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Abstract

This thesis deals with the issue of expressing structures on degree 2 graded manifolds
(such as homological vector fields and Poisson brackets) in classical geometrical terms.
We take as a starting point the equivalence, established by H. Bursztyn et al in [6], of
the category of degree 2 manifolds with the category of certain exact sequences of vector
bundles that we call involutive. Building on this equivalence, we describe various objects
on degree 2 manifolds in terms of the corresponding vector-bundle information.

First, we characterize degree 3 functions as certain pairs of vector-bundle morphisms.
Then we give a characterization of @Q-structures (degree 1 homological vector fields) on
degree 2 manifolds which leads to a geometric object, defined by maps and brackets on
certain sequences of vector bundles, that we call a Lie 2-algebroid; upon an additional
choice of splittings, these correspond to the existing notion of Lie 2-algebroid defined on a
graded vector bundle (also known as 2-term L -algebroid). We also clarify the connection
between Lie 2-algebroids, VB-Courant algebroids (due to D. Li-Bland) and exact V-twisted
Courant algebroids (introduced by M. Grutzmann and T. Strobl).

We also describe degree -2 Poisson brackets in terms of a (degenerate) metric and
a Lie algebroid structure on the vector-bundle side, which intertwine through a metric
preserving representation of the Lie algebroid. By means of the double realization functor,
we establish an equivalence with a certain category of double vector bundles endowed
with an additional structure, we call involutive, and describe degree -2 Poisson brackets
on degree 2 manifolds in terms of double linear Poisson structures on the corresponding
double vector bundle, invariant under the involutive structure, which are shown to be
equivalent to a metric VB-algebroid structure on the dual (as defined by M. Jotz). Finally,
we characterize integrable degree 3 functions on a degree 2 Poisson manifold, that is, a
degree 3 function 6 satisfying {6,0} = 0, which appears naturally in the quotient of a
Courant algebroid by symmetries, in terms of vector bundle morphisms that relate the Lie
2-algebroid corresponding to the hamiltonian vector field @ = {6, -} and the VB-algebroid
corresponding to {-,-}. The resulting object generalizes Courant algebroids, which are
recovered when the Poisson bracket is symplectic.
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Chapter 1

Introduction

1.1 Poisson, Lie and Courant brackets

Poisson brackets were introduced independently in the 19th century by the French
mathematicians, J. L. Lagrange and S. D. Poisson, in their study of mechanics, fluids and
elasticity. Afterwards the geometric, local structure of Poisson manifolds was studied by
the Norwegian mathematician S. Lie, motivated by his study of continuous symmetries
and differential equations.

In 20th century, Poisson brackets were considered by the physicist P. A. Dirac in his
effort of quantizing mechanical systems with constraints, and more generally of finding a
mathematical formulation of mechanics suitable to perform quantization. This program
was followed, among others, by J.-M. Souriau, A. Lichnerowicz, B. Kostant, S. Sternberg
and A. Weinstein with several remarkable contributions (see e.g. [43],[70]).

The infinitesimal invariants of a Poisson structure are encoded by a structure which
belongs to the differential geometric generalization of a Lie algebra, and is called Lie
algebroid ([55],[46]). A Lie algebroid generalizes simultaneously Lie algebras, tangent
bundles and (infinitesimal) actions of Lie groups on manifolds. It comprises a Lie bracket
[-,-] on the sections of a vector bundle A— M, and a vector bundle map p: A—TM
over the identity, such that

X, fY] = [IX,Y] 4 p(X)()Y, VXY €T(A),f € C=(M).

For the case of a Poisson structure (M, ), we have the cotangent Lie algebroid ([15],[13]),
(T*M, [, ]x, 7*), where ¥ : T*M —TM is the map induced by the bivector TA?T M and
the bracket is determined by the condition

[df, dg]x = d(x(df,dg)) = d{ [, g}, Vf,g € C™(M).

Usually in a mechanical system, given by a hamiltonian function on a symplectic man-
ifold, there appear constraints, which restrict the system to a submanifold, that inherits
a presymplectic structure; on the other hand a mechanical system usually has symme-
tries, that leads naturally to work in a quotient manifold which inherits a Poisson struc-
ture. Therefore it raises the interest of having a unified setting that comprises both
structures. In the late 1980’s, T. J. Courant [14], discovered such unifying structure by

1



1.2. THE SUPERGEOMETRIC VIEWPOINT 2

means of a new bilinear skew-symmetric map on sections of the generalized tangent bundle
TM =TM & T*M,

[(X,0), (V.80 = (X V] L~ Lya = pa((X,6) = Vi) ). (1)

Independently, in the context of two dimensional variational problems, I. Ya. Dorfman
introduced a non skew-symmetric version of this bracket,

[[(Xv O‘)? (Y? 5)]] = ([X7 Y]vEXB - LYdOé)' (1-2>

As it is readily seen, the bracket is the skew-symmetrization of (1.2)). This bracket (or
equivalently its skew-symmetrization) is the key concept to encode in a common setting the
integrability conditions for Poisson brackets and presymplectic forms, namely, the former
is given by [r, 7] = 0, where m € T'(A2T'M) is the Poisson bivector and [-, -] is the Schouten
bracket, and the latter is given by dw = 0, where w € T['(A2T*M) is the 2-form, and d is
the de Rham exterior differential. The geometrical structure that comprises both cases,
called a Dirac structure, is a subbundle of TM mazximally isotropic with respect to the
natural symmetric non-degenerate pairing on TM , whose space of sections is closed with
respect to the Courant-Dorfman bracket , and turns out to be a Lie algebroid. Dirac
structures interpolate many of the classical geometries besides symplectic and Poisson
geometry, for example the geometry of foliations and complex geometry are encompassed
by this structure.

Later it was raised the question of what would be the corresponding concept of double
of a Lie bialgebroid, in analogy with the so-called Drinfel’d doubles for Lie bialgebras.
This was achieved in a joint work by A. Weinstein, Z.-J. Liu and P. Xu [44], in which
they axiomatized the general notion of a Courant algebroid (see Def. of the present
work), which has as a particular case the standard Courant algebroid (TM,[-, -], p, (-,-)),
where TM = TM @& T*M, [-,-] is the bracket given by Eq. (L.2), p : TM — TM is the
projection, and (-, -) is the natural duality pairing ((X, ), (Y, 3)) = a(Y) + 8(X).

1.2 The supergeometric viewpoint

That rich geometric structures can be encoded by very simple objects on graded su-
per manifolds is known since at least back to the works of Y. Kosmann-Scwarzbach, F.
Magri [37], M. Rothstein [57] and A. Yu. Vaintrob [67]. At a first level we have the
correspondence of degree 1 manifolds with vector bundles, which leads to the following
further correspondences:

Classical geometric structures Geometry on degree 1 manifolds
Lie algebroid (A4, [, ], p) degree 1 homological (Q? = 0) vector field Q
Lie algebroid (A*,[-,-], p) degree -1 Poisson brackets {-, -}
Poisson manifold (M, {-,-}) degree 2 function 7 satisfying {m, 7} =0
Lie bialgebroid on (A, A*) degree 1, homological, Poisson vector field @

This picture becomes even more interesting when one considers degree 2 manifolds.
Indeed, D. Roytenberg, following the ideas of A. Y. Vaintrob [67] and Pavol Severa [62],[63],



1.2. THE SUPERGEOMETRIC VIEWPOINT 3

obtained a super-geometric interpretation of Courant algebroids as degree 3 integrable
functions on symplectic degree 2 manifolds, bringing fruitful new insights into the geometry
of Courant algebroids [59]. So, we can extend the picture above to include the following
equivalences between classical and super sides of geometry:

Classical geometric structures Geometry on degree 2 manifolds
Pseudo-euclidean vector bundle || symplectic degree 2 manifold (M, {-,-})
(E 5 <'a >)
Courant algebroid symplectic degree 2 manifold (M, {-,-})

(E*, (), [ ], @) + degree 3 function 6 satisfying {6,060}

In particular, the super-geometric interpretation of Courant algebroids and their Dirac
structures, draws a parallel between these and Poisson manifolds and their coisotropic
submanifolds, providing new insights to their study, suggesting a certain parallel between
both theories, and it has been indeed the case in some aspects such as reduction, see e.g.
[7],[9],[10]. Also in [63] it was pointed out that a class of Courant structures, called ezact
Courant algebroids, should play the role in string theory analogue to the role played by
Poisson structures in classical physics.

When a Lie group acts on a symplectic manifold preserving the structure, the corre-
sponding Poisson brackets can be naturally transported to Poisson brackets of functions
on the quotient space, which are naturally identified with those functions on the manifold
that are invariant under the action of the group. Similarly, we can define the action of
a (graded) Lie group on a degree 2 symplectic manifold, preserving the structure. Then,
as in the classical case, we can transport the Poisson brackets to the space of functions
on the quotient manifold. Moreover, if there is a degree 3, integrable function on the
manifold, invariant under the action of the group, then it corresponds to an integrable
degree 3 function on the quotient. This motivates the following questions, whose answers
are the purpose of the present work.

Question 1. What is the classical geometric counterpart for degree 2 Poisson mani-
folds?

Question 2. What is the classical geometric counterpart for integrable degree 3 func-
tions on a degree 2 Poisson manifold?

In the symplectic case, the hamiltonian vector fields generate the module of vector
fields. This allows us to understand the geometric structure of a degree 3 function just in
terms of functions of degrees 0 and 1, which give rise to the Courant algebroid structure.
When the non-degeneracy condition of the Poisson brackets is broken, we need to work
directly with the vector fields of negative degree, whose action on a degree 3 function
extract all the information about it. Whereby, in order to answer questions 1 and 2, we
need first answer three more questions:

Question la. What is the classical geometric counterpart for degree 2 manifolds
(without any additional structure)?

Question 2a. What is the classical geometric counterpart for degree 3 functions on a
degree 8 manifold?

Question 2b. What is the classical geometric counterpart for degree 1, homological
vector fields on a degree 2 manifold?

The answer to question fa was given by H. Bursztyn et al in [6]. The answers to the
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remaining questions are the content of the present work, which we now describe.

After recalling preliminary facts about double vector bundles in Ch. [2], we introduce
in Ch. [3|the concept of a degree 2 manifold M, and find an answer for question Ia by
means of a subcategory of double vector bundles, which we call involutive, which consists
of pairs (D, H), where D is a double vector bundle (D; A, B; M) ¢, and H, called involutive
structure, is a double vector bundle morphism

H:Dy— Dp

such that hy = —h]_31 : A—B, h¢ = Idc and H* = Id. The morphisms of the category are
double vector bundle morphisms which commute with the respective involutive structures.
There are some remarkable facts about this structure:

e The isomorphism H induces an automorphism on C°°(D) by pull-back, which even
though does not preserve the natural bidegree of the subalgebra

¢ (D) c C¢¥(D),

it does preserve the total degreeﬂ Moreover, for functions on M of degrees 0,1 and
2, we have the following correspondences:

degree 0: these functions are isomorphic to functions on the body M, and we can pull
back them to D.

degree 1: these functions correspond to linear functions on the side bundle F, which can
be pulled back to D.

degree 2: these functions correspond to sections of the involutive bundle, which are iso-
morphic to those double linear functions on D invariant under H.

e By means of a sort of transpose of H we obtain a symmetric double vector bundle
isomorphism over the identity

®: (Dg)c — (Dp)es

which establishes an equivalence between involutive structures on a double vector
bundle and linear metrics on its dual, recovering the equivalence of categories be-
tween degree 2 manifolds and metric double vector bundles obtained independently
by M. Jotz in [29].

e The degree -1 and -2 vector fields on M are naturally identified with linear and
core sections, respectively, on Dp (or equivalently D 4, but we choose to stick with
the horizontal structure). This allows us to obtain a characterization of degree 3
functions, as pairs of morphisms (9?, 95) satisfying certain compatibility conditions.
The first one is a morphism between the core bundles of D and D%. The second
one is a morphism between the linear bundle of D and the involutive bundle of D7,
which is the bundle of double-linear functions on D that are H-invariant. Thus we
have an answer for question 2a.

'If a function f € C""(D) has bidegree (p, ¢), then its total degree is p + q.
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e Linear sections of Dp are isomorphic to linear sections of (D})c+ and core sections
of Dp are isomorphic to linear functions on the base of (D%)c+. This identifications,
together with the ones described in the last item, allows to identify the linear metric
on (D};)c+ evaluated on two linear sections, with the commutator bracket on X(M)
applied to the corresponding degree -1 vector fields.

Then, in Ch. in order to find the geometric structure encoded by a homologicalﬂ
degree 1 vector field, @ € X(M), we apply the so-called derived brackets method, and find a
bracket-anchor structure on the vector bundles that correspond to degree -1 and -2 vector
fields, which are identified with the linear and core bundles of Dp, respectively. We find
the compatibility condition these structure must satisfy in order to characterize completely
a degree 1 vector field, and call this structure a preLie 2-algebroid. Hereupon, we find the
integrability equations that are equivalent to the homological condition of @, and call
a structure satisfying such conditions, a Lie 2-algebroid, therefore finding an answer to
question 2b. We show that when a splitting is chosen, Lie 2-algebroids correspond exactly
to split Lie 2-algebroids, which appear for example on [4] and [24], or equivalently, as
shown in [29], to Dorfman 2-representations.

Under the identifications mentioned above, between the distinguished functions and
sections of Dp and (D})c+, in Ch. |5 we are able to find an equivalence between Lie
2-algebroids and VB-Courant algebroids [41], and also with exact V-twisted algebroids
[24].

Using the natural correspondences, mentioned above, between functions of degrees 0,1
and 2 on M and functions of bidegrees (0,0), (0,1), (1,0) and (1,1) on the corresponding
involutive double vector bundle, we obtain in Ch. [6] a straight-forward characterization
of -2 Poisson on M as double linear Poisson brackets on D invariant under H, thus
obtaining an answer for question 1. Under the equivalent viewpoint of metric double
vector bundles, the double lienar Poisson brackets on D which are H-invariant, correspond
to VB-algebroid structures on D} compatible with the metric, in the sense that ® is Lie
algebroid isomorphism, where (D})f. is endowed with the natural dual VB-algebroid
structure associated (the structure that comes from the double linear Poisson structure
dualized with respect to fibration over A). Thus, we recover the equivalence between degree
2 Poisson manifolds and metric VB-algebroids in [29]. We also obtain a classification of
degree 2, regular Poisson manifolds in terms of certain Chevalley cohomology groups
naturally associated to them.

Finally, in Ch. [7] we put together the four answers found above to questions Ia, I,
2a and 2b, in order to give the answer to question 2 on the geometric characterization
of integrable degree 3 functions on a degree 2 Poisson manifold. As we noted above, the
answer obtained by D. Roytenberg in the symplectic case exploits the fact that hamiltonian
fields generated by degree 0 functions span the C*° (M )-module of degree -2 vector fields,
and hamiltonian fields generated by degree 1 functions span the C°°(M)-module of degree
-1 vector fields, and these suffice in order to determine a degree 3 function 6, and the degree
4 function {0, 6}, yielding a Courant algebroid ((-,-), [, -], a), which encode 0, satisfying
Jacobi identity, which is encoded in {6,6} = 0.

?Homological means Q* = 0, which is equivalent to [Q, Q] = 0.
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In the possibly degenerate case, we must determine both 6 and {6, 60} no longer using
functions of degrees 0 and 1, but directly the vector fields of degrees -2 and -1, thus yielding
the pair of morphisms (0%,9%) encoding 6, as we explained above, which intertwine the
linear bundle of Dpg, E, whose sections are isomorphic to degree -1 vector fields, and the
involutive bundle on D7, F *, whose sections are isomorphic to degree 2 functions. Next
we find expressions for the Lie 2—algebroid structure corresponding to the vector field
Q = {0, -} in terms of the pair (91, ) 5) and of the VB-algebroid structure corresponding to
{-,-} and finally we encode the equation {0, 6} = 0 in terms of a curvature term measuring
the defect of the morphism 9ﬂ to preserve the corresponding brackets on F* and on E:

19%(}39(¢51,¢52)) = [95@51),93(@52)]15* - ‘95([¢1,¢2]§)7 Vo1, ¢2 € T(E),

where Ry : ['(E) x T'(E)—T(E) is defined in terms of the metric VB-algebroid structure
of D}. Such a geometric structure, defined for the triple (E, F*, (9%, 93)) we call degenerate
Courant algebroid, which is the geometric object we obtain on the quotient when we have
a group acting on a Courant algebroid.

