Now we are ready to prove Theorem 2.1. To stress the fact that Theorem 2.1 is just
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a consequence of what we have proved up to here, let us state this as a Lemma:

Lemma 2.20 (From the Smooth Coercive Case to the General Case). Let Vi, be the
approzimation of V obtained in Proposition 2.18. Profile cut-off for {x9™};s0 implies

profile cut-off for {x{}i>0 with the same cut-off time, cut-off window and profile function.

Proof. Recall the notation introduced in Proposition 2.15. Let € > 0 and ¢ > 0 be fixed.
Let us take M > max {|zo|, ||¢||}. We define

DM () = |

-],
and

DE(t) := = — 1y -
By triangle’s inequality we have

€,M €
Ty — I

De,M (t) S ‘

2N OB T T PR

Recall that t, = 2V+(0) (In (1/e) + In (2V"(0))) and w, = v+(o) + J. respectively. Let b € R
be fixed. Recall that ¢.(b) = t. + bw.. Take €, > 0 such that for every 0 < € < ¢, we have

te(b) > 0. Consequently,

DM (k) < |

e,M € € € €,
Tt = |, + D) + [l = 1 gy
Therefore, using Proposition 2.19 and Lemma D.2 we have

limsup DM (t.(b)) < limsup D(t.(b)).

e—0 e—0

By Theorem 2.17, we know that lim D™ (¢.(b)) = G(b). Therefore

e—0

G(b) < limsup D(t.(D)).

e—0

It also follows that

€ e,M

e,M €
L) — Lee(n)

D) < | uM

.t DM (¢ (b)) + |

H’]T Tv”
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Therefore, using Lemma D.2, Proposition 2.19 and Theorem 2.17 we have

liminf De(t.(b)) < G(b).

e—0

We conclude that

lim DE(£.(b)) = G(b).

e—0
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Chapter 3

Stochastic Perturbations:

m-Dimensional Case

In this chapter we consider stochastic perturbations of a dynamical system evolving on
R™ with m > 2. The assumptions and notations we will made on the potential V' are
the analogous ones made for the one-dimensional case. For the reader’s convenience, we
repeat them here. Let us consider the semi-flow {t¢(t)}:>0 associated to the solution of

the following deterministic differential equation
dz(t) = —=VV(x(t))dt (3.1)

for t > 0 and let 2(0) € R™ \ {0} be a fixed initial condition. The hypothesis made in
Theorem 3.1 on the potential V' guarantees existence and uniqueness of solutions of (3.1),
as well as all the other (stochastic or deterministic) equations defined below. Our main

result for m-dimensional potentials is the following:

Theorem 3.1 (Gradient Case). Let V : R™ — [0, +o0[ be a m-dimensional potential
satisfying:

i) V eC* and V(0) = 0.
it) VV(z) =0 if and only if v = 0.

iii) There exist 0 < 0 < A such that

Sllyl* < y*Hy(2)y < Ayl
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for every x,y € R™, where y* is the transposed vector of y and Hy 1is the Hessian

matriz of V.

Let us consider the family of processes ¢ = {x*(t) }+>0 which are given by the the semi-flow

of the following stochastic differential equation,

dzc(t) = —=VV(x(t))dt + /edW (t),
z90) = =

for t > 0, where zo is a deterministic vector in R™ \ {0} and {W(t)}i>0 is a standard
Brownian motion. This family presents profile cut-off in the sense of Definition 1.3 with
respect to the total variation distance when € goes to zero. Let a be the smallest eigenvalue

of Hy(0). For Lebesque-almost every xq, the profile function G,, : R — [0, 1] is given by
Gao(b) = Hg(e_bv(:vo),fm) — §G(0, [m)HW’
where v(xg) € span(vy) is the unique non-zero vector in R™ such that

lim () = o(xo),

t—+o00

where vy s the eigenvector associated to the eigenvalue oy and the cut-off time t. and

window time w, are given by

1
fo= —1n (Y

and
W, = —

respectively.
Remark 3.2. Since the potential V' is coercive, we have ay > 0 > 0.

The assumptions made in Theorem 3.1 on the potential V' are the m-dimensional
counterpart of what we called smooth coercive potentials. At present time, we can not
extend Theorem 3.1 potentials satisfying only the coercive bound § < y*Hy (x)y for any
x,y € R™. The following Theorem explains to which kind of potentials we are able to

extend Theorem 3.1.
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Theorem 3.3. Let V : R™ — R be a potential satisfying i), ii) and the lower bound
0 < y*Hy(x)y for any x,y € R™ of Theorem 3.1. Let us suppose that there exists a
potential V satisfying i), it) and iii) of Theorem 3.1 and such that there exists r > 0 such
that V (z) = V(z) for every ||z|| < r. Then, profile cut-off for {xM (t)}1s0 implies profile
cut-off for {x(t) >0 with the same cut-off time, cut-off window and profile function, for

Lebesgue-almost every initial condition xo with ||zo| < 7.

The proof of this theorem is exactly the same of Lemma 2.20, so we omit it.

3.1 The Symmetric Ornstein-Uhlenbeck Case

For the reader convenience, we state and prove here a simple particular case of Theorem
3.1, namely when the potential V' is quadratic.

Let us take p € R™ and let ¥ € S, be a symetric and positive definite square m-
dimensional matrix. We denote by G(u, ) the Gaussian distribution with mean p and

covariance matrix .

Proposition 3.4 (Symmetric Ornstein-Uhlenbeck Process). Let us consider the one-
parameter family of processes x¢ = {x°(t) >0 which are given by the solution of the

following stochastic differential equation,

doc(t) = —ax(t)dt + edW(t),
z(0) = x(0)

fort > 0, where z(0) is a deterministic point in R™ \ {0}, a is a constant symmetric
matriz with eigenvalues 0 < a; < ... <y, and {W(t) }i>0 is an m-dimensional standard

Brownian motion. This family presents profile cut-off in the sense of the Definition 1.3

with respect to the total variation distance when € goes to zero. Let us write x(0) = Y xpvg
k=1

where {vy, ..., v} is an ordered orthonormal basis of R™ that conjugates the matriz «

with the diagonal matriz diag(aq, ..., an). The profile function G : R — R is given by

G(b) = “g(ﬁe_beozévT,Im> - Q(O,Im)H ,
TV
where 7 :=min {i € {1,...,m} : x; # 0}, and where the cut-off time t. and window time
we are given by
1
te = 1 Le
S ()
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and

Proof. Since our process is linear, it is Gaussian. We have that its mean vector and

covariance matrix are given by
pe(t) = E[af(t)] = e *'z(0),

X)) = V[zf(t)] = E/e—Qa(t—S)dS — %a—l (]m _ B—Qat) ’

respectively. Again, for each € > 0 fixed, when t goes to infinity we obtain that z¢(t)
converges in distribution to a random variable z¢(4+00) which has Gaussian distribu-
tion with mean vector p° := 0 and variance matrix ¢ := %ofl. For each t > 0,
we denote by G(uc(t), X¢(t)) the law of the random variable z¢(t) and by G(u¢, X¢) the
law of the random variable z¢(4+00). For every ¢ > 0 and t > 0, we write d°(t) :=
|G (p(t), 24(t)) — G, X)) ||y - Using triangle’s inequality for the total variation distance

and Lemma B.1, for each ¢ > 0 and ¢ > 0, we obtain

d<(t) = ||G (\/ge_o‘tx(O), a (I, — 6_2‘”)) —G(0,a7")

TV

< g (\/ge_o‘t:c(O), at (Im - 6_2at)> -G <\/§€_atiﬂ(0)> O‘_l)
g <\/§eatx(0),al> ~g(0,a7")
< 6(0.07! (T — ) = G(0.07) oy

?