We end this introduction with a summary of the equivalences between classical and
super geometric structures we found.
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Classical geometric structures

Graded super geometric data

involutive double vector bundle (D, H)
or equivalently
Metric double vector bundle (D%, (-, )c+)

degree 2 manifold M

sections of the core bundle
E* C Dy

degree 1 functions on M

sections of the core bundle
FcD

degree -2 vector fields on M

bidegree (1,1) functions on D
invariant under H
or equivalently
sections of the involutive bundle

F* — D3,

degree 2 functions on M

sections of the linear bundle
E<—D B

degree -1 vector fields on M

pairs of compatible morphisms
0 F—E* 6. E— F*

degree 3 functions # on M

Lie 2-algebroids

([" }Ev Ps 85 v, @)

or equivalently
VB-Courant algebroids

(Dp)e=, o)l 01ha)

homological degree 1 vector field

QeX(M), @*=0

involutive double linear
Poisson brackets on D
or equivalently
metric VB-algebroids

(D*B’ ['? ']B,PD7 <'7 '>C*)

degree 2 Poisson manifold

(M7{7})

generalized
Courant algebroids

degree 3 function 6 on
(M, {-,-}) satisfying {6,0} =0




Chapter 2

Preliminaries

2.1 Double vector bundles and morphisms

2.1.1 Definitions and examples

The concept of double vector bundle was originally introduced by J. Pradines [56].
The main references for this section are [32],[46] and [23]. For convenience of the reader,
we include in App. [A]all the complementary facts and details about double vector bundles
that will be used in the present work.

Definition 2.1. Consider the commutative square

D 4, 4

lIBl lqA (2.1)

B
B L1 M,
where each side is a vector bundle. The diagram is called a double vector bundle, and
denoted by (D; A, B; M), if the structure maps of the vertical vector bundle structures
(projections, zero sections, addition, scalar multiplication) are vector bundle maps with
respect to the horizontal vector bundle structures. This requirement is equivalent to the
following conditions:

(a) qa(dy }; d2) = qa(dy) + qa(da)
(b) gB(d: + d3) = qp(d1) + qB(d3)
(c) (da t da) 1 (d3 t dy) = (dy " d3) t (do + dy),

for quadruples di,...,ds € D such that qp(di) = gp(d2), gB(ds) = gp(ds), qa(d1) =
qa(ds) and ga(d2) = qa(dy). We denote the fibration D — A by D4 and the fibration
D — B by Dp. The zero sections are denoted by

OA:MHA; 04 : A— Dy;
0% : M—B; 0p: B—Dgp.
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A general principle that we will use frequently is that in order to verify a property
involving linearity, it suffices to verify this property only with respect to the addition,
because from there it follows that the property holds for the scalar multiplication with in-
tegers, consequently with rationals and hence with all real numbers, because of continuity.

It so happens that, because of the compatibility of the two vector bundle structures
on a DVB, the vector bundle structures on D4 and Dp coincide on the intersection
C := kerqs Nkergg. And C is itself a vector bundle over M, with projection ¢¢ :=
¢ o qalc = ¢® o qBlc (see Prop. . C is called the core bundle of D. For a double
vector bundle (D; A, B; M) we introduce the notation (D; A, B; M )¢ to specify that the
core bundle is C. When we describe D with a commutative square like , we will write

9B
D———

B
qA C qu
qA

A——M

to specify that the core bundle is C — M.

Definition 2.2. A morphism of double vector bundles, say D, D’, is a map ® : D — D’
which is linear with respect to both fibrations. We will use sometimes the abbreviation
DVB morphism.

Because of the fiber preserving condition, any DVB morphism ® : D— D’ preserves the
core bundle C, moreover, it induces maps 4 : A—A’, g : B—B’', oc,on : M—s M’

such that each of (®,pp), (®,04), (va,om) (pB,enm) and (v, @ar) is a morphism of
the relevant vector bundles. See Props. and

Remark 2.3. Frequently we will use suffixes on the respective bundles, for example D 4
and D'y, to indicate which fibration on D is being mapped to which fibration on D’.
When we omit this specification, it is because the context makes it sufficiently clear, so
that we chose not to overload the notation.

Example 2.4. The most fundamental example is the decomposed DVB: given three vector
bundles A, B and C over the same base manifold M, we set

D=AaBoC.

Define the projections over A and B in the obvious way: ga(a,b,c) = a and gg(a,b,c) = b,
and both addition operations are also obvious to define:

(a,b,c)—ll—(a,b’,c’) = (a,b+V,c+); (a,b,c) + (a',b,c) = (a+d bc+ ).
B

It is explained in the appendix (see Cor. |C.8)) that, up to double vector isomorphisms,
this class covers all the examples of double vector bundles.
A double vector bundle morphism between two decomposed double vector bundles

d:ApBapC—A B o,
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has the form
®(a,b,c) = (pala), pp(b), pc(c) + ¥(a, b)),

where the mapping
V:A®pB—C

is bilinear (see the proof in the appendix, Cor. [A.24)). If ® is an isomorphism, then its
inverse is given by

e (a b, ) = (93 (), 05 (1), 05! (¢) — 5 0 U(py' (d), 05 (V).

Given a vector bundle A— M, its tangent bundle is endowed with a double vector
bundle structure ([32],[46])
TA -2 A

QTMJ/ lqA (2.2)

™ 1 — M,

where ¢y = dq¢”, where d is the differential. Addition with respect to the vertical
A

d
structure (T'A M ) is again given by a differential:

d+ :T(Ax A)Z2TAXxTA—TA,

A
where + : A x A—— A is the addition in A q—) M.
Finally, the zero section Orj; is once more given by a differential: 07y := d(04) :
TM —TA.

The cotangent bundle T* A is also endowed with a natural double vector bundle struc-
ture

T*A T4 A

wl lqA (2.3)

A
A L M

Its double vector bundle structure is best understood as a consequence of being the dual
(see Sec. below) of the tangent bundle, we give the details in Ap. In particular,
there it is shown that a decomposition of T'A, or equivalently T*A amounts to choosing
a linear connection on A. We encourage the reader to constantly consult Ap. [F]along
the reading of each new concept and result on double vector bundles, in order to gain
familiarity with the concrete examples studied in that appendix.

Also it is well-known ([14],[48]) that a Poisson structure on a vector bundle A is linear,
that is, the Poisson brackets of two functions linear on the fibers is again linear, if and
only if the induced morphism 7% : T*A—— T A is a double vector bundle morphism.

Definition 2.5. Given a double vector bundle D, as in (2.1)), the flip of D is the double
vector bundle (A.1]) (see Prop. |A.2)). That is, the flip of (D; A, B; M) is (D; B, A; M).
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2.1.2 Core and linear sections

A core section of Dp is a section of the form

LOOéqujOB,

where o : M — C is a section of C, ¢ is just the inclusion C' < D and 0Op is the zero
section of Dp. We denote the core section corresponding to a € I'(C') by @&, and the space
of core sections by T'core(DB).

Analogously, we can define I'¢ore (D 4). Of course, I'eore(Dp) and T'eore (D 4) are C°°(M)-

modules, and we have the obvious isomorphisms of modules:

I‘core(l)B) = F(C) = Fcore(l)A)-

It is easy to see (Prop. that core sections are preserved by DVB morphisms
which are the identity over B. There is another distinguished kind of sections of Dp that
are preserved by such morphisms, which are called linear sections. A section v € I'(Dp)
is linear if v is a bundle morphism from B to D4, which will be necessarily over a section
a of A. The space of linear sections will be denoted by I'ii, (Dp).

Remark 2.6. The space of linear sections, I';,(Dp), is an R-vector space, and also a
C*(M)-module in the natural way and it can be shown that actually I'in(Dp) = I'(A),
for some vector bundle A called the linear bundle. Moreover, A fits in the exact sequence

0—B*®C - AL A0,
called theAlinear sequence corresponding to Dp. We have an explicit description for the
fibers of A, given by
Em :={o € Hom(B,,D,) : a € Ay, qgoo =1dp, },

where B, A, are the fibers of B and A over m € M, respectively, and D, is the fiber of
D4 over a € A. See Prop. [C.2] for more details and proofs.

Analogously, the linear bundle corresponding to I'jiy (D 4), denoted by E, fits in the
exact sequence N
0—A*®C — B - B—0,

and its fiber over m € M is given by
B = {w € Hom (A, D) : b € B, qaow =1da,, }.

A DVB morphism @ : (D; A, B;M)c— (D'; A', B'; M) whose induced morphism
on the base side bundle ¢ : B— B’ is invertible, induces naturally a morphism between
the corresponding linear bundles R R e

d B A—s A,,
given by d p(o) :=®ooo gpgl. For more on induced morphisms on the corresponding

linear bundles see App. [C] Sec.
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2.1.3 Decompositions

Definition 2.7. Let (D; A, B; M) be a double vector bundle, with core bundle C. A
decomposition of D is a double vector bundle isomorphism between

©:D—A®BaC,

inducing the identity map on A, B and C.

A horizontal lift of the linear sequence corresponding to A above, is a linear map
(S A— A such that pot =Idy.

To each horizontal lift 1) on A there exists a corresponding horizontal lift, 1) on B , the
relation between them given by

P(b)(a) == 3p(a)(b).

It is easy to see that a decomposition © of D is equivalent to a projection go : D—C
which is linear with respect to both structures, D4 and . The decomposition is given by

© = (q4,9B,9C)-

Moreover, the decomposition can be shown to be equivalent to a horizontal lift of any
of its associated linear sequences, and therefore a double vector bundle always admits a
decomposition. The relation between the decomposition and the horizontal lift is given by

ac(@) = (4 v(ar(@)an®) ) - Onlan(a)

See the appendix, Sec. for more details and proofs.

2.1.4 Duality

Since a double vector bundle has two vector bundle structures, it also has two duals,
one for each structure. In principle, since D’ has again two duals, we should obtain
a third double vector bundle, and repeating the process we would get a fourth double
vector bundle and so on. However, it so happens that the third dual is already canonically
isomorphic to D}, and so the story ends here. Namely, the two duals are

T™B TCO*
py,—"" B Dy —" . cr
TCo* A* qB 7 TA B* qC* ’
c* g4
C*r———— M A——mM

where, for example, the projection m¢+ : D — C* is given by
(mc+(d), ¢) = (d, 0p(m5(d) 4 ) 5.

These two duals are in turn dual to each other with respect to the fibration over C* (see
Prop. [B.11)). The duality pairing is given by

(v|w) = (v,d) 4 — (w,d) g,
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where v € D%, w € D} have mc«(v) = me+(w) = k and d is any element of D with
ga(d) = ma(v) and ¢p(d) = mp(w). This pairing induces isomorphisms of double vector
bundles (see Prop. B.13))

Ta: (Di)or — (Dp)e- (Ta(v), wor = (v|w)
Tp: (Dp)o- — (Dia)es, (Tp(w),v)c- = (v|w),

with (T 4)* = Tp. Both isomorphisms induce the identity on the sides C* — C*. Y4 is
the identity on the cores B* — B*  and induces —Id on the side bundles A — A. Ty is
the identity on the side bundles B— B, and induces —Id on the cores A* — A*.

A decomposition © : D— A @ B ¢ C naturally induces a decomposition on its dual
O D% — A® B*®C* (and, of course, also on D7;). The relation between them is ©% =
é;l. The corresponding horizontal lift ¢ : C* —»C* is given by ¥(k)(a) = (g4, q0)* (a, k)
for every k € C*,a € A.

The horizontal lift ¢ : A— A induces an isomorphism K : A\HA@Hom(B, (), given
by K (o) = (a,qc o 0), and the corresponding induced horizontal lift 1, := (1;) : A*)A\*,
where A, is the linear bundle corresponding to I'ji, (C*, (D% )c+), induces the isomorphism
H: A, — A® Hom(C*, B*), given by H(w) = (a, 7+ ow). One can see that we obtain
a well-defined isomorphism

T:A— A\*,
given by T := H 1 o Ao K, where A : A ® Hom(B,C)— A ® Hom(C*, B*) is given by
A(a,o01) = (a,—07), for every a € A, 01 € Hom(B,C'). See Prop.
It is also useful the isomorphism Z : C+ A —C* B, given by

Z=T"1o7y,

where C* A is the linear bundle corresponding to the linear sections of D% and C~ B is the
linear bundle corresponding to the linear sections of D7}. T 4 is the morphism induced
isomorphisms between the linear bundles induced from the DVB isomorphism T4 intro-
duced above. Here, the isomorphism 7" is taken between C*5 and C*p,, so that (DE)e-
is playing the role of D, and we are identifying D}, with ((D%)&+)&. See App. [C . Sec.
for more details.

Lemma 2.8. A section v € I'(Dy) is linear if and only if

a) (v, ¢)a is a fiberwise linear function for every ¢ € I'yin(DY), and
b) <’Y7E>A is fiberwise constant for every Ee LCeore(DY).

A section ,5 € I'(Dy) is core if and only if
¢) (B,) is fiberwise constant for every ¢ € [yin (DY) and

d) <,§, E)A =0 for every € € Ceore(D%)-

For the proof, see Lem.

An important consequence we can draw of the above lemma, is a characterization of
linear sections of a DVB in terms of pairs of certain linear functions satisfying a compati-
bility condition.
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o~

Corollary 2.9. There is a canonical 1:1 correspondence between sections in I'in (D7)
['(C*pB) and pairs of linear maps

fi:A—B* and fc:C—R,
such that satisfy the following compatibility condition
fa(r)=fcor, vr € Hom(B,C) C A.

For the proof, see Cor. [C.29} Notice that, under this identification, the inclusion
: B*® A*—C*p is given by «(n) =n*op: A— B*, where p : A— A is the projection.

__ A direct consequence of Cor. is a description of the fibers of the dual linear bundle
C*p (the one that corresponds to I';iy(D7};)), in terms of the fibers of the linear bundle A
(the one that corresponds to Iy, (Dp)).

(C*B)m = {1 € Hom(A,, BX)|3k € CF, s.t. (1) = 1x(7), V1 € B, @ Coy C A}, (2.4)

2.1.5 Double realization

An exact sequence of vector bundles over the manifold M,
0—C—Q—ARB—0

over the identity Id,; is called a double vector sequence or briefly, a DVB sequence, and is
denoted by (22— A® B; M )c. Our interest in this class of objects relies on the fact that
the natural category they form is equivalent to the category of double vector bundles, and
has the advantage that its constituent elements are plain vector bundles over the same
manifold M. The morphisms between DVB sequences, which we call DVS morphisms, are
4-tuples of maps

(@304, 085 00m) : (@ — A B; M) — (2 — A'@ By M')er,

where @ : Q— Q' py : A— A" and pp : B— B’ are vector bundle morphisms over
ou 2 M — M’ such that the diagram

0O -2 AwB

@l l@A@S@B

O -, NeB

commutes. Because of this commutativity condition, ® preserves C, so it induces a fourth
vector bundle morphism ¢¢ : C— C' over ¢yy.
DVB sequences together with the above morphisms form a category. Given a double

P . . L
vector sequence (@ — A ® B;M)c, we can form its double realization, which is the
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double vector bundle
D) —* B
qA C JrqB
qA
A— M,

where D() is given by D(Q2) = {(w,a,b) € Q@ A @ B|p(w) = a® b}. The projections are
given by ga(w,a,b) = a and gp(w,a,b) = b.

Analogously, to a DVS morphism (®; ¢4, vB;¢onm) between two double vector se-
quences, se can associate a DVB morphism (D(®), ¢4, ¢B; @) between the corresponding

double realizations D(€Q) and D(Q'), by
D(®)(w, a,b) = (®(w), pala), pp(b)).

This defines a functor from the DVS category to the DVB category, which happens
to be an equivalence of categories. See App. [D] for all the details, where, in particular,
the functor from the DVB category to the DVS category that furnishes the equivalence of
categories is described.

2.2 VB algebroids and representations up to homotopy

2.2.1 VB-algebroids

Definition 2.10. A VB-algebroid is a double vector bundle (D; A, B; M) equipped with
a Lie algebroid structure on Dp such that the anchor map pp : D — TB is a bundle
morphism over p4 : A—T'M and where the bracket [-,-|p is such that

L. [Tin(DB), Tin(DB)lp C Tin(DB),
2. [Flin(DB)aFcore(DB)}D C Fcore(DB)a
3. [Fcore(DB)a I_‘core(l)B)]D = 0.

Remark 2.11. Since pp is a vector bundle morphism with respect to the structure over
B, it follows that the condition on pp is equivalent to say that it is a double vector bundle
morphism from D to T'B.

Remark 2.12. The Lie brackets [-,-]p and the anchor pp are completely determined by
their action on linear and core sections, and on linear and basic functions. This can be
seen for example by considering the induced Poisson brackets on D%, and recalling that
they are completely determined by their action on coordinate functions. Now, an adapted
coordinate system {z?, 3°, a®, k°} in D3 = B® A* ® C* is such that the functions on the
x* are basic and 3° are linear. The functions on the fibers k¢ correspond to core sections
on D=2 BaC @ A, and o correspond to linear sections on Dp.