TV

n g<\/ga1/2€—atx(0)’]m) —-G(0,1,,)

where in the last inequalities we use several times Lemma B.1. For each ¢ > 0 and ¢ > 0,

D(t) = Hg<\/§al/2e_"‘t$(0),fm) —G(0,I,,)

let us define

TV
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Let us consider the function G : R — [0, 1] defined by
G(b) :== Hg(ﬁefbcf&%vﬁ]m) — Q(O,Im)HW,

where ¢, := (v, 2(0)) # 0 since z, # 0. It follows that that G(—oc0) = 1 and G(400) =0
by Lemma B.4 and Lemma B.2, respectively. For each € > 0 let us define ¢, := ﬁ In (1/e)
and w, := 1/a,. Note that for any € > 0 and b € R we have

De(te + bw,) = Hg<\/§a1/2@—a(te+bwe)x(0)’_]m> —G(0,1,,)

TV

Using Lemma B.3, we obtain that

lim D*(¢, + bw,) = G(b).

e—0

Now we will prove that lir% |D<(t.(b)) — d(t.(b))] = 0, where #.(b) = t. + bw,.. Using
e—

triangle’s inequality for the total variation distance, we have

D)~ d @ @)l < 90,07 (b= e 2®)) ~ g(0,07)

-

By the last inequality and Lemma B.5, we conclude that
lim (D*(£e(b)) — d(£(b))) = O
for any b € R. Consequently, for any b € R
lim d*(1(b)) = G(b),
which is what we wanted to prove. ]

3.2 The Linearized Case

Recall the strategy of proof of the one-dimensional case, Theorem 2.1. As an important
intermediate step we prove profile cut-off for a family of processes satisfying a linear, non-
homogeneous stochastic differential equation, stated in Corollary 2.7. In what follows we
prove the m-dimensional version of this Corollary.

This result holds for a more general class of potentials that Theorem 3.1, which we
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define as follows.

Definition 3.5 (Regular Coercive Potential). We say that V' is a coercive reqular potential
if Vi R™ — R satisfies

a) V(0)=0 and V € C?.
b) VV(z) =0 if and only if x = 0.

¢) There is § > 0 such that y*Hy(x)y > 0||y||* for every x,y € R™, where Hy is the

Hessian matriz of V.
The following theorem tells us that the “linear approximations” have profile cut-off.

Theorem 3.6 (The Linearized Case). Let V' be a coercive regular potential. Let us

consider the family of processes y© = {y<(t) := ¥(t) + Vey(t) }iso0, where {y(t)}i>o is
the solution of the following linear stochastic differential equation,

dy(t) = —Hy(¥(t))y(t)dt + dW (1),
y(0) = 0

fort > 0, where {W(t)}i>0 is a standard Brownian motion, Hy is the Hessian matrix
of V- and {1(t) }1>o is the semi-flow associated to (3.1) with initial condition xo. Let oy
be the smallest eigenvalue of Hy(0) and let Vi be its eigenspace. Let v(xo) be the unique

vector in 'V, such that

lim e“)(t) = wv(xg).

t—+00

Assume that v(xg) # 0 and define the cut-off profile G, : R — [0, 1] as
Goo0) =[G (V2 H(0)b0(20), 1) — G0, Im)HW

Then the family {y‘}e=o presents profile cut-off in the sense of [14] with respect to the
total variation distance when € goes to zero with profile function Gy, and cut-off time t.

and window time w. given by

1
tez—l 15
o, ()
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and

We = —.
651

Remark 3.7. By item ii) of Lemma 3.8 below, v(xy) is well defined and nonzero for
Lebesgue-almost every xq. In particular, Theorem 3.6 holds for Lebesgue-almost every
initial condition xo € R™ \ {0}.

We can see that the Ornstein-Uhlenbeck case is covered by
V(z) = z*diag(a,...,an)r,

r € R™ and oy > 0 for every k € {1,...,m}. In order to prove Theorem 3.6 we need to
find the qualitative behavior of the semi-flow 1 = {1(t) };>¢ at infinity.

Lemma 3.8. Under the hypothesis of Theorem 3.6, we have

i) For any initial condition xy, ¥(t) goes to zero as t goes to infinity. Moreover,
| (8)]] < ||lzolle™ for every t > 0.

i1) For Lebesgue-almost every xo,

lim e™p(t) = wv(w) € R™\ {0},

t——+o0
where v(xg) € Vi and Vi is the eigenspace associated to the eigenvalue o .
iii) Let us consider the following matriz differential equation,

AA(t) = —Hy(0)A%(t) — A“()Hy (0) + e,
A(0) = Mo,

where My is a square matrix of dimension m. We have

lim A“(t) =

t—o00

(Hy(0))

N

) Let us define the covariance matriz A(t) := €k |y(t tN*. This matriz satisfies
) y(t) (y

the following matriz differential equation,

AA() = —Hy((0)A () — A Hy (6(0)) + el
AS(0): = 0.
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We have

. € . E -1
lim A%(1) = S (1 (0)) "
For the proof, see Appendix C.
For each € > 0 and t > 0 fixed, y(t) is a Gaussian random variable so it is characterized

by its mean vector and covariance matrix. The mean vector is given by

Corollary 3.9. Let us assume the hypothesis of Theorem 3.6. Let € > 0 be fized, then the

random variable y*(t) converges in distribution ast goes to infinity to a Gaussian random

variable y¢(+00) with mean zero vector and covariance matriz %(HV(O))_I.

Proof. 1t follows by item ¢) and item iv) of Lemma 3.8. O
Now, we have all the tools in order to prove Theorem 3.6.

Proof. Let us call o := Hy(0). For each € > 0 and ¢ > 0, we define

a0 = g -g(o.5mvon)|
_ %(¢§wmm0—gm@ﬂ ,
where 7(t) := 2V [y(t)] and
De(t) = Hg<\/§a%¢talm) - g<07 Im)
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Using triangle’s inequality and Lemma B.1, for each ¢ > 0 and ¢ > 0, we obtain

1) < |g (\/Zﬂ(t),n(t)) - g(\ﬁw),a—l) +
€ € -
() -one]
vV
2 1
— g ©00(t) = G(0.07) |, + g(\ﬁmw),fm) ~G(0.1,)
TV

Therefore,

|d(t) = D) < ||G(0,n(t)) = G(0,a™") | -
Recall that 0 < a7 < ... < «, denote the eigenvalues of the matrix a. For each € > 0

let us define ¢, := i In (1/¢) and w, := as. For every b € R, we define ¢.(b) = t. + bw,.

Using the last inequality and Lemma B.5, we obtain
for every b € R. By item i) of Lemma 3.8, for Lebesgue-almost every x, it follows that

lim eMtp(t) = vlm) € R™\ {0}

t——+o0

Let us consider the function G, : R — [0, 1] defined by

Ganlb) = nge‘ba%v(m), 1) = G(0.1,.)

v

Observe that DE = HQ(\/_az

quently, we have

) — Q(O,Im)HW for every b € R. Conse-

lim D*((b)) = Guy(b)

e—0

for every b € R. It also follows that bhELn G, (b) = 0 and hm Gz, (b) = 1 by the same
facts usied in the proof of the Ornstein-Uhlenbeck Case. Th1s proves the theorem. O

Remark 3.10. In Theorem 3.6 we can take as a window time w. > 0 such that liné wh =
€E—

w > 0.
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3.3 The General Case

Let us fix some notations and names.

Definition 3.11.  a) We call the process x¢ := {x°(t)},5, defined in Theorem 3.1 an

m-dimensional 1t0’s diffusion.

a) We call the semi-flow ¢ := {9 (t)},5, defined by the differential equation (5.1) the

zeroth-order approximation of z¢.
c¢) We call the process y° := {y(t) :== ¥(t) + Vey(t)},5o defined in Theorem 3.6 the
first order approximation of x°.
The following lemma tells us the existence of a stationary probability measure for the
[t6’s diffusion z€ = {x°(t) },5,-

Lemma 3.12. Let V' a regular coercive potential and for every € > 0 let us consider the

Ito’s diffusion x¢ = {x(t) }+>0 given by the following stochastic differential equation,

de(t) = —VV(@(t))dt + VedW (1),
z(0) = =(0)

fort > 0, where x(0) is a deterministic point in R™ \ {0} and {W(t)}i>0 is a standard
Brownian motion in R™. Then, for every e > 0 fixed, whent goes to infinity the probability

distribution of x€(t) converges in distribution to the probability u¢ given by

_2V(I)d
e e T
€ d — -
p(dz) VT
where M€ = [ e~ V@2,
Rm
Proof. For the proof of this lemma and further considerations, see [23] and [26]. O

The following lemma tells us that the stationary probability measure of the [t6’s pro-
cess {xf}4>0 is well approximated in total variation distance by the Gaussian distribution

: . : -1
with mean zero and covariance matrix § (Hy (0)) .

Lemma 3.13. Let V' be a coercive reqular potential. Then
i 4 = G"llpy = O,
where G¢ is a Gaussian distribution with mean zero and covariance matriz § (Hy(0))™".
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Proof. Let 0 < n < 1 be fixed. By Lemma 3.12, the measure p(dz) = “—5=—= is a
well-defined probability measure. Then

1 —2V(x) —22 Ay O
I =Gy = 5 [ |55 — — | o
2 Me Ne
RrRm
I* x m l
where M€ = [ e V@dz and N = [ e 2% s = (me) 2 (det ((HV(O))_I))Q. By
m Rm
triangle’s inequality, we have
1 [ le Ve o 2ve 1 [|e2ve) 2o
c—G° < = — dx + = - d
”lu g ”TV — 2/ Me Ne T+ 2/ Ne Ne €
Rm R™
‘ME — NE‘ 1 _gv(x) _gﬂTT*I‘IV(O)QC
= € — € 2
oNe  Tane ) I ‘ !
Rm
= Alfe/‘eiv(x)—e?mwz dz.
Rm

By coercivity, we have that there exist § > 0 such that V(z) > &|z||* for every z € R™.
Then

1 z* Hy (0)x
lir%N ‘e_%v(x)—e_% 5 dr = 0
€e— €

{zeR™:||z|>B}

for every g > 0. By the second-order Taylor’'s Theorem for scalar fields, we have that

there exists 0 < ¥ < 1 such that for every ||z|| < 9,

where ¢ = ¢(z) €]0,1[. By continuity, we can take 0 < 4, < o such that for every
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|z|| < ¥, we have ||Hy (cx) — Hy(0)]] < n. Then,

1 2 2 2" Hy (0)z
— e~V @ _ e —
[Ve

{zeR™:||z|| <V}

de <

1
< eI |15 Hy (ca)o — o Hy (0))] do

€ €

faeRmlal<9,}

Ui — 15|22 (012 / =68[l2[1* [} .12
< E dv <C d
a0 PP <cq e *de

{weRmz] <0} {wermifol<d,/T}
<Cy [ e o

Rm

where C' > 0 is an explicit constant independent of ¢ and 7. Consequently, first taking

¢ — 0 and then n — 0 we obtain the result. ]

The following proposition will give us the zeroth-order and first-order approximations

for It0’s diffusion z¢.

Proposition 3.14 (Zeroth-Order and First-Order Approximation). Let V' be a coercive
regular potential. Let us write B(t) := sup ||[W(s)| fort > 0.
0<s<t

n—1
i) For every t > 0, we have E [||z°(t) — ¢(t)||2"} < ¢ €"t", where ¢, == [] (m+2j)
=0
for every n € N.

i1) For every b € R, there exists €y > 0 small enough such that for every 0 < € < €,

E

. B 2
exp {5 |2¢(te 4+ bde) — P (te + bdc) || } < 400,

€
€

where 6 = €7, v > 0.

iii) For every b € R there exists €g > 0 small enough such that for every 0 < e < €,

E

€
€

€ 2
e {3 110100~ wlt+ 08 }] - lteriom

where 0. = €7,y > 0.
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iv) For every r > 0 there exist a constant c(r) > 0 and ¢y > 0 such that

P( sup er<t>—w<t>uzzr) < P (t + b

t§t€+bw€
for every 0 < € < €.

v) Assume that there exists K > 0 such that
IVV(z) = VV(y)ll < K|z —yl|

for every x,y € R™. Letb € R and let us call t* := t.+b(w, + J.), where lir% 0. =0,
e—
te and w, are defined in Theorem 3.6. Then, there exists ¢g > 0 such that

E [[lo(t") — () = Vey(t)|?] < Cex(t)3

for every 0 < € < €g, where C' = C(K,b) > 0 is a fized constant.
Proof.
i) Let € > 0 and ¢ > 0 be fixed. We have

t

s = vlt) = — [ (VY@ () - TV ) ds -+ Vaw (o)

-/
vaw()

t

_ / A(s) (2(s) — (s)) ds + VeW (t),

0

/Hv(@/}(S) +0(2(s) = 4(5)))db | (2°(s) —(s)) ds +

1
where A%(s) := [ Hy(¢(s) + 0 (2(s) — ¥(s)))d and where the second identity fol-
0

lows from the Intermediate Value Theorem for vectorial functions. Let us take
fi(z) = ||z]]2. By Ito formula, it follows that

dllz(t) = = [=2(@(t) = »(t))" AY(t) (2°(t) — ¥(t)) em] dt +
2v/e (z°(t) — ¢(t))" dW (2)
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for every t > 0. Using the coercivity hypothesis for V', we obtain
d|z¢(t) — v @)||? < emdt + M dW ()

for every t > 0, where M (t) := 2y/e (z(t) — 1(t))" for every t > 0. Notice that
¢

{N(t) = [ M(s)dW(s) is a local martingale. Then there exists a sequence
0

>0
of increasing stopping times {7, },en such that almost surely 7,, T 0o as n goes to

infinity and {N"(t) := N (min{7,,t})}+>0 is a martingale for every n € N fixed.
Therefore, taking expectation, using the fact that {N"(¢)}:>0 is a local martingale

for every n € N fixed and the fact that V is coercive, we obtain

E [||z° (min{r,,t}) — ¢ (min{r,,t}) [|’)] < emmin{r,,t}
< edt

for every t > 0. Consequently, using Fatou’s Lemma, we obtain

E[[lo(t) —v(@)II°] < edt

for every t > 0. Let us consider f,,1(z) = ||z/|>™*Y. By It6 formula, it follows that

dlla“(t) = @)Y = [=2(n+ D]la*(t) = @) (2(2) — (1)
A(t) (2°(t) — ()] dt
+  [e(m +2n)(n+ 1)||z°(¢) — »(t)]*"] dt +
+ 2(n 4+ Vel a(t) — (@) (2°(8) — (1)) dW (1)

for every ¢ > 0. Using the local martingale property of 1t6 integral, the coercivity
property of V', the induction hypothesis and the Fatou’s Lemma, it follows that

E [er(t) . ¢(t)|‘2(n+1)] S Cn+1€n+1tn+1
for every t > 0. Consequently, for every n € N, it follows that
E [[a(t) ~ 6] < eoe't”

for every t > 0.
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i)

i)

Let b € R be fixed. By the Monotone Convergence Theorem, it follows that

5. lz° Geb00) —wte+b5) ||
E |e* € E E

n=0

O™ || (te + bO) — ¥ (te + bo)|*"

enn!

where §. = €7 for some v > 0. By item i), we have

ZE

n=0

en! ‘ n!
n=

O [l (¢ + bo) — w<te+b56>||2"] 3o et 00)"

Taking €y > 0 such that 2 (t. 4 bd )5 < 1for 0 < € < ¢ and using the ratio test for
convergence series, we have that Z t:l—er‘s)
n=0

< 400 for every 0 < € < €.