A VB-algebroid structure induces in a natural way Lie algebroid structures on each
term of the linear sequence
B*®C—A— A, (2.5)
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in such a way that it turns into a Lie algebroid exact sequence. See App. [E] for details.
The induced core map, that comes from the restriction of the anchor pp|c : C—B C T'B
with opposite sign is called the core-anchor, denoted by 9 := —pp|c.

2.2.2 Representations up to homotopy

If A is a Lie algebroid, and E a vector bundle over the same base, an A-connection on
E is an R-bilinear map V : T'(A) x I'(E) —T'(E), (a,e) — V4¢, such that

Viae = fVag, Vafe = fVae + p(a)(f)e, VfeC®(M).
The A-curvature of V is the tensor given by
Rv(()z, 5)(6) = VQV5€ - ngae - V[%m&

When the A-connection is flat, that is, Ry = 0, V is called a Lie algebroid representation
of A on E. There is a canonical 1:1 correspondence between A-connections on F, V
and degree 1 operators dy on (A; E), the space of E-valued A-differential forms, which
satisfy the derivation rule: dy(fw) = fdvw + daf A w, where d4 is the de-Rham exterior
derivative on I'(A* A*) associated to the Lie algebroid structure on A, and the space Q(A4; F)
is naturally endowed with a ©(A)-module structure. It can be seen that V is flat, i.e. a
representation on F, if and only if d2V = 0. See the details in App.

Now let E = @, E" be a graded vector bundle. Then the space of E-valued A-
differential forms, Q(A; E) is graded by total degree:

UAE) = P (A E).

i+j=p

Moreover, if E and F is a graded vector bundle, then Q(A; Hom(FE, F)) is also endowed
with the graded structure that comes from the natural grading on Hom(FE, F'), the space
of degree-preserving morphisms. Also we can extend dy to an operator Q(A; End(E)) by
demanding the following Leibniz type rule:

dv(T(e)) = (dvT)(e) + (-1)Tdge,

where, as usual, |T'| denotes the degree of T
A representation up to homotopy of A on E is given by an operator, called the structure
operator,
D: QA E)— QA E),

which increases the total degree by one and satisfies D? = 0 and the graded derivation
rule:

D(wn) = da(w)n + (1) wD(n),

for all w € QF(A) and n € Q(A; E).

A morphism @ : (E, Dg) — (F, Dr) between two representations up to homotopy of
A is a degree zero linear map @ : Q(A4; F)—Q(A; F') which is Q(A) linear and commutes
with the structure operators Dg and D (warning: we use the same notations D, D or
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Dpr to denote double vector bundles; we hope the context will make it clear which concept
we refer in each situation).

There is a canonical 1:1 correspondence between representations up to homotopy
(E,D) of A concentrated in two consecutive degrees, say 0 and 1 (so that E is zero
in all the other degrees), and the following data:

1. Two vector bundles C' and B and a vector bundle map 0 : C — B

2. A-connections on C' and B, V¢ and VZ, compatible with 0, which means that
VBo =ovC.

3. A 2-form K € Q?(A;Hom(B,C)), called the curvature form such that
RvC = —KO@, RvB = —8OK,

and
dvyK =0,

where we are considering V := V¢ 4+ V as an A-connection on E := C @ B, and
viewing Hom(B, C) naturally seated in End(E), so that we consider the extension
dy to Q(A;End(E)), and view K as an element in Q?(A; End(E)).

This kind of representations up to homotopy are called 2-term representations, and we
write D = 0+ V + K, where V := (V®, VP) is the A-connection on £ = C & E[1].

If we choose a horizontal lift, ¢ : A— ﬁ, for the Lie algebroid sequence , we
obtain A-connections on C and B, given respectively by

Vie=[%,d; (Vb B) = pa(X)((b, B)) — (pp(X)(5),b),

where, for any X € T'(A), we denote by X := 1)(X) € T'(A) = 'y, (Dp) its corresponding
horizontal lift, and for any ¢ € I'(C), we denote by ¢ € I'core(Dp) its corresponding core
section.

Defining a curvature form K € Q?(A; Hom(B, C)) by

K(X,Y):=[X, Y4~ [X,¥];, VXY eT(4),

it can be shown that this 2-form, together with the core-anchor 0 : C — B and the two
A-connections V¢ and V¥ defined above define a 2-term representation up to homotopy
of Aon E = C & B[l], and actually it can be proven that every 2-term representation
comes from a VB-algebroid and the choice of a horizontal lift.

For more details, see App. and [23].

2.2.3 Duality

From the axioms defining a VB-algebroid, it can be seen that its corresponding linear
Poisson structure on D% is actually double-linear, that is, it is also linear with respect

*

T,
to the vector bundle structure D% -4 o~ Therefore, dualizing with respect to this
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structure we obtain a second VB-algebroid structure on (Dj)5. = D%. If we choose a
horizontal lift on (2.5)), then the induced horizontal lift on the dual linear sequence

C*® B—s A, — A,

which is also a Lie algebroid sequence for what we just observed, gives rise to a 2-term
representation up to homotopy D* on E* = B* @ C*, which happens to coincide with the
dual to the representation D on E = C @ B (corresponding to the initial VB-algebroid
Dp) in the sense that the following product rule is satisfied :

da(v Am) = D*(v) An+ (=1)"lv A D(n), Vn € Q(A; E),v € Q(A; EY),

where A : Q(A; E*) @ Q(A; E) — Q(A) is the wedge product formed using the duality
pairing between E and E*. It can be seen that in this case we have D* = 9* + V* — K*.
For more details, see App. and [23].



Chapter 3

Degree 2 manifolds and
involutivity

Roughly speaking, a graded manifold is, following Severa [63], a sheaf of graded alge-
bras over a manifold that locally is spanned by a finite number of generators, and only
non-negative degrees are allowed, which is why the are called graded N-manifolds, where
N stems from the natural numbers to mean that negative degrees are not allowed. The
degree of a graded N manifold is the highest degree of the generators. A degree 1 manifold
is seen to correspond exactly to a vector bundle, both categories being equivalent. There-
fore, a graded N-manifold can be seen as a non-linear generalization of a vector bundle
(an insight explicitly suggested for the first time by T. Voronov [69], up to our knowledge).
As explained in the Introduction (Ch. , the interest in graded manifolds lies in the fact
that we can extend many of the classical geometric structures (e.g. functions, vector fields,
differential forms, Poisson brackets, etc.) to the graded setting, and it turns out that these
graded structures usually encode in a very simple fashion some classical structures that
are not so easy to handle, providing a powerful source of intuition on how those somewhat
complicated classical structures should behave.

In Sec. we establish the equivalence between the category of degree 2 manifolds
and that of involutive double vector bundles. This geometric characterization bridges
degree 2 manifolds to all the geometric structures we can associate to a double vector
bundle. However, it is not always evident how to associate to an object of one category
the corresponding one in the other category, often some non-trivial work is needed. Then
we show that through a transpose operation, the involutive structure is equivalent to a
linear metric on the dual, a result obtained by D. Li-Bland [41], and with a different
method by M. Jotz [29]. We end this section building from any DVB D, an involutive
one, by taking the Whitney sum D % D7 . This procedure in particular applies to T'A,

providing one of the most fundamental examples of involutive DVB’s. Then we describe
the geometric counterpart of vector fields on M of negative degree, that is, of degrees -1
and -2, which allow to give an interpretation of the commutator of two degree -1 vector
fields in terms of the metric, and to characterize geometrically functions on M of degree
3 in terms of a pair of morphisms of certain vector bundles.

19
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3.1 Graded manifolds

In this section we give a very general description of graded manifolds. The main
references we used are [63],[59], [67] and [68].

Definition 3.1. A graded N-manifold, M of dimension (p|q1]. .. |q) is a differential man-
ifold M, called the body of the manifold, endowed with a structure sheaf O, of graded
commutative algebras locally isomorphic to

C=U) ©§'(V"),

where U C RP and V = @,.,V; is a N-graded vector space, with dim V; = ¢; for
i=1,...,k, and V; = {0} for other i. S'(V*) denotes the graded symmetric algebra over
V* = @,.o Vi*, so that in particular the parity of each vector space V; is compatible with
its degree. The sheaf morphisms are asked to preserve (total) degree. We will denote by
A? the set of homogeneous functions of degree i.

Remark 3.2. Notice that the local trivializations of the structure sheaf, together with
the degree preserving condition, provides us with k£ vector bundles, such that the space
of sections of the i-th vector bundle is A’. In the following sections, we will describe in
detail in the cases of degree 1 and degree 2 manifolds —the ones that are of our interest
in this work— how we can recover the structure sheaf from these vector bundles.

Often we omit the label N, and refer to a graded N-manifold simply as a graded
manifold, or else we will omit the adjective graded and refer simply as degree k manifolds,
hopefully without causing any trouble.

Example 3.3 ([59]). Let A be a vector bundle over a manifold M. We can attach a
grading to the functions on A such that fiberwise constant functions get degree 0 and
fiberwise linear functions get degree 1 (see subsec. below for more details), obtaining
in this way the degree 1 manifold we denote by A[l], whose space of degree 1 functions
Al coincides with the space of sections of the dual T'(A*). A particular example of these
manifolds is obtained by starting with a manifold M and taking (7'M )*[1], which we prefer
to denote in the more standard fashion T*[1]M. The space of degree 1 functions A! is
isomorphic to the space of vector fields X(M). Of course we can also obtain the manifold
T[1]M whose space of degree 1 functions is isomorphic to the space of 1-forms Q! (M).

We can go a step further to obtain, for a given vector bundle A—— M, the two degree
2 manifolds T'[1]A[1] and T*[2]A[1] (see [59] for details). From the coordinate description
it is clear that the degree 1 functions of T[1]A[1] are sections of A @ T*M, whereas the
degree 1 functions of T*[2]A[1] are the sections of A ® A*.

In the appendix (see Sec. [F]) we describe the double vector bundle structures of T'A*
and T*A*. Now, the algebra of functions on a double vector bundle, D, admits a sub-
algebra C""(D) which comes with a bi-graded structure (see lemma [E.34), and actually
the adapted coordinate systems belong to this subalgebra. So we obtain, starting from
a double vector bundle, a bi-graded manifold. Now, from a bi-graded manifold, that is,
a manifold endowed with an atlas of bigraded fuctions, like the atlas of adapted coordi-
nate systems in lemma we obtain a graded atlas (of degree 2) simply by assigning
degree r + s to a function with bi-degree (r,s). Therefore, given a double vector bundle
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(D; A, B; M), there is a degree 2 manifold naturally attached, whose structure sheaf is
generated locally by an adapted coordinate atlas shifting the coordinates of the side bun-
dles by 1 and the coordinates of the core bundle by 2. The degree 1 submanifold is given
by M; = A[l] @ BI1].

3.1.1 Example: degree 1 manifolds

Let M be a 1-manifold. Picking coordinates 01, ...,60, for Vi, the structure sheaf is
locally isomorphic to F(A;]Rq). Since morphisms preserve degree, we see that a change of
coordinates (z,0) — (Z, ) must have the form

7 = fi(2); 0; = gl (x)0;.

This means that we obtain a vector bundle, where the body M of the 1-manifold M is the
base of the vector bundle A, with fiber isomorphic to Vi, so that the degree 1 functions
are the fiberwise linear functions of A, and hence sections of A*. The cocyles for the
change of trivializations are given by the maps in the change of odd variables. Under this
identification we have

Ou =T (4%,

where the symbol of the right-hand side stands for the sheaf of sections of A" A*.

Conversely, consider a vector bundle A over M. The fiberwise linear functions give
rise to the sheaf of sections of A*. Attaching degree 1 to these functions we obtain a
1-manifold by taking M for the body, and the structure sheaf O,, being given by, for U
open in M,

OU) = T(A' (A v))-

In this case we say that the degree 1 manifold M is A[l], meaning that the fiberwise
linear functions (which are sections of A*) are attached degree 1. So there is a canonical
1:1 correspondence between degree 1 manifolds and vector bundles.

Definition 3.4. A degree k Poisson manifold is a k-manifold endowed with a degree —k
Poisson bracket, which is a R-bilinear mapping

{’, } : O]W X OM — OA{

which satisfies the Poisson brackets axioms taking in account the grading, that is, for every
UcC M, and f,g,h € Oy(U), we have, using the notation | - | to denote the degree of
homogeneous functions,

o [{f.g}=1fI+1g]—Fk

e {f,g}= _(_1)(\f|+k)(lg\+k){g, f}

o {f.gh} ={f,g}h+ (—1)IIFRlslg{f n}

o {f.{g;h}} = {{f, g}, h} + (—))ITHEM s g [ F n}}.

Example 3.5. Given a degree 1 Poisson manifold (M, {.,.}), consider the corresponding
vector bundle A, so that M = A[1]. Then {.,.} induces a Lie algebroid structure on A*
by the following data:
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o {5, f} =p(s)(f), for f,s € T(A"A*) with [f| =0, [s] =1
o {s1,89} = [s1,82]a*, for 51,50 € T(A'A*) with |s1] = |s2| = 1.

Conversely, starting with a Lie algebroid (A*, p, [.,.]) over M, consider the degree 1 man-
ifold A[1], so that C*°(A[1]) = I'(A'A*), and set

e {f,9} =0, for f,g € C*(A[1]) with [f] = [g]| =0
o {s,f}=p(s)(f), for f,s € C*(A[l]) with [f| =0, [s] =1
o {51,852} = [s1, 82, for 51,80 € C(A[l]) with |s1| = |s2] = 1.

Extending this product to any s1, so € C°°(A[1]) via linearity and (graded) Leibniz’s rule,
we obtain a degree 1 Poisson structure on A[l1].

The bracket on I'(A"A*) that correspond to the Poisson bracket {-,-} on M is called
Schouten bracket.

3.2 The categories of degree 2 manifolds and involutive struc-
tures

Now we get into describing the main object of this thesis, namely degree 2 manifolds.
In this section we limit ourselves to recall the basic results about the structure of degree
2 manifolds, which are found in [6]. The main result we borrow from that work, is the
fundamental equivalence between the category of degree 2 manifolds and a certain category
formed by pairs of vector bundles together with a surjective map between one of these
vector bundles and the second exterior power of the other, a category that we chose to
call “involutive sequence” category (see Thm. below).

A morphism ¥ : N — M between two degree 2 manifolds is a pair (w,wﬁ), where
1 : N— M is a smooth map and

YF: O — 40N
is a morphism of sheaves over M in particular, for each open subset U C M,
5 On(U) — On (1 (D))
is a morphism of graded algebras.

Proposition 3.6 ([6]). Let U C RP be an open set, and denote by U the degree 2 man-
ifold with body U and structure sheaf C*°(U) @ A'R? @ S'R%, described by coordinates
{2, et a’}. If N is any degree 2 manifold, then any morphism N —U is completely
determined by the choice of a map ¢ : N — U as well as elements f*, 5" € On(N), of
degrees 1 and 2, respectively; indeed, the conditions

PH(a') = a2’ oep, PH(eM) = f*, YH(a) =B, (3.1)

uniquely determine a morphism of sheaves ¥t : Oy — 1), On.
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Locally, a degree 2 manifold M is isomorphic to U, and the structure sheaf is described
by coordinates {z',e*, a”}. By Prop. and since the morphisms preserve degree, a
change of coordinates (z%,e", a”) — (2%, &*, &) must have the form

1
fcin(x)eAen, (3.2)

i'(x) = '(z), e"(x) = aﬁf(m)a)‘, &’ (z) = bl (z)a”™ + 5

where the functions cKn are skew-symmetric on the lower indexes, since the coordinates
et are odd.

Proposition 3.7 ([6]). There is a 1:1 correspondence, up to isomorphisms, between degree
2 manifolds, with body M, and the following data:

e A pair of vector bundles (E,F) over M.
o A surjective bundle map p : F—5A2FE over Idys.

So that we obtain an exact sequence of vector bundles
0— F— F— A’E —0, (3.3)

where F' := ker p.

Remark 3.8. If follows from the proof of the proposition above (see [6]) that under this
correspondence, degree 0 functions f € A° correspond to functions on the base M; degree
1 functions € € A correspond to sections of E* and degree 2 functions correspond to
sections of F™.