We will use the It6 formula for the function g.(z) = €% <. Let k. = % = % Then,

€

derle O=b@I  — g orelle OO (o) — (1)) A(E) (25(1) — (1)) dt +
. <2K36nenwf(t> O | 25(1) — (8)]| + Hemenenxf(t)—w(wn?) dt +

2mnerc eI OO (25(p) — ()" W (1)

for every t > 0. Using the coercivity property, we obtain

1% Ol

deﬁe“xe(t)_¢(t) — —2/{,55656”756@) ||x (t) Q/)(t)Hth +
¢ <2R?eﬁenxe<t> O |2 (£) — (8)||2 + wemetellz =¥ ||2> dt +

omn/ereee I O=POI% (ze(t) —p(2))* dW ().
Taking ¢y > 0 such that 2¢” < 9 for every 0 < € < ¢y, we obtain

derellz*O—v@I* < §erella*®)—u(t) H2||x (t) — () ||*dt +
ek meellz ()= O gt +
zmﬁﬁee“e“fv D001 (2(8) — p(2))* dW (2).

For € > 0 small enough, by item 7) and 7i7) the stochastic integral is a true martingale
for t € [0,t. + bo]. Then,

dE [enenxﬁ(w—w(t)u?] < enemB [emnxﬁ(t)—w(t)\\?] dt
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for every t € [0,t. + bd.]. Now using the Gronwall Inequality we obtain for ¢ > 0

5. e tetbso) —vtetboo) |2
€ €

small enough that E |e < @leltetbde)m where §, = €7 for some

v > 0.

iv) In the same way as in item i), using Itd’s formula and coercivity hypothesis, we

have
l2¢(t) = (@)|* < edt + N(t)

for every ¢t > 0. By item i), we have that {N(¢)}:>0 is a true martingale. Therefore,
taking €p > 0 such that § <r —e (te + bw,) < 337" for every 0 < € < ¢y, we have

F( s 0o 2r) < P s NGO 27—l )

t§t€+bw€ t§t€+bw€

. E[NOP
= 2

(r —e(t.+ bw,))

¢

16¢ [ B [|]*(s) — 1(s)]|*] ds
< 0
< 2

8me? (t. + bw,)?

9

r2

where the second inequality follows from Doob’s inequality, the third inequality
follows from Itd’s isometry and the fourth inequality follows by item i) of this

proposition.
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v) Let € > 0 and ¢t > 0 be fixed. It follows that

t

2 (0) = wlt) = Vat) =~ [ [VV((s) = TVI0(5) ~ Hulw(s) V()] ds

where A¢(s) = va W(s) + 0 (z(s) — 1(s)))df for every s > 0 and the second

equality comes from the Intermediate Value Theorem. Let us define

t

e(t) = / [(A%(s) = Hy (1(5))) (25 = ¥s)] ds.

0

It follows that

dl|lz“(t) = (1) = Vey(@)|I> = 2(a(t) = ¥(t) — Vey(t)) d (z°(t) — (1) — Vey(t))
= =2 [(a°(t) = (1) = Vey(t))” Hy (¥(1))

(z(t) — ¥(t) — Ve (t))}dt

2 [(2°(t) — 0(t) — Vey(t))” (A(t) — Hy (¥(1)))

(“(t) —(t))] dt

—20|j2%(t) — (1) — Vey(t)||*dt +

2 [[l2°(t) — ¥ (t) — Vey@)|l[| A°(t) — Hv (1)

[z(t) — »(t)]]] dt

2 [[l(t) — v (t) — Vey@)|l[| A“(t) — Hv (1)

[z°(t) — ()] dt

2)|z(t) — w1 A(t) — Hy ((t) | dt +

2Vellz*(t) — vy NI A“(t) — Hy (¥ (t)]|dt

IN

IA

IN
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for every t > 0. In the same way as in item i), using It6’s formula we obtain

E[||y(t)||*] < dt for every t > 0. Consequently, we obtain

dE [[|lz*(t) — v (t) = Vey®)I*] < 2E [[la“(t) — w0 A(t) — Hy (L ()] dt +
2VeE [[|2°(t) — (@) lly@O I A°(t) — Hy (4 ()] dt
< Ay/ezety/E[[[A<(t) — Hy (4 (t)]]?]

for every t > 0, where the second inequality follows using several times Cauchy-

Schwarz inequality and item ) of this proposition. Therefore,

t

E [[la*(t) — ¥ (t) = Vey(®)|*] < 4\/56/8\/1@ [|A<(s) — Hy (¢ (s)|*]ds
0 (3.2)

< 4 /ot / VEIACs) = Hy ((s)[Plds

for every t > 0.
Let us estimate the last integral in the following way:

2

|A“(t) — Hy (v (0)|* = /[Hv(w(t)Jr@(f(t)—w(i)))—Hv(w(t)]dH

< / | Hy (5(t) + 0 (2(2) — (2))) — Hy ((8)]> db),

for every t > 0, where the last inequality follows from Jensen’s inequality. Let r > 0

be fixed and let us define Q(r,e) = {w €Q: sup |z°(t) — @) > r}. By

0<t<te+bwe
item 4v) of this proposition we know that P (Q(r,€)) < ¢(r)e® (tc + bw.)®. Let us
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define t* := t. + bw,. Following (3.2), we have

E [[l2°(") = o) = Vey(t)I!] <

1 /et / E / VEy ((8) + 6 (a5(6) — (1)) — By (D] d8 | dt <

0 0

Njw

wvae®)? | [B| [ 100 + 0 @ @) - 00) - He (o) db | ae.

for every t > 0, where the first inequality follows from the inequality from above
and the second inequality follows from the Cauchy-Schwarz inequality. By Tonelli’s

Theorem, we have

t* 1

/ E / VEw (6(8) + 8 (2°(t) — () — Hy ()| do | dt =
E / / VHy (5(8) + 0 (2°(£) — (8))) — Hy (4(t)]* ot

We can split the last integral into two parts. The first one is

t* 1 T

E ﬂmr,e)//lle(w(t)+9(w5(t)—w(t)))—Hv(zb(t)IIQd@dt <
0 0 _

E |lgpe [ CK2dt| <
oo

CK*'P (Q(r,e)) <
CK?c(r)é (t. + bw.)?

where C' = 2m > 0 is a constant. The first inequality comes from the fact that VV'
is a Lipschitz function, which implies that all the eigenvalues of Hy are bounded by
K and using the fact that ||A]|? is equal to the sum of the squares of its eigenvalues
for any symmetric matrix A. The second inequality comes from Tonelli’s Theorem

and the third inequality comes from the item iv) of this proposition. The second
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one is

E | Lo / / |y ((0) + 0 (@(t) — 0(0))) — Hy (0O dodt| <
E | Lo / Ll (t) - vn|dt| <
/ E [J2“(t) — o(®)] dt <

t*

L? / cretdt <

0
L2C1€(t*)2,

where L := L (r,||1)o||) is the Lipschitz constant of the function g(z,y) = Hy(z +
y) — Hy(x) on the compact set A := {(z,y) : [|z|| < ||¥(0)]], |ly|]| < r}, the second
inequality follows from Tonelli’s Theorem, the third inequality follows from the item

i) of this proposition and the fourth inequality is an straightforward calculation.

Consequently,
E [[lo°(t") — () — Vey(t)|2] < 4y/eae(t') /2K 22, (t7)2 1 + L2cie(t)2
< dy/ore(t >% x
(V2RZe0@ (BT 4/ Dere(t)?)
< 4y/Ger(t')s (K\/202n62” M)t + Lﬁ)
< Kei(t): ( e2n—1(pr)2n—1 4 1) ,

where K := max {4Lw/0102,4K \/2020%}. We can observe that there exists and
€0 > 0 such that y/e2n=1(t*)2n—1 < 1 for every 0 < € < €. Consequently

E[a“(t") = o (") = Vey(t)|?] < 2Kex(t)3

for every 0 < € < €.
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]

The next proposition will allows us to prove that the total variation distance of two
first-order approximations with (random or deterministic) initial conditions that are close
enough is negligible. In order to do that, we will need to keep track of the initial condition
of the solution of various equations. Let X be a random variable in R™ and let 7" > 0.
Let {9 (t, X ) }+>0 denote the solution of

dd](t»X) = —VV(¢(t,X))dt,
b)) = X.

Let {y(t, X, T)}+>0 be the solution of the stochastic differential equation

dy(t, X, T) = —Hy((t, X))y(t,X,T)dt +dW (t +T),
y(0,X,T) = 0

and define {y(t, X, T)}i>0 as y(t, X, T) := (X) + Vey(t, X, T). In what follows, we
(

will always take T' = te(b) := t. + bw., so we will omit it from the notation.

Proposition 3.15 (Linear Coupling). Let us assume the same hypothesis of Theorem 3.6
and in addition let us assume that V'V is Lipschitz. For € > 0, define 6. = €7, where
0<vy< ;11. Then, for every b € R it follows that

i 5 (6 (2. 0)) — o (06, E.0) |y = O
where for each € > 0, t. and w. are defined in Theorem 3.6 and where for each b € R,
te(b) := max{t. + bw,,0}.
Proof. By Itd’s formula, we obtain

bde

(B3 b)) = BRI E0) + VEREE) [ B AWED) +5) - WED)

0
bde

y (b0 y (L)) = @by (E.(5)) + Ve®(bS,) / O~ ()d(W(E(b) + 5) — W(E.(b)).

0
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for every e small enough, where ® = {®(t)};>0 is the fundamental solution of the non-

autonomous system

d(t) = —Hy((t +1(b)))®(t)dt
for every ¢t > 0, with initial condition ®q = I,,. Applying Lemma B.6 with X =
D(b5 )z (t(b)), Y = ®(b5 )y (t(b)), Z = \/eD(bS.) f<I> s)dW (s + (b)), G = o (X,Y)

and (2, F,P) the canonical probability space of the Brownian motion W, we have

~

I (0 G 0) = (B G0 |y < Bl () =y E0)].

where €' > 0 is a constant. Now, using Proposition 3.14 item v), we obtain

e (b0, 2Ee(8)) = o (B0 (D)) |y < VECT (D)’

for € > 0 small enough, where the constant C' is the constant of item v) of Proposition
3.14. Using Lemma D.1, we obtain the result. O]

Proposition 3.16 (Short Time Change of Measure). Let us assume the same hypothesis
of Theorem 3.6 and assume that VV is Lipschitz. For each b € R we have

lim || (b0, 2“(E(8))) = y* (b0, 2 (E(1) — 0.

My
Proof. We will use the Cameron-Martin-Girsanov Theorem and Novikov’s Theorem. Let
e >0, t>0and b € R be fixed. Let us define v<(t) := YOl ang Pe(t) =

\ﬁ
(Vv(w(t))_HV(w(t))f(tHHvW(t))y 1) Using the item i) of Lemma 3.8 and the same facts

used in Proposition 2.16, for any p > 0, we have

te(b)+bde
E{ pexp !/ ()P ds| § < +oo

te(b)
and

te(b)+bde
E < pexp / IT<(s)||?ds | p < +o0

te(b)
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for € > 0 small enough. From Novikov’s Theorem, it follows that

dP!

te(b)+boe

dPt} (b)+bde

dP?

e (b)+bs.

AP, (5)+bs.

exp

exp

( te(D)

te(b)+bSe
€ 2
[ s

te(b)
te(b)+bde

IT<(s)II" ds

)

/

Vs

are well-defined Radon-Nikodym derivatives and they define true probability measures
]P’%e
Py

i € {1,2}. From now to the end of this proof we will use the notations P’ :=
i € {1,2} and P := P; 4 4s. Under the probability measure P!, W*(t) :=
¢

(b)+bd.
(b)+b5e’

W(t) — [ ~<(s)ds, where t.(b) < t < {.(b) + b, is a Brownian motion. Also, under the

te(b)

probability measure P2, TW?2(t)

t

(<) — 11

IT(s) = 7°(s)]

te(b)
Brownian motion. Consequently,
te(b)+bde te(b)+bo. )
expd [ T(s)AW(s) =L [ [re(s)|ds
ap?* e(v) i (b)
aPt 7. (b)+bd. 7. (b)+bd. ,
exp Y()AW(s) =3 [ ()l ds
te(b) te(b)
(7. (b)+bo. Tc (b)+bo.
€ € 1
= ool [ @@ v -
L t(d) te(b)
(7. (b)+bde T (b)+boe
= exp (T(s) = (s)) dW?(s) + 5
WAV Te(b)

By Pinsker’s inequality and the mean-zero martingale property of the stochastic integral,

o1

W(t) — [ T¢(s)ds, where {.(b) <t < t.(b) + bd, is a

(s)II°) ds

?ds



we have for every t.(b) <t < £.(b) + b,

[P o (z(8) " = P20 (2°(t) M|y < [|PYo (@) = P20 ()1,

te(D)+bde
< Ew / IT(s) — 7<(s)|I ds
fe(b)
A0S
dP ,
T e T<(s) — ~<(s)]d
S ORI
te(b)

By Cauchy-Schwarz’s inequality and the mean-one Doléans exponential martingale prop-
erty, we have

- e (b)+bd I e (b)+be e (b)+bS. 2
Be | [ I-oilfds| < (Belemd [ lfdsp | [ Ime -l
fg(b) L tl(b) t}(b)
[ T (b)+bde
< |Eelewdz [ ltdsh) x
L te(b)
7e(b)+b3. 4
Be (| [ Ims—elas
te(b)

Let us define I¢(b) := [tc(b),c(b) + bd.]. Then, by Jensen’s inequality and the Lipschitz

condition on the gradient VV', we have

te(b)+bde te(b)+bde
1
exp { 2 / ||7€(s)|]2ds < " / exp{2b6€||7e(s)||2}ds
fe(b) ‘ fe(b)
Le(D)+bde )
1 €
< / exp 4 2icps PO
bo. €
te(b)
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Therefore,

te(b)+bo. te(b)+bde
Ep |exp ¢ 2 / 1< ()| ds < bg / Ep exp{ZKbé ()1 I’ }]
£e(b) fe(b)
T (b)+b3e
< bi(Se / exp {2Kbd.ms} ds

te(b)
< exp {2Kb5€m (fe(b) + bée)} ds,

where the first inequality comes from Tonelli’s Theorem, the second inequality comes from

the item v) of Proposition 3.14 and the third inequality is a straightforward calculation.

Consequently,
te(b)+be
. € 2 _
B e [ G)Pasp| = 1
Z.(b)
Now, we will calculate
Fe(b) b5 !
B || [ Imeslas] | = o

te(b)

Let us observe that

o) — ol < AT =4 ~ VAl |

lers ||2/||H 105 (s) — w(s) — Hy ((s)) |20

for every s > 0. Using the last inequality, several times Jensen inequality, several times
Cauchy-Schwartz inequality, the item i), item v) of Proposition 3.14; it suffices to prove
that

te(b)+bo.

/I\Hv +0(2(s) = ¥(s)) — Hy (¥(s)) [["dfds| = o(e")

te(b)

33



for some v > 0. The proof is analogous to the proof of item v) of Proposition 3.14.
m

Theorem 3.17. Let V : R™ — R be a smooth coercive regular potential. Let us consider
the family of processes x° = {x(t) }+>0 which are given by the the semi-flow of the following

stochastic differential equation,

doc(t) = —=VV(z(t))dt + VedW (1),
z90) = x

for t > 0, where xy is an initial condition in R™ \ {0} and {W(t)}>0 is a standard
Brownian motion. Let ay be the smallest eigenvalue of Hy (0) and let Vi be its eigenspace.
For each xy € R™\ {0}, let v(zg) € Vi such that

lim e**p(t) = v(x).

t—+o0

Assume that v(xg) # 0 and let G, : R — [0, 1] be the profile function given by
Goal0) = |G (V2e " H(0)50(a0). 1) = G(0.1)||

Then the family {z¢(t)}+>0 presents profile cut-off with profile function Gy, cut-off time

te and window time w,. given by

1
te=—In (Ve
=5 ()

and

1
We = —.
aq

Remark 3.18. By item ii) of Lemma 3.8 above, v(xg) is well defined and nonzero for
Lebesgue-almost every xq. In particular, Theorem 3.17 holds for Lebesque-almost every
initial condition xo € R™\ {0}.