Proposition 3.9 ([6]). Let N', M be two degree 2 manifolds with sheaf structure On and
Onr, respectively. Denote by .AN and AN the sets of homogeneous functions of degree i
on N and M, respectively, and by (EN,FN) and (EM,FM) the pairs of vector bundles
corresponding to N and M, respectively, given by Prop. [3.7, and the corresponding sur-
jective bundle maps py : ﬁN — AN’EyN and pys - ﬁM — A%2Ey;. Given a smooth map
W : N— M, a morphism ¥ : Oy — 0.On is completely determined by either of the

following data:

a) a pair of morphz’sms of sheaves of C*°(M)-modules wf P AL Al i = 1,2, such
that ¥(A}, - Aly) = wE(A}p) - 5 (A})-

b) a pair of vector bundle morphisms 1 : En — Eyp, o - ﬁN *)ﬁM, covering 1,
such that A%y o pn = par o ¥s.

Definition 3.10. A involutive DVB sequence, or simply an involutive sequence, is given
by a pair of vector bundles (F, F ) over a manifold M, together w1th a surjective bundle
map p : F——A2F over Id M, SO that we obtain the exact sequence , with F':= F /A’E

A morphism of involutive sequences, or simply an involutive morphzsm, is given by a
triple of maps (9,11, ) satisfying item b) of Prop.

The involutive sequence category consists of involutive sequences as objects, and the
corresponding morphisms between them.
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Remark 3.11. The reason for the choice of the name “involutive” is that such sequences
are completely determined by a natural extension of them to a double vector sequence
(this objects are studied in App. endowed with an involution. F' is precisely the
fixed set point of the involution, and the morphisms are precisely the restriction of those
DVS morphisms that commute with the involution. We will see all this in detail next in

subsection B.2.11

The next theorem summarizes the previous results.

Theorem 3.12 ([6]). The category of degree 2 manifolds is equivalent to the category of
nvolutive sequences.

3.2.1 The category of extended involutive sequences

Noting the resemblance of involutive sequences, introduced above in Def. [3.10] with
DVB-sequences, described in appendix Thm. suggests already that there should
be a geometric characterization of degree 2 manifolds in terms of a certain class of double
vector bundles. Since we have a functor linking double vector bundles to double vector
sequences (Thm. , in order to link the category of involutive sequences to some
category of double vector bundles, we need an intermediate, equivalent, category, which is
the “double vector sequence equivalent” of the category of double vector bundles we want
to find, which will be obtained by extending involutive sequences in the natural way to
obtain objects in the double vector sequence category.

Definition 3.13. Let (E, ) be two vector bundles and p: @ — E ® E a projection. A
involutive structure on the corresponding double vector sequence

0——F 50 BEoE—0, (3.4)

where F' = ker p, is an automorphism (over the identity on M) Z : Q — Q that is
involutive, i.e. Z2 = Id, and such that the following diagram commutes

F— 50— ExE, (3.5)
b,
F— 50— EQE

where —x is the negative of the transpose: — * (¢) = —¢™.

The pair (22— F ® E,T) of such sequence and involution will be called an extended
involutive sequence. We will comprise the data of an extended involutive sequence by
(QE,F;T).

A DVS morphism (®; ¢4, vB;¢) (see Def. , between two extended involutive
sequences

®
(Q,E,F;T) — (Y, E',F;T),
is called an extended involution preserving morphism, or simply an extended involutive

morphism, if
®oZ =T 0. (3.6)
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The extended involutive sequences together with the extended involutive morphisms
form the extended involutive sequence category.

Proposition 3.14. If (®; 4, pp; ) is an extended involutive morphism, then o4 = pp.

Proof. Let (®; ¢4, ¢n;¢) be an extended involutive morphism. Then, for every a,b € E
we have

PoZ(a®b) =2(—-b®a) = —pa(b) ® pp(a), (3.7)
and
T'o®(a®b) =T'(pala) ® pp(b)) = —pp(b) ® pala). (3.8)
Since ® 0 Z =7’ o ® holds by (3.6), we conclude from Eqgs. (3.7) and (3.8]) that
_SOA(b) & SDB(OJ) = _SOB(b) ® QDA((I), Va,b € E,
hence, in particular, p4(b) = ¢p(b) for every b € E, which means that p4 = ¢p.
|
An extended involutive morphism will be denoted by (12,11, ), where
o : Q—Q; Yy E—F; o:M—M.
Remark 3.15. Consider the transpose of an extended involutive sequence (2, F;Z):
0B 0B s s 0. (3.9)
Then the following diagram commutes
JOA AN o VAN (3.10)

N

E* @ B2 o~ P

Indeed, observe first that the dual of A ® B is A* ® B*, with the duality pairing given by

(a®b,a® ) = (a,a)b, B).

Now, the transpose of the map —% : E ® F — F ® E given in (3.5) is also —x :
F*® E*— E* @ E*, the negative of the transpose, since, for n = €1 ® g9 € B* ® E* and
T=e1Rey € FE®E we have

—

£1 ®eg,ea ®er) = (€1, e2)(e2,€1)

£2,€1)(€1,€2) = (€2 ® €1, €1 ® €2)

nT),

n,7*) = (n*,7) for every n € E* @ E* and 7 € E® E.

(n,7") =

—

—~

—~

from which it follows in general
Therefore,
(=) (), 7) = (0, (=5)(7)) = (0, —7%) = (=", 7),
which means that (—x)!(n) = —n*. Thus we have (3.10)).
Therefore, the sequence admits an involution Z satisfying if and only if the
transposed sequence admits an involution Z! satisfying .
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Proposition 3.16. A double vector sequence like admits an involution I satisfying
if and only if Q* comes with a decomposition

O = S2E* @ F*, (3.11)
where F* := {9 € Q*|TH(¥) = ¥}.

Proof. We just saw in Rmk. that (3.4 with an involution Z satisfying (3.5) is equiv-
alent to (3.9) with an involution Z* satisfying (3.10). Now notice that, if Z* is an extended
involution, then

— 1
P:=_(Id-1Y
2
is a projection, that is P =P Therefore, we obtain the decomposition
Q =imP @ ker P,

and ker P = F*. So  in order to obtain 1) it remains to show that S2E* = imP. Given
n € S2E*, we have P(n) =, thus

S?E* C imP.
On the other hand, for ¥ € Q*,
— 1
c(P(D)) = 507(9) = (9) =0,

whereby P(9) € E* ® E*, whence, by we have
—(PW))* = T'(P(9)) = T'(9) — 9 = —P(9),

whence

P()" = P(V),
that is, P(¥) € S2E*, which means that

imP C S?E*,

thereby, imP = S?2E*, as we needed to obtain the decomposition (3.12)).
Conversely, given the decomposition (3.11f), we define an extended involution

It ——OF
by B
I'(n+¢) = —n+¢, vn € S®E*,¢ € F*.

Using the decomposition E* @ E* = S2E* @ A2E*, it follows immediately that Z* defined
this way makes diagram ([3.10) commute.
[
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Proposition 3.17. The decomposition 1s equivalent to the decomposition
Q=A@ Ann(S*E*), (3.12)

where A := {¢ € QZ(¢) = —¢} and Ann(S?E*) is the annihilator of S?E* C QF, the
relation between them given by A = Ann(F*) and F = Ann(S%E*).

Proof. We already have the decomposition (3.11). Then we will show that this induces
the decomposition 1) with A = Ann(F*). Indeed, given ¢ € A, ¥ € F*,

(0,9) = (6, T()) = (Z(9),9) = —($,9),
thus, (¢,9) = 0, which means that
A C Ann(F™).

Conversely, given ¢ € Ann(f*) and any ¥ € QF, then there exist unique n € S?E* and
¢ € F* such that ¥ = n+ ¢, and thus we have

(Z(¢),0) = (Z(),n + ) = (6, T'(n + Q)
= (¢, =) +(¢,¢) = (=o,1)
= (=9,9),
which means that Z(¢) = —¢, that is ¢ € A, which implies that
Ann(F*) C A,

from which we conclude that A = Ann(F*).
[

Corollary 3.18. In the situation of Prop. the subsets A C Q and F* C Q* are
vector bundles, and

A= Q/Ann(S2E"), F* = Q*/S?E*.
We also have the natural isomorphisms
A~ S’E  and Ann(S?E) = F*.

Also we have
S2E* = {9 € Q*|T'(¥) = -0}
and

Ann(S?E*) = {¢ € QZ(¢) = ¢}.

The restriction of p: Q— FE® E to F projects onto N°E C E® E:
The vector bundle F is the fixed set point of T and fits in the exact sequence

0— F— F— A’E—0, (3.13)

with
F :=kerp = kerp|z,

and of course the dual vector bundle F* fits in the transposed exact sequence

0— A’E*— F*— F*—0. (3.14)
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Definition 3.19. We call F* the linear involutive bundle, or just the involutive bundle;
the sections of F™* will be called simply involutive sections, omitting the adjective “linear”.
Observe that the sequence is exactly an involutive sequence, as defined in Def.
Actually, as we already claimed in the beginning of this subsection, the category of
involutive sequences is equivalent to the category of extended involutive sequences.

Proposition 3.20. The involutive DVS category is equivalent to the IS category.

Proof. We will define a functor

involutive sequences extended involutive sequences
= + ~s + (3.15)
involutive morphisms extended involutive morphims,

and show that is essentially surjective and fully faithful, thus establishing the desired
equivalence of categories.
In order to define =, set
2 = (dp) o 2

(Q:=S*E®dF — S°EOANE=EQE)

= {(F -2 A2E)} + N (3.16)
T:=(-1d,Id): S’E@F—S?’E@F
(§, U) H(*gv U)'

and

L (2,1, 9) ~ ((S%h1, ha); 1, 15 ).

It is evident that ((S%¢1,2);1,%1;%) is a DVS morphism and commutes with the
corresponding involutions Z and Z’, so that the functor = is well-defined, and it is routine
to check that is actually functorial.

Now let’s prove that Z is essentially surjective. If we have an involutive sequence

(Q, E;Z) then, by Prop. we obtain the decomposition (3.12)) from which we obtain
the involutive DVS (F N A’E).
Now, given an involution preserving morphism

[1]

(2,01, ) : (Q— B @ B; M; ) — (F'— (E') @ (B'); M'; T'),
then, for ¢ € F, Z(¢) = ¢, whence
Z'(1h2(Q)) = ¥2(Z(C)) = 12(C),
which implies that 15(¢) € F’, that is
o(F) C F,
and therefore we obtain a morphism

@ZQ = wg‘ﬁ : ﬁ‘)ﬁ//
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Moreover, since (12, %1,1) is a DVS morphism, we have p’ o 9y = (1)1 ® 1) o p, which

implies B
ploths = A% op,

so that ({/;g, ¥1,1) is an involutive morphism.

Therefore, we have found (F N A?E) and 1 such that Z(F N A’E) = (Q,E;T)
and =(19, Y1,1) = (2,11,1), that is, = is essentially surjective.

Fully faithfulness follows immediately from the observation that because of the com-
patibility condition p o1y = (1h1 ® 1) o p, ¢ is completely determined by its restriction
Y2 = |5

Corollary 3.21. An exact sequence of the form
E*Q E"—Q—F"
18 involutive if and only if @ admits a subbundle F* C Q that fits in the exact sub-sequence

A2E* s [* S F*

3.3 The category of involutive double vector bundles

The functor between double vector bundles and double vector sequences (Thm.
suggests that there should be a structure defined on double vector bundles that is the
double realization of an extended involutive structure defined on a double vector sequence.
This is what we achieve by means of the notion of a involutive structure on a double
vector bundle, given by a pair (D, H), where D is a double vector bundle and H is a DVB
morphism of a particular kind between D and its flip, which is reminiscent of a complex
structure, and we show that is equivalent to a linear metric on its dual. After describing
the morphisms that preserve involutive structures we show that such morphisms, together
with involutive DVB’s as objects, form a category —the ¢nvolutive DVB category—, which
turns out to be equivalent to the category of (extended) involutive sequences, and thereby
to the category of degree 2 manifolds.

Definition 3.22. An involutive double vector bundle is a pair (D, H), where D is a double
vector bundle (D; A, B; M)¢ and H : Dy— Dp is a double vector bundle morphism such
that

he = Ide, ha=-hz':A—B, and H*'=Id. (3.17)

An involutive DVB morphism is a double vector bundle morphism between two involu-
tive double vector bundles @ : (D, H)— (D', H') that preserves the respective involutive
structures:

boH=H od. (3.18)
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Remark 3.23. Considering as sets, we have Dy = Dp. But if we consider them with
their double vector bundle, their are not equal any more. Nonetheless, we have the map
Flip : Dp — D4 (already introduced in Prop. , that is the identity as a map of
sets, but the double vector bundle structures get flipped. Then, more precisely, we should
write the last condition in as ﬁ4 = Id, where H = Flipo H : Dy — D 4.

The sets of involutive DVB’s and involutive morphisms form the involutive DVB cat-
eqgory.

Remark 3.24. Notice that the conditions of H on the induced morphisms on sides and
core bundle imply that H is an isomorphism.

Remark 3.25. In terms of a decomposition © : D— A ® B @ C, we have the expression
H(a,b,c) = (=h,;' (b), ha(a),c+ ¥(a,b)). (3.19)
By the equality we have
opoha=hYyo0pa. (3.20)
Since hy = —hgl and h'y, = —h;,l, it follows that
wa=(Wy)toppohs=ngoppohy' =—hgoppohy.

Proposition 3.26. Let D be a DVB, and let © : D—A® B®C be a decomposition. If H
1s a DVB morphism that has the expression , then it is a DVB involutive structure,
i.e. H* =1d holds, if and only if U is “h-symmetric”, that is,

U(a,b) = U(h,*(b),ha(a)) Ya € A,b € B. (3.21)
Proof. Let’s compute H* using the decomposition:

H4(a, b,c) = H3(—h;11(b), ha(a),c+ ¥(a,b))

2(—a, —b,c+ ¥(a,b) — U(h(b), ha(a))) (3.22)
(' (b), —ha(a),c+2¥(a,b) — W(hy' (b), ha(a)))

= (a,b,c+2¥(a,b) — 2¥(h ' (b), ha(a))).

H
H

Hence, H*(a,b,c) = (a,b,c) if and only if ¥(a,b) = ¥(h,'(b), ha(a)).
]

Proposition 3.27. Let H : Dy — Dp be a DVB morphism such that its induced core
morphism is the identity on C. Then H is a DVB involutive structure if and only if

H? = (=14) © (~15),

where —1 4 is the multiplication by -1 using the D4 structure, and —1p is the multiplica-
tion by -1 using the Dp structure (both operations commute because of the compatibility
conditions of a double vector bundle).
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Proof. Using a decomposition, we can write
H(a,b,c) = (hp(b),ha(a),c+ ¥(a,b)),
whence
H*(a,b,c) = (hg(ha(a)),ha(hp(b)),c+ ¥(a,b) + U(hg(b),ha(a)).

Then, H?(a,b,¢) = (—a, —b,c) if and only if hg = —h;' and ¥(a,d) = U(h*(b), ha(a)),
which is equivalent to be involutive, as follows from the definition and Prop.
[ |

Remark 3.28. Again, as in the beginning of Rmk. we should actually state that
H(a,b,¢) = (—a,—b,¢), with H = Flipo H : Dy — Dy.

The corollary above shows that if the core bundle C' is zero, then H is equivalent to a
complex structure on the fibers of D =2 A ® B over M.

3.3.1 Self-conjugate double vector bundles

In this subsection we will show that in the category of involutive double vector bun-
dles, there is a particular subcategory that is actually equivalent, in a similar way that
the involutive sequence category was shown to be equivalent to the extended involutive
sequence category.

Proposition 3.29. The set of involutive double vector bundles (D, H) such that the side
bundles coincide A = B, and hy = —1d, with their respective involutive morphisms, forms
a subcategory that is equivalent to the whole category of involutive double vector bundles.

Proof. Given any involutive double vector bundle

4B
e

D B
QA‘/ C qu ,
prl

A——M

together with the involutive structure H, then we use h4 to obtain the pull-back bundle

hi(D)—2A 5 A
thJ C lqA ,
A
A a M

given by Prop. Then we have a DVB isomorphism

O :=py: hy(D)— D.

We claim that H := &' o H o ® is an involutive structure. Let’s compute the induced
morphisms on the side and core bundles, which we denote by h,, h, and ho, where the
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suffixes v and h mean vertical and horizontal, respectively. By (the proof of) Prop.
we have ¢, = Id4, o, = h4 and pc = Ide, then

hh =@, ohpo @y =hpohs=-Id,

hy =3y  ohao@y=hy'oha=1d,
and B
he = @o olde o 35t =1dc.
The condition H* = 1d follows immediately, since

HY=d l1oH'Y0od=0"10d =1d.

By construction, ® : h* (D) — D is an involutive DVB morphism. Thus, we have
showed that the inclusion functor is essentially surjective. Fully faithfullness is obvious.
|

Definition 3.30. The subcategory of Prop. will be called self-conjugate DVB cat-
egory, its objects will be called self-conjugate double vector bundles and its morphisms
self-conjugate DVB morphisms.