Proof of Theorem 3.17. Let € > 0 and t > 0 be fixed. We define

D) = [lz*(8) = gy

o4



and

d(t) = |y () = G"llgv »

where pf and G¢ are given in Lemma 3.12 and Lemma 3.13. For each b € R take ¢, > 0
such that £¢(b) := t. + b(w, + 6.) = t(b) + bS. > 0 for every 0 < ¢ < ¢,. By Theorem 3.6
and Remark 3.10, we know that for each b € R

lim d* (t(b)) = G(b). (3.3)
By definition
Deted) = ||l (#(0) — 1|y

IA
&

Using Proposition 3.15, Proposition 3.16, Lemma 3.12, the relation (3.3) and the item 7) of
Lemma D.2, we have lim sup D(£°(b)) < G(b). In order to obtain the converse inequality

e—
we observe that

aE®) = v () =y
(00e,y (16(0))) =y (bdes 2 (1c(0))) ||y +
y* (bde, 2 (1(0))) = @ (bdes 2 (£(0))) [, +
(

Ae(b)) - :U’E TV + ||ME - g€||']TV :

IA
<

Again, using Proposition 3.15, Proposition 3.16, Lemma 3.12, the relation (3.3) and the
item 4) of Lemma D.2 we have liminf D¢(#(b)) > G(b). Consequently, lir% De(t(b)) =
e—

e—0

G(b). O
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Appendix A

Properties of the Total Variation

Distance of Normal Distribution

Let us take u € R and o2 €0, +0o[. We denote by N (u, 0?) the Normal distribution with

mean g and variance o2.
Lemma A.1. Let {u, i} CR and {0? 6%} C|0,+oo| be fized numbers.

i) For any constant ¢ # 0 we have

[N (e, *0®) = N (e, *6%) ||y = [V (1:0%) = N (78,6%) || -
i)

IV (1 0%) = N (11,6%) [y = [V (I = 2], %) = N(0,6%) | -

Proof. This is done using the characterization of the total variation distance between
two probability measures which are absolutely continuous with respect to the Lebesgue

measure on (R, B (R)) and using the Change of Variable Theorem. O
Lemma A.2. Let u € R then

[nl/2

2
=—— [ e
v o 0/

2

IV (1, 1) = N(0,1) —

Proof. Also, this is done using the characterization of the total variation distance between
two probability measures which are absolutely continuous with respect to the Lebesgue

measure on (R, B (R)) and an straightforward calculations. O
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Lemma A.3. Let {pc}es0 C R be a sequence such that lin% e = € R. Then
e~

i [N (e, 1) = N0, D)l = IV (1, 1) = N0, Dl -

Proof. This is done using triangle inequality, the item i) of Lemma A.1, Lemma A.2 and
the Lemma D.2. O

Lemma A.4. Let {o%}~¢ CJ0, +o0[ be a sequence such that lim o? = 0% €]0, +-00[. Then

e—0

lim ||N N(O, 02)

e—0

HTV = 0.

Proof. This is done using the item 7) of Lemma A.1, the characterization of the total
variation distance between two probability measures which are absolutely continuous with

respect to the Lebesgue measure on (R, B (R)) and an straightforward calculations. [

Lemma A.5 (Total Variation Bounded). Let (2, F,P) be a probability space and G C F
be a sub-sigma algebra of F. Let X,Y,Z : (0, F) — (R, B(R)) be random variables such
that X andY are G measurables and X,Y,Z € L* (Q, F,P). Let us consider the following
random variables X* = X+ 7 and Y* =Y +Z. Let us suppose that E[X*| G] has normal
distribution N'(X,0?), E[Y*| G| has normal distribution N(Y,0?) and Z1G. Then,

1
\2mo

Proof. Using the the properties of conditional expectation, the item 7), item i) of Lemma

(R E[lX = Y]].

A.1 and Lemma A.2, we have

X — Y*HTV = Sup }]E [H(X*EF) - H(Y*EF)”

FeF

< supE HE [Lix+er)y — Loyrer) | 9] H
FeF

< supE [[P(WV(X,0%) € F) =P (N(Y;0%) € F)|]
FeF

< supE [ | X — Y|}
Fe}' V210

- L Ex-v)

\V2mo
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Appendix B

Properties of the Total Variation

Distance of Gaussian Distribution

Let us take p € R™ and ¥ € §,, be a symetric and positive definite square m-dimensional
H y

matrix. We denoted by G(u, ) the Gaussian distribution with vector mean p and covari-

ance matrix ..

Lemma B.1. Let {y1, i} € R™ be two fized vectors and {3, %} C Sy, be two fized matrices.

1t follows

i) For any scalar ¢ # 0 we have

G(cp, %) — Q<C[L7022> HTV = HQ(M’ED - g(ﬂ, S) H

TV
i)

o) -6(2)], = [jote -7 -5(02)].,.
i)

16(1.2) = G Dy = (5721 ) ~G (740 ) |-
iv)

oo -s(05)],, = o5 res) g0

TV

o8



v) Let = (py,. . pim)” and o = (fir, ..., fim)" . Let us define p = (u,0) and i =
(i1,0). Then it follows that

||g(:ua Im-i-l)_g([j’alm-‘rl)HTV = ||g<:ua Im)_g(ﬂalm)H'H‘V

Proof. The item i), ii), i) and v) are done using the characterization of the total
variation distance between two probability measures which are absolutely continuous with
respect to the Lebesgue measure on (Rd, B (Rd)), the Change of Variable Theorem and an
straightforward calculations. The item 7v) is done using the characterization of the total
variation distance between two probability measures which are absolutely continuous with

respect to the Lebesgue measure on (Rd, B (]Rd)) and an straightforward calculations. [

Lemma B.2. Let = (p1,- .., ftm)* € R™ then

; | :]
V2T '

Proof. This is done using the classical coupling technique. We can write

1G (s Im) = GO, )y

G(0,I,) = N(O,1)@---@N(0,1).

N

-
m—times

Then,

Hg(:uv Im) - g(07 ]m)HTV = ||N (Ml? 1) & ®N(Mm7 1) - N(07 1) & - ®N(07 1)||TV
Z N (e, 1) = N (0, 1) |y
k=1

IN

IA

1 m
—Z\Mk!-
V2T st

Lemma B.3. Let {ic}es0 C R™ be a sequence such that lir% fe = € R™. Then,
€—>

lim 1 (1es ) = G0 Ty =[Gt ) = G0, ) -
Proof. This is done using triangle inequality, the item i) of Lemma B.1, Lemma B.2 and
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the Lemma D.2. O

Lemma B.4. Let {iic}e~0 C R™ be a sequence such that lir% ||pte|]| = +o00. Then,
e—
11_135 ||g(M6> Im) - g(()? Im)”’]I‘V =1

Proof. By definition

1 (= pe)"(x — pc) rr
g ey-[m _g Oa]m - ™ / X {_ — X — dl’
1G (w ) ( Nl 2(21)% p 5 P 5
Rm™m
Let us define f : R™ —]0, 00[ by f(z) = exp {—%} Then, we want to compute
1
1G (pe, Im) = G (0, L) 1y = w [ (e = pe) = fz)] de.
2(2m)2
Rm
By a classical analysis technique that
i [ 17— ) - f@llde = [ |f@)lds (B.1)
RrR™ Rm

when [ |f(z)|dz < +o0o. The last statement implies the result. Now, we will prove the
Rm
relation (B.1). Let us define M := [ |f(z)|dx < +oo. Let n > 0 be fixed. Then, there
Rm

exist r = r(n) > 0 large enough such that

M- | |f@)|de < g
B(0,r)

Therefore,

n

M- [ el <

B(pe,r)
Due to lir% || te|| = 400, then there exists ¢y > 0 such that for every 0 < € < ¢y, we have

€—>
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B(0,7) N B(pe,r) = 0. Consequently,

/ @) — f@)|de > / @ — 1) — f()| e+ / @ — ) — f(a)| de
Rm B(0,r)

B(pe,r)

> / (1f (@) — £z — o)) de + / (@ — )| — | (@) de
B(0,r) B(pe,r)
> 2M —n.

Consequently, for every n > 0, we have

oM~ < [ |f@ =) = f(o)] o < 201
Rm

Now, taking n — 0, we obtain the statement.

]
Lemma B.5. Let {X.}cs0 C S, be a sequence such that lir% Ye=X€S,,. Then
€E—>
lim |60, 5) ~ G(0,2)]lg, = 0.
Proof. By item iv) of Lemma B.1, for every € > 0, we have
1G(0,50) = G0, )y = [|G(0, 2725 572) = G(0, L) v -
Consequently, it suffices to prove, when 1in% Ye =1, € S,,. By definition, we have
e—
z*2 e
1 exXp {_ 2 } r¥x
60.) -G 0.1y = ——= [ e {-Tr e
Y20t @) 2
Let us define the function f, : R™ — [0, 40| by f.(z) =  —— [zl
et us define the function f. : ,+ool by fo(x) = R exp 51|

For every x € R™, we have lin% fe(x) = 0. Also, for € > 0 small enough, it follows that
€E—>

fdo) < Clexp{—c2||x||2}+e>cp{—@}

for every x € R™, where C; > 0 and Cy > 0 are constants. Consequently, the results

follows from the Dominated Convergence Theorem. O
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Lemma B.6 (Total Variation Bounded). Let (2, F,P) be a probability space and G C F
be a sub-sigma algebra of F. Let X,Y,Z : (0, F) — (R, B(R)) be random variables such
that X andY are G measurables and X,Y,Z € L' (Q, F,P). Let us consider the following
random variables X* = X + Z and Y* =Y + Z. Let us suppose that E[X* |G| has
Gaussian distribution G (X, X), E[Y*| G] has Gaussian distribution G (Y,X) and ZL1G.
Then,

* * 1
X" =Yy < Cm)[E72[E[IX = Y],

where C'(m) > 0 is a constant which only depends on m.

Proof. Using the the properties of conditional expectation, the item ), the item i), the

item i7i) of Lemma B.1 and Lemma B.2, we have

| X* =Yy = sup ‘E []l(X*EF) - IL(Y*GF)”

FeF
< SupE[|E [Iix-cr) — Lyver) | G]|]
FeF
< swpE[|P(G(X,0%) € F) =P (G(Y.0%) € F)|]
FeF
1 «— .
< supE |—— ‘ S (X —Y ‘
< s =3 |(sH o),
< C(m)|= 2 |E[IX - Y],
where C'(m) > 0 is a constant. O
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Appendix C

Qualitative and Quantitative

Behavior

Lemma C.1. Let V : R — R be a C* function such that
a) V(0)=0.
b) V'(x) =0 iff = = 0.
¢) lim V(z)=+o0.
|| =400
Then V(z) >0 if v # 0.
Proof. 1t can be shown that V'(z) < 0if z <0 and V'(z) > 0if 2 > 0. O

Lemma C.2. Leu us assume the hypothesis of Theorem 2.3. Suppose that there exists a
C? function V : R — R such that

a) V(0) = 0.
b) V'(x) =0 iff z = 0.
¢) V"(0) > 0.

d) lim V(z) = +oo.

|z| =400

Then its follows

Z> tlgi-noo wt =0
i) lim @, = 0.
t—+o00
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i)

i)

Let us assume that V is a C® function. Then there exist constants ¢ # 0 and ¢ # 0
such that

. "
lim 'O, = ¢
t—+o00

. " ~
lim "ty = ¢
t——+o00

where ® = {®;}4>0 is the fundamental solution of the nonautonomous system

d(I)t = — V” (’l/Jt)(I)tdt

for every t > 0 with initial condition &g = 1.

Let us assume that V is a C3 function, then

t
1\° 1
. 2 L _
i / (CDS) 45 = 500y
0

Proof.

)

i)

By our assumptioms V'(0) = 0, V”(0) > 0 and V'(x) # 0 if x # 0. Therefore, the
unique critical point zero is asymptotically stable, so there exists an open neigh-
boorhood Ny of zero such that for every ¥y € Ny. It follows that ¢, goes to zero as
t goes to infinity. Let us consider that ¢y & Ny and K := V1 (]0,V(¢)]). Then
Yy € K for every t > 0. Also, K is a compact set because of lim V(x) = +oc.

|z| =400
Because K is bounded, then there exist » > 0 such that K C B(0,r) where we
denote B(0,r) :={z € R:|z| <r} and B(0,r) := {z € R: |z| < r} so we we can
choose N, small enough such that Ny € B(0,7) C B(0,r). Let us call K := B(0,r)

then 1y € K for every ¢t > 0. Let us define § := inf (V’(z))* > 0. Let us suppose
IEK\NO
that ¢y & Ny for every t > 0, then dV (i) = — (V'(¢y))* < =0 for every t > 0.

Therefore, 0 < t < % which is a contradiction. Consequently, there exists 7 > 0

such that ¢, € Ny and consequently, v, goes to zero as t goes to infinity.

By our assumptions it follows that &, = VI(We) fo every t > 0, where g = xg # 0.

V' (o)
So by item i) and continuity of V' we have lim &, = VO — .
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iii) Let us define H(z) = <“//l,/((g)) — %) Li.z0y + (#7((00))) Ii.—0y, where 1, denotes the

indicator function of the set A C R. Let us define h: R — R by

h(z) := zexp ]H(z)dz

Since H is everywhere continuous, then it follows that h is well defined. Let us
define W; := h(yy) for every t > 0, then d¥; = —V"(0)W.dt for every ¢ > 0 and
Uy = h(t)g). Therefore,

[y
Grexp (V'(0)) = h(to)exp | — / H(z)dz (1)

for every t > 0. By Intermediate Value Theorem, for every ¢ > 0 there exists
& €] min{0, ¢4 }, max{0, ¢4 }[ such that V'(¢) = V"(&)v:. Because of relation (C.1),

we see that
e
V(1) exp (V"(0)t) = V"(&)h(thg) exp —/H(z)dz (C.2)

for every ¢ > 0. Consequently, by the relation (C.2) and item i), we have

lim V'(¢y)exp (V"(0)t) = V"(0)h(eby).

t—+o0
Because sgn(h(x)) = sgn(x) for every x # 0, then V" (0)h(1g) # 0.

iv) By item i), we have
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for each ¢ > 0. By item i) and for each 0 < € < ¢?, we have

. , (1Y Ctey 1
htrEEip(V <wt))2!<vl<¢s)) ds < (62—6> 2V7(0)’

i rf1 Y’ e\ 1
I%Iﬁ\nﬁilof(v (%))2/ (V’(I/Js)) ds 2 (02 + 6) 2V7(0)
0

Letting € — 0, we obtain

tiiﬂo(vl“/’t))zo/ (V’<1¢s>>2ds B 2v'1'<0>’

]

Lemma C.3. Using the same notation as in the proof of Theorem 2.17. It follows that

s [l
limn —t‘(b)gt?ib) — p(b) €0, +o00[.
for every b € R.
Proof. By continuity we have
sup [t
e (b) <<t (b) _ e

Ve e

for some t* € [t.(b),.(b)]. Then, using the following relation and Lemma 2.4, it becomes
straightforward.