When a double vector bundle (D; A, B; M) is self-conjugate we will denote its com-
mon side bundle by F, so that E := A = B, and its core bundle by F', and we will comprise
the whole data by (D; E, F'; H).

Remark 3.31. If (®,04,05;00Mm) : (D;E,F;H)— (D', E',F'; H') is a self-conjugate
morphism, then Eq. (3.20)) implies that ¢4 = ¢p. Thus we will comprise the data of a
self-conjugate morphism by (®, g, ).

Remark 3.32. If we choose a decomposition of (D; E, F; H), then H has the form
H(a,b,c) = (b,—a,c+ ¥(a,b), a,be E,ce L, (3.23)

and ¥ : F @ F— F is a symmetric bilinear map.

3.3.2 Metric double vector bundles

In this section we introduce linear metrics (already treated in [41] and also in [29]),
and provide a nice characterization for them (Prop. [3.34) already stated in [41]. Next we
prove that an involutive structure on D is equivalent to a linear metric on (D).

Definition 3.33. Given a double vector bundle (D; A, B; M)¢, a metric (-,-)p, on Dg
is linear if

1. (v1,72)p, is a fiberwise linear function on A for every pair 71,72 € I'in(Da);
2. (v, E)DA is fiberwise constant for every v € 'y, (D 4) and B € Deore(Da);

3. <517 EQ>DA = 07 Vgla 52 c Fcore(DA)'

A double vector bundle endowed with a linear metric is called metric double vector bundle.
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Proposition 3.34. Let (D; A, B; M )¢ be a double vector bundle. Then a metric on D 4,
(-,) D4, 18 linear if and only if, the induced symmetric isomorphism ® : Dy—— D7, defined
by

(®(d1),d2)a = (d1,da)p,, (3.24)

is a DVB morphism.

Proof. Since ® is a vector bundle morphism over the identity on A, we can apply the
characterization of DVB morphisms given by Prop. So we need to prove that
(-,-)p, is linear if and only if ® defined by Eq. satisfies ®(Ijin(Da)) C Tin(DY)
and ®(Leore(Da)) C Teore(D%). But this is a direct consequence of properties 1,2 and 3
of Def. together with lemma [2.8] above.

[ ]

Proposition 3.35. Let (D; A, B; M)c be a double vector bundle endowed with a linear
metric (-,-)p,. Then the corresponding symmetric isomorphism

D—* B Dy —< ¢ (3.25)
QA‘( C JqB ¢ N ”Al B* "
A
A—L M AT Ny

induces isomorphisms pp : B— C* and p¢o : C — B* such that

vc = (pB)"

Proof. We already saw in Prop. that a DVB isomorphism induces isomorphisms be-
tween the corresponding side and core bundles, in particular ¢ and ¢¢ are isomorphisms.
Considering the restriction

Plkergy : BOC—C* @ B”,
the symmetry of ® implies, for every b1, b2 € B and every c1,co € C,

(eB(b1),c2) + (wc(cr), ba) = (P(b1, c1), (b2, c2)) 4
= (®(b2,c2), (b1,c1))a
= (pB(b2), c1) + {pc(c2), br),

in particular, taking (b1,= ¢1) = (b,0) and (b2, c2) = (0, ¢), we get
(@B(b)a C> = <QOC(C)7 b>7

that is, po = (¢5)"
| ]

Proposition 3.36. Given a decomposed DVB, D = A® B & C, there is a 1:1 correspon-
dence between linear metrics (-,-)p, on a DVB (D; A, B; M)c and pairs of vector bundle

morphisms
¢0:B—C* —and T:A—S’B*
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Proof. We already have a 1:1 correspondence between linear metrics and symmetric DVB
morphisms ® : D — D* over the identity. By Cor.

®(a,b,c) = (a,pp(b), pclc) + ¥Y(a,b)), V:A® B— B*

and by Prop. oo = ¢p. Define ¢ := pp and 7(a) := ¥, = ¥(a, ) : B— B*, then
it remains to show that ® is symmetric if and only if 7(a) is symmetric. We compute

<<I>(a, b17cl)7(a7b2ﬂ02)>14 = <(a790(b1)7§0 (Cl —i—T(CL ( ))7(a7b2702)>14
= (p(b1), c2) + (@™ (c1), b2) + (7(a)(b1), ba). (3.26)

Now @ is symmetric if and only if

(q)(a, bl,cl), (a, bg, CQ)>A = <®(a, bQ, Cg), (a, bl, Cl)>A,

which in view of (3.26)) turns out to be equivalent to

(r(a)(br), b2) = (7(a)(b2), br),

hence @ is symmetric if and only if 7(a) : B— B* is symmetric.
[

Remark 3.37. From the proof of Prop. [3.36]it follows immediately that the linear metrics
on a double vector bundle are actually sections of a vector bundle over M, denoted by
S2 (D*), with the isomorphism

Sz (DY) 2 B*®C*® A* @ S*°B*.

Analogously as we did with linear metrics, we can define linear 2-forms on a double
vector bundle over, say, the horizontal side bundle B, and likewise we also have linear
bivectors. 'The linearity property again can be characterized in terms of the induced
morphism between a double vector bundle and its dual; for example in the case of linear
bivectors, we can characterize them as those elements of II € T'(A2Dp) such that the
induced morphism IIf : D% ——D is a double vector bundle morphism. The sets of linear 2-
forms and linear bivectors are denoted by 'y, (A%2D %) and I'in(A%2Dp), respectively, which
are sections of vector bundles over M, denoted by Q2 (Dp) and A2 (Dp), respectively,
which are isomorphic to

Qf.(Dp) 2 A*® C* @ B* @ A?A*

and
A2 (Dp)=C®A® B*® AC,

respectively.
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3.3.3 Equivalence between involutive structures and linear metrics on

double vector bundles

Proposition 3.38. Let (D; A, B; M) be a double vector bundle. Then there is a 1:1
correspondence between involutive structures on D and linear metrics on the dual (D})c,

that is, a symmetric double vector bundle isomorphism

®:(D5)er — (D).

(3.27)

Proof. Suppose first that D is involutive, so that we have the involutive structure H :

D4 — Dpg. Introducing a decomposition, we have
H(a,b,¢) = (ha(a), =h,' (b), ¢+ ¥(a,b))

whereby
Hi (b, ,0) = (3 (0), 5, ~ (3 )" () + W (),

where ¥, : B— C'is given by ¥,(b) = ¥(a,b). Then, we claim that the isomorphism

b = TA o HZ : (D*B)c* — (D*B)E*
is symmetric. Indeed, the decomposed form of ® is given by
®(k, b, ) = Ta0 HA(b, 5, 00) = Talhy' (0), 5, = (h3") (@) + ¥} (1))

= (5, —h3 (), ~(B1) () + W} (),

whence

O (1, by @) = (1, =y (0), —(hx")* (@) + (D)),
where U, : B—s B* is given by U, (b) = ‘Ilz—l(b)(“)v whereby, for every b,b’ € B,
<{I;2(b)7b,> = <Ejﬁ(b/)vb> = <q12,1(b/)(ﬁ),b>
A
= <\Ijh21(b’)(b)7 ’%> = <\Ij(h;11(b/)a b)> ’{>'

While,
(L1 (KD, ) = (@) (), ) = (T (R (B), 1), ),

hence, ®¢.. = @ if and only if
U(h L (V),b) = W (h (D), b)), Vb,V € B,
which, since hgl is an isomorphism, is equivalent to
U(a,b) = ¥(h (b), hala)), Ya € A,b € B,

which, by Prop. is equivalent to H* = Id.
Conversely, if there exists a symmetric isomorphism (3.27)), then we define

H:Dys— Dp

(3.28)
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by the condition that its transpose H’ satisfies , so that
H:=®% o (YY) ':D—D.
By what we have done above, if the decomposed form of ® is given by
B(r,b,0) = (k, 95(b), pa- () + T(x,b)),
then just reversing the steps we conclude that the decomposed form of H is given by
H(a,b,c) = (b,—a,c+ ¥(a,b)),

with (U(a,b), k) = —(¥(k,a),b). And we already saw that in this case H* = Id if and only
if ® is symmetric. Therefore, H is a skew-statomorphism, and thereby D is involutive.
[ ]

Remark 3.39. In [29] M. Jotz defines a morphism between two metric double vector
bundles

(D7 <‘, >A> - (D/7 <‘7 '>A’)
as an isotropic relation
QcDxD

that is dual to a double vector bundle morphism w : D}, — (D’)};,. With this definition,
she proves in [29] that the category of degree 2 manifolds is equivalent to the category of
metric double vector bundles.

It can be verified that morphisms of metric double vector bundles defined in this
way, correspond exactly to involutive morphisms between the respective involutive double
vector bundles given by Prop. Hence, we actually have an equivalence of categories.

3.3.4 Equivalence between involutive sequences and involutive DVB’s

Now we establish the connection between the category of involutive sequences (already
shown to be equivalent to the category of degree 2 manifolds) and the category of involutive
double vector bundles.

Theorem 3.40. The category of involutive sequences and the involutive DVB category
are equivalent.

Proof. In view of propositions and it is enough to have an equivalence functor

2 {self-conjugate DVB’s} ~» {Extended involutive sequences} (3.29)

{self-conjugate morphisms} ~~ {Extended involutive morphisms}.

For the construction of this functor and the proof that it is indeed an equivalence of
categories, we will rely upon the double realization functor and its inverse, given in Thm.

D.8
Given a self-conjugate DVB (D; E, F'; H) we define

A(D;E,F; H) := (&(D), E, F; (Flip*)! o &(H)),
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where &(D) = C2(D)* — E® E and &(H) = H are given in Thm. [D.8, and (Flip*)!
comes from transposing diagram ((C.59))

C— 7 C=(Dp)— 2 S B®A, (3.30)

Jld l(Flip* )t l*

C— o CR(Da) —2—— AeB

where in our case, the top sequence, for example, is given by

* L*
F 2 02Dy —5 E® B,

the suffix h meaning, as usual, that we are considering the horizontal vector bundle struc-
ture.

We claim that (&(D), E, (Flip*)! o G(H)) is an extended involutive sequence. Indeed,
taking into account Eq. (IB_Z'é]) and Prop. [C.38] it follows that H satisfies diagram .
Moreover, from Rmks. [3.28 and [C.39) and again using Prop. |C.38} we see that ((Flip*)* o
H)? =1d.

Given a self-conjugate DVB morphism (®, ¢p,¢) : (D;E,F;H)— (D'; E', F'; H'),
we define

AP, o, 0) = (P08, vE; @),

where, again, &(®; g, pg; ) = ((f), Y, pE; ) is given in Thm. So functoriality of
2 follows from functoriality of ©. Also, It follows from (3.18) and Rmk. that

boH=Hod,

thus (®; vp, ¢E; @) is indeed an involution preserving morphism, and therefore we have a
well-defined functor 2, as we claimed in (3.29)).
Now, let’s prove that 2l is essentially surjective. Given an extended involutive sequence

(Q,E, F; 1),
consider the pair
DQ—E® E;M)p;D(Z; -1dg, ldg; 1dy)),

where ®(Q— E® E) = D(Q2) and D(Z; —1dg, Idg; Idys) = D(Z) are given in Thm.
The morphism Z is given, using the natural isomorphism Q = C£°(D(Q2))* and diagram

lin
(3.30)) upside down:

P " ey — 2 L E®E , (3.31)
Jm IJ J*

F4P>Cﬁi(D(Q)v)* 3 EQ®FE |-1dgcldg

Jld (Flip* )tJ J*
p* th

F——— s 02(DO)y) ——— EQF

lin



3.3. THE CATEGORY OF INVOLUTIVE DOUBLE VECTOR BUNDLES 38

so that the double realization of Z is a DVB morphism

D) : D(Q)— D(Q), (3.32)

where D(Q2) stands for the flip of D(£2).
Now we claim that (D(Q); E, F'; D(Z)) is self-conjugate DVB. For this it is enough to
show that H := D(Z) is an involution structure that satisfies the condition of Prop.

By construction, we already have that H is a DVB morphism between D(2) and its flip,

and thg ha = —Ida, hg = Idp and h¢o = Id¢. So it remains only to show that ﬁ4 =1Id,
where H = Flip o H (see Rmk. [3.23). Observe that we have a natural identification Flip
in this case is given by

Flip : D(2) — D(Q)
((25,61,62)*)((25,62,61)_

Using this identification, from the definition of H we have

H'(¢,e1,e0) = H (Z(9), 2, —€1)

= H'(¢,—e1,—e2)
- ﬁ(i.<¢)7 €2, _61)
= (¢7 €1, 62)7

that is, " = Id, as we wanted. Therefore, we have obtained an involutive DVB
(D(Q), E, F; H),

and because of the way it was built, it is evident that A(D(Q), E, F; H) is canonically
isomorphic to (Q— E® E; M;T).
Fully faithfulness of 21 follows directly from Thm. and the functoriality of ©.

3.3.5 Some immediate consequences of the equivalence of categories

We have seen in Thm. [3:40] that, given a self-conjugate DVB, there corresponds in a
natural way an involutive sequence. In view of Prop. [3.38] we would like to see how the
involutive sequence relates to the symmetric ® : Dp+ — D%., where Dp« := Dj is the
dual of the self-conjugate DVB D with respect to the horizontal fibration. This is what
we do in the next proposition.

Proposition 3.41. Consider an involutive DVB (D; E, F; H). Consider its corresponding
involutive sequence (F* — E ® E,T), where, according to (the proof of) Thm.

F*=C2(Da)* and T = (Flip*) o H.
Consider the isomorphism

Zp:=7Zpo Flip* : C2(Dy) Hé\*h, (see diagram ,
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where, as usual, v and h mean, respectively, the wvertical and horizontal vector bundle
structures (remember that the side bundles are equal).
Then B B R
ZpoTIloZg' =T 1oy, (3.33)

where T : 6\'*h—>(6’:‘h)* 18 the isomorphism introduced in Prop. and &’h : é’j‘hﬁ(é:h)*
is the induced morphism given in Prop. [C-1§

Proof. By Prop. we have

T'=Zo¥s |,
whereby, using Eq. (3.28) and Rmk.
T_lo:I\)h:ZoﬁiloﬁoI/{:f:ZoEf. (3.34)

On the other hand, by Prop.

Ciin (D) —————— (Do) (3.35)
- -
X " X
C*h 4 C*v

thus, taking into account that H* = H ¢ and using 1D
ZpoTloZz' = Zp o Flip* o H* o Flip* o (Flip*) ™! 0 Z5!
= ZBoFlip*oZZ1 oZAoI{*oZ];1
=Zo I/{\;‘ o/Zpgo Zgl
g Z (@] ﬁ—\;)k’

whence, from , it follows (|3.33]).
]
Now we want to compute the symmetric morphism @ in terms of a special kind of
decomposition of Dg«, the ones that come from splittings of the corresponding involutive
sequence. First we observe that these splittings actually yield decompositions of the
corresponding metric double vector bundle. We put this observation as a remark for
future reference.

Remark 3.42. If Q* is decomposed as in (3.11]), so that the exact sequence
0—E"QFE" —Q"—F"—0 (3.36)
becomes B
0— A’E* @ S’E* — S?E* @ F* — F* — 0, (3.37)

then any horizontal lift of the involutive subsequence (3.14) yields an horizontal lift of
1) Indeed, since, by definition, the projection p : F* — F™ is just the restriction of
p: Q" — F* if we compose a horizontal lift 1) of 1) with the inclusion F* — Q* we

get a horizontal lift of (3.36]).
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Proposition 3.43. Let (D; E, F; H) be a self-conjugate DVB, and denote by (Dp~, E; ®)
its corresponding dual metric DVB. Then

»=0"100, (3.38)

where © and © are the decompositions of Dp+ and D7., respectively, induced by some hori-

zontal lift 1 : F*—F* of (see Rmk. , where F* comes from the decomposition
5.11)).

Proof. If©, O are decompositions corresponding to an arbitrary horizontal lift ) : F*—F~

of (3.36)), then by Cor.
OodoB(E e,e) = (£ 6,6+ U(E e)), U e(F®E*® EY).

Therefore, we must show that if the decompositions come from a horizontal lift ¢ :
F*— F* of 1’ then ¥ = 0, or equivalently,

é oPoO = IdF*eBEeBE*-

From Eq. (C.51) and diagram (3.10), and _since F* is the fixed point set of Z°, it follows
that a horizontal lift ¢ taking values on F* yields the following decomposed expression
for the left-hand side of (3.33)):

ZpoTlo Zz'(n, f) = (&, —n"), Ve e D(F),n € E* @ E*.

From Egs. (C.25) and (3.33) we conclude that, from an horizontal lift taking values on
F*, the decomposed form of ® is given by

®(&,m) = (&m).

Finally, from Eq. (C.29) we conclude that ¥ = 0, and therefore the decomposed form of
® is the identity, as we wanted.
[

3.3.6 Examples

Proposition 3.44. Let (D; A, B; M) be a double vector bundle. D and D% have one side
bundle in common, namely A, so that Prop. applies, so that we obtain the double
vector bundle
Do D}.
5 A

Then
(D % DZ)*BEBC* —— B C*

l l (3.39)

B C* — M

18 a self-conjugate double vector bundle, with core bundle A*.
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Proof. Notice that

(D ® D)o Vse: = D@ Diy
and we have a symmetric isomorphism
Do DY)y =Dy®oD=Dg® D,
( A A)A A Y Y] A

which preserves A, B&C* and C'® B*, then it gives a linear metric dual to a self-conjugate
structure.
Involutivity also can be seen as a consequence of Cor. [C.44]

]
Example Let A be a vector bundle. Consider the double vector bundles
TA M TM T*A "2, A
ol e el e
RN Vi A =
Then, by Prop. we obtain the double vector bundle
1%§WAEﬂﬂiTM@m
qu quM@A* (3.40)

A
A —_ M

and by Prop. dualizing we get the self-conjugate double vector bundle

(TA aAa T*A)ryear — TM @ A*

l l (3.41)

TM & A* LI M

with core bundle A*.

3.4 The dual sequence of an involutive DVB

Since we want to determine a 1-vector field @ without splitting the degree 2 manifold,
we need a notion of dual contraction for functions of degrees 1, 2 and 3, so that we can
imitate formulas to determine the action of ) on functions of degrees 0,1 and 2. The
characterization of a degree 2 manifold in terms of certain double vector bundles allows
the notion of duality for double vector bundles come to our aid.
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Let D be a self-conjugate double vector bundle, so that D+« = Dj (h stems for the
horizontal bundle structure) is the double vector bundle

Dpr — L E (3.42)
qp+ E* &
F*
F* d M

i
with some symmetric isomorphism ® : Dp« = D7... We want to explore the structure of

D—% L F (3.43)
q2 F qE
E

E—%Y M,

particularly we want to describe a symmetric pairing on the linear bundle E , taking values
on F.

Definition 3.45. Let D be a self-conjugate double vector bundle. Then the linear bundle
E, corresponding to linear sections of Dy, fits in the exact sequence

E*®F —E - FE (3.44)

which will be called the dual sequence of (3.14)).

Remark 3.46. In Cor. we give an intrinsic characterization of the dual sequence, in
the sense that it is defined just in terms of the involutive sequence data.

Definition 3.47. Let F* be the linear involutive bundle corresponding to a self-conjugate
DVB D (which is a vector sub-bundle of the linear bundle corresponding to linear sections
of the dual Dp- over E), and let E be the linear bundle corresponding to 'y, (D). Then
there is a tensor T € T'((E)* ® (E)* ® F), given by

(T(1,82),7) = ((v: 1), b2), (3.45)

for ¢1, 2 € T(E) = Tyin(D) and v € T(F*) C T(F*) 2 Ty ((Dp-) ), where, for a function
¢ on E, linear in the fibers (in our case (7, ¢1)), we consider the core section € inside D+,
thanks to the identification C{2(E) = I'(E*). Thus, the duality pairings in (3.45) make

lin
Sense.

Proposition 3.48. Let W € T'(S2(E)* @ F) be the symmetrization of T, that is

W (1, ¢2) := T (1, p2) + T(P2, P1)- (3.46)

Then W takes values on F' which is viewed inside F (see the exact sequence . There-
fore, W e T(S*(E)* ® F).
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Actually, if we choose a horizontal lift i : F*HFV*, we obtain decompositions in D px
and D, and we can write

bi=mnite,i=12, (3.47)
where n; € I'(E* @ F) 2 T'(Hom(E, F)) and e; € I'(E). Then
W (g1, ¢2) = m(e2) + m2(e1) (3.48)

holds. In particular, the expression on the right-hand side of doesn’t depend on the
horizontal lift 1.

Proof. Let v € F(ﬁ*) The horizontal lift ¢ allows us to write
Y=C+A
with ¢ € T'(F*) and A € ['(A2E*). Then
(v; 01) = 11 (C) + Alen),

where we are viewing 71 € I'(Hom(E, F))), so that nf € I'(Hom(F*, E¥)), and A €
I'(A2E*) c T'(Hom(E, E*)). Then we have

(T(p1,02),7) = ((v,¢1), d2) = (M7 (C), e2) + (A, e1 Aez)
= (C,m(e2)) + (A e1 Aea).

Likewise
<T(¢27 qbl)v 7> = (C? 7]2(61» + <)‘> ez N 61>
holds. Therefore,

(W (1, 92),7) = (T(¢1, 92) + T(p2,¢1),7) = (m(e2) + na(e1), (), (3.49)

that is
W (1, 2) = m(e2) +n2(e1).
]
Remark 3.49. In order to get the expression
m(ez2) + na2(e1) (3.50)

invariant it is crucial the involutivity of Dpg«, for, in order to arrive to Eq. , we
needed the skew-symmetry of \.

We can check also directly that doesn’t depend on the horizontal lift, in order
to see more clearly that this independence strongly relies on the involutivity of Dp«. Let
1/, be another horizontal lift, then according to this splitting we can write

¢2:77;+€7,7 i:1727
and by Prop. (C.15)), we get
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where ¥ : F @ F* — E* is given by
U(e, ) = (" =) (C)(e),

and ¥.(¢) := ¥(e, (), so we conclude that
(U2, (e5),¢) = (W(ei, Oes) = (V' = ¥)(C)(er), €)-

Since (¢ —1)(¢) € A2E* (and here is entering the fact that Dp« is involutive), we get
(U (e5),C) = —(¥ = ¥)(O)(e5), e3) = —(¥E (e3), C), (3.51)

whence,
m(e2) +my(er) = mi(e2) — g, (e2) +ma(er) — Vg, (e1) = m(e2) + ma(er). (3.52)

Corollary 3.50. Let (D; E,F;H) be a self-conjugate DVB, so that its dual Dp~ is en-
dowed with a linear metric ®, given by Eq. . Then, after identifying F' = C£S(F™),
we have

(11,72)Dpe = W(Z 0 Bpe(m1), Z 0 D= (72)), V711,72 € Din(Dr), (3.53)

where W : S2E — F is the pairing introduced in Prop. § and Z F* — E is the
isomorphism given in Prop. [C.33, and

<’77§>DF* =(roZo </I;F* (7),€), Vy € Thin(DF+), € € Leore(Dr+), (3.54)
where 7 : E— E is the projection.

Proof. Let’s denote EF* the linear bundle corresponding to I'jy,(Dp+). To prove ,
let’s choose a horizontal lift ¢ : F* — F * which induces the corresponding lift v :
E *)E’F*, and also a horizontal lift zZ* E—F , on the linear bundle corresponding to
Tjin(D), where D = (Dp+)}; (see Rmk. [3.42). Denote by © : Dp+ — F* & E @& E* the
corresponding decompos1t10n Then, recalling that the 1nduced morphism of © on EF* is
given by K : Ep- — Hom(F*,E*) & E (see Prop. , and writing K(v;) = (n;,€;)
with 7; € Hom(F*, E*) 2 F @ E* 2 E* ® F and e; € E, we have, denoting by K’ :
E — Hom(F, F') ® E the morphism induced by w*,

K/(Z o (I)F* (71)) = (niaei)7

which follows from ((C.55)) and the fact that ® is a statomorphism. Thus, using Prop. |3.43

(@(m1):72)F = (©(M), O(12)) = (K(n), K(72))
=n(e2) +nale1)
= W(Zo®p+(11),Z 0 ®p=(12)).

Analogously, to prove (3.54)), writing v = n + €, we have
(7,E) g = (€,€) = (0 Z 0 Dp-(7),6).
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Remark 3.51. If we consider the induced metric on the dual D%., which is also linear,
given by
(w1, wa)pr, = (@ (wr), wa) p,

then we have the following formulas:

<w1,w2>D}* = W(Z(wl), Z((,UQ)), le,WQ S F]in(D}*), (355)
<w,§>D}* = (Z(w),§>E = <7T o Z(w), €>, Yw € th(D}*)7§ € FCOIQ(D};*). (3.56)

3.5 The GLA of vector fields on a degree 2 manifold

In this section we describe the GLA (graded Lie algebra) of vector fields on a degree
2 manifold with the (graded) commutator bracket. We will see that core sections of the
corresponding involutive DVB D coincide with -2 vector fields on M and linear sections
on D coincide with -1 vector fields.

Consider the graded vector space A = X(M) of graded vector fields on a degree 2
manifold M, which are by definition operators on the sheaf Oy such that, if X € X(M)
is a (homogeneous) degree k vector field, then X (f) has degree k+r for every homogeneous
degree r element f € Oy, that is,

(X (P = X[+ 7]

and satisfies graded Leibniz rule

X(fg)=X(fg+ )X rx(g),

for every homogeneous functions f,g € Oyy.

Locally, X(M) is an O(U)-module spanned by {%, %, %}, where {x! e a¥} are
local coordinates spanning O(U). The vector fields % are dual to e# and are assigned
degree -1 by the usual convention of graded duality. The vector fields agy are dual to o”

and hence are assigned degree -2. Therefore, X(M) is a graded vector space

D x(M,

k=—o00

which actually is endowed with an Op;-module structure. In particular, since the degrees
of Oy are non-negative, we see that X(M)_ is C°°(M)-spanned by {agu} and X(M)_;
is C°°(M)-spanned by {a%, " ® agl, } Now, from Eq. , it follows that if we choose
another coordinate system {z*,g*,a@"} for O(U), then

8  Obh(z)a®) & .. . d
oa’ dav dod b{,(l’)@, (3.57)
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and

a(ag\(m)gj) g O (b%(x)oz“ + %cin(:v)s)‘an) )

e TR S RET Do
0 1 OeM) 0"\ 0
_ A Y -V Ye Jn _ AYS
(%) gz + 5%0(@) ( FETR &u) Do
LD 9

4

= au(ﬂj)@ + Cun(.’ﬂ)gnw, (358)

from which we conclude that X(M)_y = I'(F) (recall that F = ker p = F/A2E, see Eq.
(3-3)), and there is a vector bundle G such that X(M)_; = T'(G), and G fits in the exact
sequence

0—FE"®Q F—G—FE—0. (3.59)

This local analysis suggests the following result.

Proposition 3.52. Consider a degree 2 manifold M, and its corresponding involutive
DVB D. Then, there are canonical isomorphisms of C°(M)-modules

~

X(M)-2 = Teore(D) =T(F)  and  X(M)_1 = Tin(D) = L(E).
We will denote these isomorphisms by
E— 1 €X(M)_2 and ¢—1y € X(M)_y, (3.60)
for ¢ € D(F), and ¢ € T(E).

Proof. We begin by establishing a canonical identification X(M)_2 = Tcore(D). First
observe that any section & € T'core(D) is canonically identified with a linear functional
fe € Hom(ﬁ\*,R) such that E* ® E* C ker fe. In fact, these functionals are precisely
the ones that descend to the quotient F™*, and therefore are canonically identified with
the elements in I'(F'). Then take any X € X(M)_s. Since X has degree -2, it follows
that, for any ¢ € A% = T(F*), X(¢) € A° = C™(M), and by Leibniz rule, and again
degree reasons, we have, for any f € C*°(M), X(f{) = fX(¢). Then, X defines a linear
functional fx on ]5*,

fx(¢(m)) == X(¢)(m),

which satisfies, by Leibniz rule, and once more relying on degree reasons, we conclude that
fx(e1Ne2) = fx(e1)e2 —e1fx(e2) =0, Vey Aey € A’EY,

which implies that A?E* C ker fx. We can extend fx to a functional f¢ € Hom(l/ﬁ‘ ,R)
by setting fe(s) := 0 for every ¢ € S2E*, so that E* ® E* C ker f¢, and therefore we can
associate to X the corresponding core section to fe. And conversely, given f¢, we just
define X (f) = X(¢) := 0 and X(¢) := fe(¢), and then we can extend it by Leiniz rule to
the whole space of functions A obtaining a vector field X € X(M)_s. Therefore we have

X(M)_2 2 Toore(D) = I(F).
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As for X(M)_;1, we want to find a canonical correspondence of vector fields X €
X(M)_1 with linear sections of D. By the characterization of linear sections given in Cor.
2.9 it is enough to associate to X a pair of linear functions

fm i F*—E* and fp-:E*—R,

satisfying fm(7) = fg- o7, for every 7 € E* @ E* C . So, using the canonical
decomposition F* = S2E* @ F* given by the involutivity structure, and the canonical
identifications I'(E*) 22 A! and I'(F*) 2 A2, we set
fe- () == X(e), Ve € I(E™)
and ~
frc+Q) = fpoc+X(Q),  VeeT($°E"),¢ e T(F™).

Since X has degree -1, derivation rule implies that fg~ and fz are tensorial with respect to
C*>°(M). Also by degree reasons we have that X (¢) € C>°(M) and X (¢) € I'(E*). There-

fore fp« € Hom(E*,R) and fz € Hom(F™*, E*). It remains to verify the compatibility
condition. First observe that, from Leibniz rule we have, for e1 A eo € I'(A2E*),
X(e1 Neg) = X(e1)ez —e1X(e2)
= fr+(e1)e2 — e1fp+(e2)
= fpxoe1 Nea.

By C®°(M)-linearity, it follows that X (\) = fg+ o A for every A € I'(A2E*). Then, take
7 € T(E* ® E*). We can write 7 = ¢ + \, with ¢ € ['(S?E*) and \ € ['(A2E*)

f(m) =fm+AN) =fpros+ fproX=fp-oT.
Conversely, given such a pair of linear maps fz, g+, we define
X(f):=0, X(¢):=fp-(e) and X(C):=fm=((),

and observe that we can extend X to the whole space of functions (which is generated as
a graded algebra by A°, A! and A?) by Leibniz rule, observing that the definitions given
above are consistent with this rule because of the linearity of fg«, fz and the compatibility
condition they satisfy.

|

Corollary 3.53. Given an involutive sequence (E,ﬁ P2 A2E), then the sections of
the dual sequence E* @ FF— E—— FE, defined in Def. are canonically identified with
pairs of linear functions

foo ! F*—E* and fp-: E*—R,
satisfying [ (T) = fe- o7, for every T € A2 E* C F*.
As a consequence, the fibers of the dual bundle E are given by

Em = {p € Hom(F", EX)|3e € En s.t. p(A) = te), VA € A2Ep, ).
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Corollary 3.54. With the identifications of Prop. we have, for every ¢ € F(E),é“ €
['(F),e e T'(E*) and v € T'(F*),

(7)) = (9,1 E, () =(0,8)p, and () =(7)E.

Remark 3.55. In the degree 1 case, that is, when we are given a 1-manifold M, there is
a vector bundle A — M such that A! 2 T'(A4*) and M = A[1]. In this case, we have

since, by degree reasons, X(s) € C*(M), Vs € I'(A*), X € X(M)_q, and from Leibniz
rule, and again by degree reasons, X (fs) = fX(s) for all f € C>*°(M) and s € I'(A*),
therefore, we canonically associate to any X € X(M)_; an element in I'(4). And con-
versely, given ¢ € I'(A), we define X := 14 € X(M)_1 by

tp(f) =0 and 1y4(s):=(¢,s), VfeC®(M),secl'(4"),

and extend X to the whole space A by Leibniz rule, observing that the definition of X (fs)
is consistent with this rule because (¢, fs) = f(®, s).

The above proposition has, as we will see, some powerful consequences. The first one is
that it provides a nice interpretation of the symmetric pairing W : S?(E£)— F introduced

in Prop. [3:4§

Proposition 3.56. The tensor W € SQ(E)* ® F introduced in Prop. is given by the
commutator of the corresponding vector fields:

W(¢17 ¢2) = [/’¢17L¢2] S %(M>—2 = F(F) (3'61>
Proof. From Cor. and Eq. , we get
<T(¢17¢2)77> :[‘¢2[’¢1(FY)7 V¢1,¢2 GF(E\%’YEﬁ*v

from which, and taking Cor. into account once more, Eq. (3.46) casts

(W (1, 82),7) = (T(¢1, ¢2) + T(¢2, $1),7)
= lgaley (7) T Lpilgs (7) - [[’¢17[‘¢2}(’7)7

where, for the last equality, we also used that the degree of 1y, and 1y, is -1.