. . _V//(O)t*
Vel _ vror g,

Ve v

Lemma C.4. Under the hypothesis of Theorem 3.6, we have

i) For any initial condition 1)(0), it follows that ¥ (t) goes to zero ast goes to infinity.
Moreover, ||¢(t)]] < ||v(0)|le=® for every t > 0.
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i1) Lebesgue almost surely for 1(0), it follows that

lim e™'p(t) = wv(1(0)) € R™\ {0},

t—+o00
where v(¢(0)) € span{v,} and vy is the eigenvector associated to the eigenvalue o .

iii) Let us consider the following matriz differential equation,

dA“(t) = —Hy(0)A(t) — A(t)Hy(0) + el,y,
A(0) € M(m),

where M (m) is an squared matriz of dimension m. It follows that

lim A(t) = — (Hy(0))".

t—o00 §
iv) Let A(t) := €E [y(t) (y(t))*]. It satisfies the following matriz differential equation,
dAS(t) = —Hy (1) AY(t) = A6 Hy ($(1)) + elm,
A°(0): = 0e M(m),

where M(m) is an squared matriz of dimension m. It follows that

lim AS(t) = ©

t—o0 2

(Hy(0)™" .
Proof.
i) It follows that
dlv@I* = 20(t)) du(t)

= —2(0(1)"VV((1))
< =26|lv(t)I?

for every t > 0, where the last inequality follows from Lemma D.5. By the Gronwall
Inequality, we have [[1(2)||> < ||¢(0)||?e=2% for every t > 0.

i1) Because all the eigenvalues of —Hy (0) are reals and they are bounded for above by
—§ < 0. By Hartman-Grobman Theorem there exist neighborhoods U, U of zero
such that h : U — U is an homeomorphism that conjugate the flows of {4 (t)}i=0
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i)

iv)

with initial condition 1(0) € U and the linear flow {e=#V(h(2)(0))};59. Moreover
h(z) = x + o(||z]]) when ||z|| goes to zero. For details see [17] and [21]. Let
(0) € R™. There exist 7 > 0 such that ¢(t) € U for every t > 7. Therefore
h(h(1 +t)) = e HvOtp(e.) for every t > 0. There exists an orthonormal basis of

m

R™ for which the linear flow is written in the following way: > e~ < (1), v; > v,
i=1

where 0 < § < a; < ag < -++ < ayy, are the eigenvalues of Hy (0) and vy, vg, ..., vy,

are the corresponding orthonormal eigenvectors. Then

Y(r+t) = bt (Z et < (1), v; > UZ)

=1
m

= Dt U,

i=1
+o (H Ze_o"'t < (1),v; > UZH) .
i=1

Consequently, for Lebesgue almost every initial condition 1(0) € R™ we have

lim e Wah(t) = M7 < (1), v > vy

t—o00

The explicit solution is given by

t
Aﬁ(t) = eHV(O)tAe(O)eHV(O)t+€/€2HV(O)st

0

for every ¢t > 0. Now, an straightforward calculation gives the result. For details,
see [15].

By item ) of this Lemma and using the local Lipschitz condition of Hy at zero with

Lipschitz constant Lo > 0, for every n > 0, we can take 7, := %ln (W) such that

[y (1) = Hy ()| < Loll(®)]| < Loll¢:(0)]le™ < Lon
for every ¢ > 7,,. Let us call 7 := 7,,. Then,
dA(t+7) = —(Hy (Wt +7)A(@) + A @) Hy (Pt + 7)) dt + el

for every ¢t > 0 with initial condition A°(7). Let us consider the following matrix
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differential equation, Then,

dA“(t+7) = —(Hy (0)A(t) + A(t)Hy (0)) dt + €,
AS(T) = A(7)

for every t > 0. Let us define I11°(t) := A“(t + 7) — A°(t + 7) for every ¢t > 0. Then,

dil'(t) = —(Hv ({1 +T))H()+HE( JHy (4t + 7)) dt +
(Hy(0) = Hy (p(t + 7)) At + 7)dt +
At +7) (Hy(0) — Hy (4(t + 7)) dt,

Ie(r) = 0

for every t > 0. Therefore,

d|IIE(t)|]> = Zzn (dIIs (1))

2,j=1
for every ¢t > 0. For every ¢,5 € {1,...,m}, we have
dil; () = =) Hy* (u(t+ 7)) () ZH (OHE (bt + 7)) +
k=1
> 0) - B (i + T))} AL+ 7) +
k=1

for every t > 0. Consequently, using the d-coercivity of V', we obtain

i@ < —4s|[I )| + I(t) + J(¢)
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for every t > 0, where

I(t) = zm: 2115

ij—l

J(t) = 221_[

2,7=1 =

[H”“ — B ((t+7)] A+ 7),

|M3 ||M3

ALt +7) [HE(0) = HY ((t +7))]

for every ¢ > 0. Then, using the Lipschitz local condition, the Cauchy-Schwartz
inequality and the fact that |z| < 22 + 1 for every z € R, we have

~
—~
~
=
N

2Lon (T + m) (1A(E+ 7)1 +m) .
[J@] < 2Lon (10O + m) (1At +7)* +m)

for every t > 0. By item ii7) of this Lemma, we obtain that there exists C' > 0 such
that ||A¢(t + 7)||> < C for every t > 0. Consequently,

dT())* < (4Lokn — 40) [TI°(1)||* + 4Lormi

for every t > 0, where k := C' +m. A priori we can take 0 < n < 4L —, 80
d@)|* < o[l (8)]|* + 4Lormn

for every ¢t > 0. Now, using the Gronwall inequality, letting ¢ goes to infinity and

then let 1 goes to zero, we obtain
: € 2
Jim [T = 0.

Using the last fact and the item #i7) of this Lemma, we obtain the statement.
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Appendix D

Tools

Lemma D.1. lim * (In (1/e))” = 0 for every a > 0 and 3 > 0.

e—0

Proof. Tt follows using the L’Hopital Rule of Calculus several times. O

Lemma D.2. Let {a.}e~o C R and {b.}e>0 C R be sequences such that hI% b = b e R.
e—
Then

i) limsup (a. + b.) = limsup a, + b.
e—0 e—0
i1) liminf (a. + b.) = liminf a. + b.
e—0 e—0
Proof. The proof follows from the definition of limsup and liminf. n
Lemma D.3. Let W = {W,}>0 is a Brownian motion and let us consider By :=

sup |Wy| for each t > 0. Then for each k € N, E [Bﬂ has growth of the form t*

0<s<t
for some a > 0.

Proof. By the Donsker Theorem we can compute explicitly the distribution of B; for every

t > 0 fixed, and the result follows from an straightforward calculations. O]

Definition D.4. Let V : R™ — R be a function. We say that V' is §-coercive or §-strong

convex function if there exists 6 > 0 such that
0 2
Vite +(1=t)y) < tV(2) + (1 =)V(y) - 5t(1 = t)llz — ]l

for every x,y € R™.

The following Lemma provides a characterization of coercive functions.
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Lemma D.5 (Characterizations Coercivity Functions). Let V : R™ — R be a C*-

function. The following statements are equivalents:

i) V is §-coercive or d-strong convex function.

i) V(y) > V(z)+ (VV(2)"(y — z) + 3|y — 2| for every x,y € R™. The constant §

is called the convezity parameter of function V.
it1) (VV(z) —VV(y)) (x —y) > ||z — y||* for every x,y € R™.

i) y*Hy(x)y > d|ly||* for every z,y € R™, where Hy represents the Hessian matriz

associated to the scalar function V.

Proof. For details see [27]. O

Lemma D.6 (Liptchitz Gradient Coercivity Functions). Let V' : R™ — R be a d-coercive
C?-function such that the gradient VV is Lipschitz with Lipschitz constant A > 0. Then,
y*Hy (z)y < Allyl]? for every z,y € R™, where Hy represents the Hessian matriz associ-

ated to the scalar function V.
Proof. For details see [27]. O

Lemma D.7 (Jensen Inequality). Let (2, F,u) be a measure space such that u(2) = 1.

If g is a real-valued function that is p-integrable and if ¢ is a convexr function on the real

@(/gdu) S/soogdw
Q Q

Theorem D.8 (Pinsker Inequality). Let p and v be two probability measures define in
the measurable space (2, F). Then it follows that

line, then

2
e = vlipy < 2H (| v),

where H (p| v) is the Kullback information of p respecto to v and it is define as fol-
lows: if p < v then take the Radon-Nikodym derivative f = ‘;—5 and define H (| v) ==
[ fIn(f)dv, in the case p & v let us define H (u] v) := +o0.

Q

Proof. For details check [3] or [9]. O
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