3.6 Metric sequences

Inspired in the work of M. Grutzmann and T. Strobl [24], we introduce yet another
class of geometric objects, which are in 1:1 correspondence (up to ismorphisms) with
degree 2 manifolds. This time the structure is placed on the dual sequence ([3.44)).

Definition 3.57. A metric sequence is defined by the following data
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a triplet of vector bundles, which we denote by (F, E, E),

e a non-degenerate surjective symmetric product (-,-) : S2E——F taking values in F'.
e a surjective vector bundle morphism 7 : E—E , such that

o mon* =0, where 7* : E* ® F— F is the adjoint of 7 with respect to (-,-):
(7" (n), ¢) == n(m(e)), VneE*®@F ¢ € L.

We have the following result.

Theorem 3.58. An exact sequence of the form
E*@E"—Q—F"
1s involutive if and only if the dual sequence
E*Q F—E—E
18 metric.

Proof. If we have an involutive sequence, we obtained a symmetric product W : S 2 F

in Prop.
Conversely, let R
EFF@F—FE—FE

be a metric sequence. Then, by Cor. we can obtain the dual sequence
E*®@ E*—Q— F*. (3.62)

By Cor. the sequence (3.62)) corresponds to an involutive sequence (in the sense
that it comes from an involutive sequence extended by S2E*) if and only if we can find a
subbundle F* C 2 that fits in the exact subsequence of 1|

00— A2E* -5 F* 25 0. (3.63)

So we will obtain such subbundle F*. We begin by observing that axiom 1 of Def. -
implies that E* ® F', viewed inside E through the injection 7*, is 1sotr0plc w1th respect
to (-,-). Next we observe that we can find an isotropic horlzontal lift of (5.29) by first
choosing any horizontal lift ¢ : E* —)E and then defining ¢ : E —>E by

Y =1y — 7" 0 By, (3.64)
where By, : E— E* ® I is defined by

1
Byg(e1)(e2) := 5 (o(er), do(ez)), Ver,ez € E.
Observe that, for an isotropic lift we have

(#1,02) = (m + €1,m2 + €2) = m(e2) + m2(e2). (3.65)
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Now we define B _
F* = (F*) @ 1(A’E*) C Q, (3.66)

where QZ : F* — (1 is the dual horizontal lift given by Cor. corresponding to any
isotropic horizontal lift ¢ : E* — FE. We must show that F™* doesn’t depend on the
isotropic horizontal lift chosen . Indeed, if ¥/ : E/ — I/ is another isotropic horizontal

lift, then by Eq. 1) we have, for every ¢1, 99 € E,

m(e2) +m2(e1) = (o1, ¢2) = ni(e2) + mh(er)
=m(e2) — We, (e2) +n2(e1) — ey (e1),

which implies that
\Ilel (62) = 7\1]62 (61)7 velv e € E,

which in turn, by Prop. [C.15] implies that
B(Q) —P(Q) = U € A7, V(e F.
Thus, ¥/(¢) = ¥(¢) + LS F*, whence,
O(F*) @ u(A2E*) = F*,

that is, F* doesn’t depend on the isotropic horizontal lift ) chosen. Therefore, we have
found an involutive sequence A?E* BN

3.7 Geometric description of degree 3 functions on a degree
2 manifold

One of our main aims is to describe a @-structure on a degree 2 manifold, without the
choice of a splitting. To achieve this, the notion of duality is instrumental, which enables
us to obtain a geometric characterization of degree 3 functions on a degree 2 manifold
in terms of a pair of vector bundle morphisms. This can be seen as a by-product of our
characterization of degree 2 manifolds as involutive double vector bundles.

Now we go onto describing a degree 3 function on a degree 2 manifold in terms of
its corresponding involutive double vector bundle. More precisely, in terms of the pairs
of bundles (F,E) and (E, F), but we use the whole structures of Dp~ = Dj and of
(Dp+)3; = D as an auxiliary tool, and also as a geometric guide (recall that the suffix h
indicates that we perform the dual using the horizontal structure).

We encourage the reader to consult Sec. [6.4.2] in order to see the concrete example
when the degree 3 function comes from a Courant algebroid.

Theorem 3.59. Let M be a degree 2 manifold. There is a 1:1, canonical, correspondence
between degree 8 functions on M, 0, and pairs (0%,9%) of vector bundle morphisms

9§:F—>E*; Hg:l/?\—)ﬁ*,

which intertwine in the following way:
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1 (63(6),0) = (64(9),6),  VEeF ¢eck.

2. Forne F*®F,
05 0 u(n) = (6} om)* — 6 o € AE

holds, where 1 : E* ® F——F is the inclusion.

3. The symmetric part of 05 s given by

(05(61). 62) + (05(62), 1) = 05 (W (61, 2)),
where W : S2(E) — F was introduced in Eq. .

Proof. We will describe two processes, one inverse of the other, the first one to obtain the
pair (0?, Gg) from a degree 3 function # on M, and the other to obtain a degree 3 function

from a pair (9?, 93) satisfying the three conditions of the theorem.
Let’s introduce provisionally a horizontal lift, which also induces a splitting of the
degree 2 manifold. Thus, the space of degree 3 functions is decomposed

AP 2 T(E*® F* @ A3 E*),
Again because of the horizontal lift we have the inclusion
['(E*® F* & A*E*) C T(A*(Dp+)g),
given through
I(E*® F*® AE*) CT(E*® F* ® E* ® A°’E*) 2 T} (A*(Dp+) p),

where the set of the right-hand side is the set of linear 2-sections on (Dp+)g, see Rmk.
It is important to notice that the space I'(E* ® F* @ A3E*), viewed as a subspace
in T'(A?2(Dp~)g), is not invariant under a change of horizontal lift, because an element in
['(E* @ F*) will change to an element in T'(E* @ F* & E* ® A2E*) ¢ T'(E* @ F* @ A3E™).
Thus, the embedding

A* C T(A*(Dp+)p)

0 0 (3.67)

depends strongly on the horizontal lift. For a function 6 € A3, the corresponding 2-section
0 € A?>(Dp+)g decomposes as L
0 =01 + 02,
with 8, € T'(E* ® F*) and 65 € T(AE*). Then we define
0(6) = (£,0) = (€.61) € T(E"), (3.68)

where £ € T'(F'), and the pairing on the right-hand side stands for the _insertion operator
of the section & € Teope((Dp+)%) = Leore(D) C T'(D) in the 2-section 61 € T'(A?(Dp+)g),
which is simply the evaluation

(& 01) == —01(8), (3.69)
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after identifying I'(E* ® F*) = I'(Hom(F, E*)). Notice that b, is well-defined, in the sense
that it doesn’t depend on the horizontal lift we chose. It is only 6 that varies with the
choice of the horizontal lift.

~

Now, for p =n+e e I'(E) ZT'(E*® F & E), we define

04(¢) = A+ ¢ € T(F*) = D(A2E* & F*), (3.70)
where
¢ = (65)"(e), (3.71)
and R
A= (08 o) — 6 o — (2,6,), (3.72)

where, again, the pairing in the last term on the right-hand side stands for the insertion
operator, provided by duality contraction.

It is worth making explicit here the inclusion A>E* C A?(Dp«)g for an element of
the form €1 A g3 A €3 in order to understand what’s going on. Denoting the inclusion by
L: A3E*— A%(Dp+)g, we have

L(El/\EQ/\€3):a/\5®63—§/\§®82+5/\§®61, (3.73)

where, as usual, for a section € € I'(E*), € is the corresponding section in I'core((Dp+)E),
so that, for 05 = g1 A g2 A €3 we have explicitly

(€,02) = (e,e1)E7 ® €3 — (e, €9)TT ® €3 — (€,€1)83 © e + (e, £3)81 © €9
+ (e,e2)E3 ® g1 — (e,e3)8a ® €1
= (e,e1)ea Neg — (e,e2)e1 Neg + (e,e3)e1 A ea. (3.74)

Now we go onto proving the well definition of Hg. Since HAl nor e change with the change
of horizontal lift, if follows that ¢ doesn’t depend on the horizontal lift. So we only need
to check that A is well-defined, namely, that it transforms appropriately under a change
of horizontal lift.

So, choose a second horizontal lift, and denote the transition map by ¥ : F* — A2E*.
Under this second horizontal lift we have the decompositions

6=01+6, =1 +e, and 65(¢) = N+,

with
iy =n— U (Prop. XN = A+ and 0, = 0y — L7 (3.75)
where \Il(eﬁ)*c) € T'(A3E*) is given by

—_—~—

\Ij(gg)*() (61, €2, 63) = ‘P(gg)*(el)(em 63) - \Il(eg)*(@)(el; 63) - \Ij(gg)*(%)(e% 61)- (376>
Now, computing A" with the corresponding expressions for 7’ and é\’Q, we get
N=(0ion) —6ion — (@.6))

= o () — W0 (0) — 0 o+ 600 0 Uk — (€,0, — U gtye(y): (3.77)
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Computing from the definitions, we have

(—We o (01)* + 6% 0 Uh)(er, e2) = —We((B1)*(e1), €2) + We((61)*(e2), e1)
= Yoty (e) (& €2) =Ygty ey (€1, €),

whence we obtain

X(er,e2) =" 0 (0])" (er,e2) = 0 o ler, e2) = (B Ba)(en, e2) + Uy (€1, €2)
= )\(617 62) + \Ileg(e)(el7 62)7

which is precisely the corresponding value for X" under the change of horizontal lift (see

Eq. (B.75)).

Thus, Qﬂ is well-defined. It remains to check that the pair (Oﬁl, Hu) satisfies the relations
1, 2, and 3, from the theorem. The first two properties follow directly from the way we
defined Qg. So let’s check property &, about the symmetric part of Gg.

By the definitions we have the following, for ¢; =n; +e¢;, i =1,2:

(05(1), o) + (05(62), 61) = (€2, A1) +15(C1) + (61, A2 + 7 (C2)
=6} o (e2) — *o< 01)*(e2) — (€2, (€1, 02)) + 3 0 (65)*(ex)
+ 05 oma(er) —m3 0 (65)" (1) — (61, (€2, 02)) + 177 o (6)" (e2)
29(771(62)+772(€1)) 0L (W (61, d2)).-

In order to establish the canonical 1:1 correspondence we need now an inverse procedure,
that assigns a degree 3 function —which remitting always to the fixed horizontal lift can be
written 6 = 61 + 02 € I'(E* @ F* ® A3E*)- from a given pair (9%, 93) satisfying the three
conditions of the theorem. We take the obvious option:

0, := 0%, where we view I'(Hom(F, E*)) = T'(E* ® F*) ¢ A> ~(E* @ F* @ A’E*),
namely (¢, 01) := —05(€);
(e1 A ea,0a) := —(é3, 04(E1)). (3.78)

We need to verify that 65 is well-defined, that is, that actually defines an element
in [(A3E*) and that it transforms correctly with a change of horizontal lift, so that the
definition of # = 6; + 62 doesn’t depend on the horizontal lift chosen.

In order to see that s is in I'(A3E), observe that the right-hand side of is skew-
symmetric in e, eg, as follows directly from property 8 in the statement of the theorem.
Indeed, from Eq. follows that W(éy,é3) = 0. On the other hand, since Gg takes
values on F* = A2F* @ F*, we have

(€3, (63, (05(61)))) = — (&3, (&3, (B5(&1)))).

Therefore, it follows that the expression

(€3, (&3, (65(61))))
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is fully skew-symmetric in e, ea, e3, which means precisely that 6, € T'(A3E*).

Now let’s see that transforms appropriately with a change of horizontal lift. As
before, we denote the transition map by ¥ : F* — A2E*. If we denote by &', i = 1,2
the horizontal lift of e; according to the second choice, so that & = & — U?, and if we

denote 6 the corresponding element of I'(A3E*) according to the new horizontal lift, then
we have

<e1Ae2,e§>=—<ez,e§<1>> —(6 — 5, 05(6 — T7))
—(&3,05(61)) + (5, 05(61)) + (€, 05(,))
+ (W2, (01)(ex)) + (&2, (7)) 0 (6])" — 0} 0 W)
+< 62,<§>*<e1>> + (W7, (e2), (B5)*()) — (TF,, (6D)7 (e2))
e

)
e1 N\ ea, (92>
)
> 2) (911 )('762) + \Ij(gg)*(@)(elf)

=
= <€1 N es, )
=

e1 N\ eg, b

= <€1 N eg, b — \Il/(et;;)> ’

which shows that 5 transforms according to (3.75)), as we wanted.
Thus, we have obtained the two processes we were seeking: 6 « (0%,05). By con-
struction, it is evident that they are mutually inverse.
|

Remark 3.60. We saw in Prop. [C.24how to obtain a DVB morphism from a pair of vector
bundle morphisms, one between the corresponding linear bundles and the other between
the corresponding core bundles. In Thm. we have a pair of such morphisms, (9%, 9%),

however they don’t give rise to a DVB morphism © : D — Dp«, since the pair (6%, 03)
does not fulfill the compatibility condition (C.37). Indeed, the compatibility condition

demands to have
05(n) = 0} o,

however, the intertwining condition 2 tells us that
65(n) = (65 om)* — 65 o,

which is somehow the compatibility condition skew-symmetrized. Actually, a pair which
is closer to satisfy the compatibility condition is (0?, —03), in this case the defect being
given by —(9% omn)*.

The two morphisms (9%, 93) have a very nice —and useful- interpretation in terms of
the identifications of Prop. [3.52
Proposition 3.61. Let 6 € A3 be a degree 3 function on a degree 2 manifold M. Then
the corresponding pair of morphisms (9?, 93) satisfy

0i(6) = —c(6), and  65(9) = —s(0).

Proof. The identities follow from (the proofs of) Prop. and Cor. together with

gs. (3.68), (3.70), (3.69), (3.71)), (3.72) and (3.74]) in the proof of Thm.




Chapter 4

Degree 2 N()-manifolds

Integrable 1-vector fields on an N-manifold were considered by Severa [63], who called
these structures NQ@Q-manifolds. In this chapter we address the geometric description of
a degree 1 vector field on a degree 2 manifold, and the conditions on these geometric
data that characterize the integrability of such vector fields. We arrive in this way to
the concept of a Lie 2-algebroid, a geometric structure made up of brackets and vector
bundle morphisms, which after introducing a splitting unfolds into the so-called split Lie
2-algebroids, or 2-term L.o-algebroids, which are objects already studied, cf. [4], [65], [66]
and the references therein, also for the case that the base is a point, [3].

Definition 4.1. An N(@Q-manifold is a graded manifold M together with a degree 1 vector
field @ satisfying [@Q, Q] = 0, i.e. a linear operator @ on O,, that raises the degree by one
and satisfies Q% = 0 and, for each U C M,

Q(f9) = Q(fg + (=VVfQg), Vf g€ Ou(U).

We will refer to an N@-manifold also as an N-manifold endowed with a @Q-structure.

Remark 4.2. Recall that a vector field is homogeneous of degree k if
Q)| =k +r, Vf e Oy, with |f| =7,

and

Q(f9) = Qg+ (—1)VrQ(g).

Example 4.3. As we already observed, a 1-manifold is just a vector bundle A, so that O,
is isomorphic to I's- 4+, the sheaf of sections of A"A*. It is well-known that a Q-structure
on M is equivalent to a Lie algebroid structure on A, the correspondence being

o p(X)(f) :=(Q(f), X), for X e TA=(A)* and f € C®°(M) = A

o ([X,Y],a) == p(X)({Y, ) — p(Y)({X, ) = (Q(), X AY),
for X,Y €TA and o e TA* = AL

55
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4.1 PreLie 2-algebroids

We aim to characterize a ()-structure on a degree 2 manifold in terms of vector bundle
morphisms and brackets on the sections of the dual sequence of the corresponding
involutive sequence , in a spirit similar to the characterization of V B-algebroids
given in Prop.

In order to gain the intuition of what is happening in the general case, we refer the
reader to Sec. [6.32] in order to see the particular case of a Q-structure coming from
a Courant algebroid and the description of its corresponding Lie 2-algebroid, called the
“cotangent” Lie 2-algebroid.

First we characterize geometrically 1-vector fields on degree 2 manifolds, without the
integrability condition. Only then, in the next section, we address the characterization of
integrability.

Lemma 4.4. Consider an involutive sequence as the one in Eq. . Then we have
the dual sequence (see also Cor. . Let 9: F—F and © : E— CDO(F) be
vector bundle morphisms such that

O(n) =nod, (4.1)

forne E*@Q F C E.
Introduce a horizontal lift of , which induces a horizontal lift of too. Define
V :E— CDO(F)
e — Ve
by
Vel :=0(e)(¢), (4.2)
fore € E and £ € T'(F), where € € E is the horizontal lift of e. Then the operator

~

§:T(F)—T(E)

given by

p—

6(¢) :=V.£+9(¢) (4.3)

1s well-defined, i.e. it doesn’t depend on the chosen horizontal lift.
Proof. If we choose another horizontal lift, then

~ ~ *
€ =e— V7,

where, as usual, U : F*—— A2E* is the transition of map between the two horizontal lifts.
Then, according to this second horizontal lift, we have

Vel = 0(@)(§) = 06 = ¥)(§) = Vel — W70 0(¢),

whence, since W (e2) = —V}, (e1) (notice that here is entering the involutivity structure
of D),
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Therefore
5(¢) = V'E+ ()
= VE+ U +0(8) — Ve
= 4(§).
| ]

Lemma 4.5. Again consider the dual sequence (-) Let p : E—TM and ¥ :
E — Diff! (E*) be vector bundle morphisms such that

U(p)(fe) = fU(e)(e) + p(d)(f)e — p*(df ) (0, E), (4.4)
for ¢ € E.e € T(E*) and f € C°°(M), where p: E—TM is given by
pi=por.
Then, the equation
(Au(,¢),€) == p(d)({e,€)) — p(e)((¢,8)) — (¥(B)(c), €), (4.5)
for ¢ e T(E),e € T(E*),e € T(E), gives a well-defined first-order bidifferential operator
Ay : T(E) x T(E)—T(E),

called the dualization of W. Actually, the adjoint maps adfb : T'(FE) —T(F) and ad] :
I'(E) —T(E), given by

adé’ = A\II(QSa ')7 and adz = qu(.7e)

are covariant differential operators, in the sense that the corresponding symbol maps are
given by

ol = p(¢) ® Idp, ot = ple) ® .
Proof. In order to see that Eq. (4.5) gives an element Ay (¢, e) € I'(E), we need to check
that the pairing of the left-hand side is tensorial in €. So, let f € C°°(M), then

(Aw(o,e), fe) = plo )(< >)— p(e)((¢, f2)) — (¥(o)(fe).€)
= f(Bu(¢,e),€) = p(9)(f)(e,e) — p(e)(f)(e;)
<ﬁ(¢)(f) — P (df)(¢,E) €)
= [(Au(9,e),¢).

Now, it is easy to see that Ay is a first-order bidifferential operator if the last assertion of
the lemma, about the symbol maps, is true. But this follows immediately from Eq. (4.5))
and the derivation property of the anchor maps p and p acting on functions.

]
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Definition 4.6. Consider an involutive sequence like (3.14])
0—A’E* — F*— F*—0 (4.6)
and its associated bundle £ (see Cor. , which fits in the exact sequence
0—E*®F—E—E—Q. (4.7)
A preLie 2-algebroid consists in the following structure data

e an anchor map p: E—TM,

~

e a pseudoalgebra structure ([-,-],p) on I'(E),
e acoremap 0: F— F,
e two vector bundle morphisms
U :E— Diff (E*) and © :E— CDO(F) C Diff(F)
¢ — ¥(9) ¢ — 6(9)

taking values on the bundle of first-order differential operators of E* and F', respec-
tively (see Cor. in the appendix).

These structure data are related by:
1. p=porm,
2. 0(0)(f€) = O() (&) + (D) (f)E,
3. U(p)(fe) = fU(e)(e) + p(9)(f)e — p*(df)(¢,5),

4. O(n) =nod and Ag(n,:) = 0don, where Ay is the dualization of ¥, introduced
in Lemma [-5]

5. m([¢1, 02]) = Aw(¢1,7(2)),
6. [¢,n] =O(d) on —noAy(s,),

7. (b1, 2] + (P2, 1] = S(W (b1, p2)), where W : SZ(E) — F was introduced in Prop.
and § is the map given in Eq. (4.3).

~ ~

for all ¢, ¢1, 2 € T'(E), £ € ['(F),e e I'(E*) and n e '(E* ® F) 2 T'(Hom(E, F)) C I'(E).

Remark 4.7. Notice that properties 7 and 2 already determine the left generalized anchor
map ¢ : E—TM ® End(FE), for

[fo1, d2] = —[d2, f1] + (W (f 1, P2))
= —flg2, ¢1] — p(d2)(f)P1 + [O(W (91, ¢2)) + p*(df ) @ W (1, #2)
= flo1, p2] — p(d2)(f)d1 + p*(df) @ W (1, $2).

Therefore,

(1) (df)(p2) = p(92)(f)P1 — p*(df) @ W (o1, $2). (4.8)
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Remark 4.8. Property 1 implies that p is determined by p. More important is the
fact that, by property 5, ¥ is completely determined by ([,*], ). Indeed, for every ¢ €
I'(E),e € T'(E*),e € I'(E), we have

(W(g)(e),e) = p(d)((e;€)) — p(e)((9,)) — (Auw(d,e),€)
= p(9)({e,)) — p(e)((¢,8)) — ([9,€],8),

where ¢ € T'(E) is any horizontal lift of e.

s

The following theorem justifies the preceding definition.

Theorem 4.9. Consider a degree 2 manifold with associated exact sequence , 80
that its dual sequence is given by .

There is a canonical 1:1 correspondence between degree 1 vector fields @ (not necessarily
homological) on a degree 2 manifold and preLie 2-algebroid structures on .

Proof. The equivalence between 1 vector fields, (), and preLie 2-algebroid structures is
given through the following items:

e the anchor map p: E* — T M is given by
p(e)(f) == —=(Q(f),e), feC™(M),eel(E), (4.9)
e the core map 0: F— FE is given by
(0(6),€) :=(§,Q(e)), T (F)=Teore(D), € € T(EY), (4.10)
e the vector bundle morphism U : E — Diff'(E*) is given by

U()(e) = —(¢,Qe)), S€E, ecT(E")~ A sothat Q(c) € A2 = T(F*),
(4.11)

e the vector bundle morphism © : E —» CDO(F) is given by

(O()(€),7) = BB ((&:) + (D), (&, M) — (&, Q(5(9)), (4.12)
where p : E—TM is given by
pi=por. (4.13)

Here ¢ € T'(E), & € T'(F) and v € I(F) = A2, so that Q(7) € A®. For the definition
of the morphism Q(~y )jj E—F, see Thm.

e the (non skew-symmetric) bracket [-,-] on E is given by
([P1, P2],7) = ‘I’(¢1)(<¢27 7)) = ¥(2)({¢1,7))
p(A(T (92, 01), 7)) = (62, QNE(9D)), (4.14)
([P1, ¢2],2) = P(¢1)((¢2,§>) p(d2)((01,8)) + (T(¢1, ¢2), Q(e)), (4.15)

for ¢,y € T(E),~ € I‘( F) and ¢ € I(E*), where z is the corresponding section in

Leore(Dp+) (see Def. [3.47), and T was defined in Eq. (3.4F) (again, see Def. [3.47).
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In order to establish the canonical 1:1 correspondence, we need to show that:

Q — preLie 2-algebroid: if we begin with a 1 vector field, then the structure maps and
brackets satisfy the compatibility equations (1 - 7) from Def.

preLie 2-algebroid — Q: and conversely, if we begin with a preLie 2-algebroid, then
Q(f),Q(e) and Q(fy)ﬁ2 defined in the equations above, actually determine a 1 vector
field on the corresponding degree 2 manifold.

Proof of Q — preLie 2-algebroid. The fact that p, p,0, ¥ and © are actually vector
bundle morphisms together with properties 1, 2 and 3, follows directly from the
definitions and Leibniz property for (). From the same reasons also follows the well-
definition of the brackets, i.e., tensoriality with respect to v and € on the left-hand

side of (4.14)) and (4.15).

In order to Check property 4, observe that for ¢ = n, the first term on the riht hand
side of Eq. is zero. Recalling property 2 of Q( )2 given in Thm. we see
that the thlrd term on the right-hand side of Eq. is zero too. Also observe
that we don’t lose generality taking n = gg ® &g, 50 ( *), &0 € T'(F). With these
considerations, we have

(O()(€),7) = P)(&:7) + (D), (0, 7)) — (& Q) (m)
= (0, )(9(£), €0)
= (nod(&),7),

forall £ e T'(F),~ € F(ﬁ*) Similarly, for ¢ = 7 the first two terms on the right-hand
side of Eq. (4.5 are zero, so that

(Aw(n;e), ) = (e, (0 ® &0, Q(e)))
= (€0, Q(e)){e,20) = (9(&0) €){e, €0)
= (00mnle),e),

for all e € I'(E*),e € T'(E), thus obtaining property 4.

Next, we need to check compatibility of Eqs. (4.15) and (4.14), when we take
y=e1Ney =F1®ey —Ea ®eq in (4.14). On one hand we have from Eq. (4.15])

([01, P2) 1 N e2) = ([p1, P2],E1)e2 — (01, 2], E2)e1
= p(01)((#2,81))e2 — p(92) ((h1,21))ea + (T(¢1, p2), Qle1))e2

— p(d1)((¢2,82))e1 + plda) ((61,82))e1 — (T(1, d2), Q(e2))er.
(4.16)

On the other hand, from Eq. we have
([¢1, 2], 61 Ne2) =W (1) ({P2,61 Ne2)) — W(g2)({h1,61 A e2))
+p"(d((T(¢2, d1),61 A £2))) — (62, Q(e1 A e2)fi(¢n)).  (4.17)

Now, using property 3, we have
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a)
U(p1)((¢2,€1 Ne2)) = W (o1)((d2,E1)e2 — (P2,E2)e1)
= W(¢p1)(e2)(d2,81) + p(P1)((P2,E1))e2 — p" (d((¢2,E1)))(¢1,E2)
— U(o1)(e1){(P2,82) — p(é1)((¢P2,82))e1 + p*(d({(¢2,82))) {1, E1).
Analogously,
b)
U(p2)((@1,61 N e2)) = W(h2)(e2){(¢1,81) + p(d2)((d1,E1))e2 — p" (d({b1,E1))){P2,E2)
— U(p2)(e1){p1,22) — pld2)((¢p1,82))e1 + p*(d({(91,52))) (b2, E1)-
Next,
c)
P (d({T (P2, ¢1),€1 A €2))) = p*(d(($2,E1)(¢1,22) — (P2, 2)(¢1,E1)))
= p*(d({¢2,21)))(¢1,E2) + p*(d((¢1,%2))) (b2, E1)
— p*(d({92,82)))(¢1,21) — p"(d({¢1,21)))(¢2, E2)-
Finally, since Q(€1 VAN 82) = Q(€1)€2 - 81@(62),
d)

(b2, Qe1 A e2)h(61)) = (b2, 52) (61, Q(e1)) — (b1, 52) (62, Q(e1)) — (T(d1, b2), Qle1))er
— (¢2,81) (01, Q(e2)) + (¢1,81) (92, Q(e2)) + (T(91, P2), Q(e2))e1-

Putting items a), b) ¢) and d) into Eq. (4.17)), we see that the two ways of computing
([¢1, g2, €1 N e2),
given by (4.16]) and (4.17)), coincide.

Property 5 follows immediately from Eqgs. (4.5)) and (4.15)).

In order to check property 6, again we observe that it suffices to prove it for n = e®¢,
since both sides of that equation behave the same way with respect to the product
by functions f € C*°(M).

On one hand, taking property 4 into account, we have

([6:m,7) = W) ((n, 7)) — L) ({6, 7)) + " (A, (1, 7)))) — (0, Q(1)(@))

On the other hand, using property 2, we can perform the following calculations:

(B(¢) onle),7) = (B()((e; €)€),7)
p(0)({e,€))(&;7) + (B(0)(€), ) (e, €),
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for every ¢ € T'(E*), whence

(©(¢) on,7) = (£, 7)p(9)((,€))
= (&Mp(9) (- €))

(©(¢) (), 7)e

P()((€,7)e + (D(E), (B, ))e — (€,Q(7)5(0))e.
(4.19)

+
_l’_
Now, from (4.5 we have

_<77 © A\IJ((ba )77> = _<€77><A‘11(¢7 ‘)7€>
—(&MP(@)((,€)) + p*(d((d,E)))(§,7) + (£,7)U(D)(e). (4.20)

Putting together (4.19) and (4.20)), and comparing with (4.18)), using property 3, we

conclude
<[¢7 7)]77> = <@(¢) on, ’Y> - <77 © A\I}((ﬁ, ’)7 fY>7
which is property 6.

Finally, we check property 7. Computing from Eq. (4.14) and using property & of
Q(’Y)g, given in Thm. we obtain

([61, 62 + [62, 1), ) = p" (d((W (61, 82), 7)) — QNF (W (61, 82)). (4.21)
Now, let’s introduce a horizontal lift. Taking property 1 from Thm. we have

QUMW (d1,02)).8) = (W (1, 62), Q()5(@))
= 5@ (W (1, 62),7)) + (O(W (61, 62)), (7))
—(VEW (¢1,02),7)
= 5@ (W (1, 62),7)) — ((D(W (61, $2)),7), &)
—(VEW (1, 62),7),

whence

QMY (W (61, 82)) = p"(d((W (61, 62),7))) — (6(W (1, 62),7)- (4.22)
Putting together Egs. and , we obtain property 7.

Proof of preLie 2-algebroid — Q. First we observe that Egs. — actually
give elements Q(f) € T'(E*),Q(e) € T'(F*) and Q('y)g(qﬁ) € T(F*) because of tenso-
riality of the pairings that are defining these elements, and this is so thanks to the
fact that p,d, ¥, © are vector bundle morphisms, to the derivation property of the
anchor map p with respect to functions, and to properties 2,3 of Def.

Observe that the definition of Q(fy)ji is missing. To solve this, define
(QU©),0) = (QME©).€). Yy eT(F).EeT(F),peT(E).  (4.23)

In order to check that this definition indeed gives an element Q('y)g(f) in I'(E™),
observe that, from Eq. (4.12) and properties 1 and 4 of Def. we have

(& QMEM) = P)((€,7) + (D), (0, 7)) — (O(M)(£),7)
= (0(&), (n, 7)) = (0(£), (n, ) = 0, (4.24)
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for every ) € [(E* @ F),¢ € D(F). This implies that Q(y)! (¢) € T(E*).

Next, we need to show that the pair (Q('y)%, Q('y)g) satisfies properties 1, 2 and 3 of
Thm. [3.59] Since property 1 is already satisfied by definition, it remains to verify
only properties 2 and 3 of Thm. [3.59] Let’s begin with property 2. As usual, it is
enough to consider 7 of the form e ® £&. Also observe that Eq. (4.24]) already implies
that Q(v ) (n) € T(A2E*), therefore, property 2 is equivalent to

(e1 Aea, Q5() = (e1 Aga, Q) om)™ — Q()E o). (4.25)

On one hand we have

(e1 Aea, Q)i om)* — Q) om) = (Q(ME(E), ) (e, e) — (QM5(ED), E) ea, e)

= ple2) (v, €)){er, ) + ((€), (v, @) (er,€) — (VEE A (ers )
(4.26)

( )(<7 §>)<627 > <8(€)7 <77é\1>><627€> + <v££77><€275>'
On the other hand,
<€1 A e2, Q()5(m) = (e2, () ({61,7)) — T(&)((n.7)) — ([n. €], 7))

Qv ) =
—(9(8), {e1,7))(ea, &) — (€M) W(e1)(e) — ple) ((€§, 1)) (ez, ) + plea) (€ 7)) (e, €)
— (€2, (no Aw(er,-) = VE on+ Vin(er) + 9(n(er)), 1) (4.27)

Developing the last term in the equality above, we have

(€2, (no Ag(é,-) = VE on+ VEn(er) + d(nler)), 7)) = (€. 7)(p(e1)((e2,€)) — ple)({e1,€)))
— (e2, W(&1)(2))) — pler) ({2, D)€ ) — {e2. ) (Ve &) + plea) ({er, €)) (€, 7)
+{e1,€)(Ve,&,7) — (e1,€)(0(€), (e2,7))- (4.28)

Putting (4.28) into (4.27) and after some cancellations we get

(e1 A ez, Q(1)5(m) = —(D(&), (61))(e2,2) + ple2) (€, ) {er )

— (e1, e} (VEE ) + (e2,6)(VE&,7) — (e1,8)(D(€), (e2,7)).
(4.29)

Comparing (4.29) with -, we get (4.25) -, as we wanted.

Finally, property & follows from the same calculations done to obtain Egs. (4.21)
and |i Thus, Thm. supplies us, for any v € I'(F*) = A2, a well-defined
element Q(v) € A3 corresponding to the pair (Q('y)%, Q('y)g)

To end the proof, we need to check that the definitions of Q(f), Q(¢) and Q(v) are

compatible with the Leiniz rule, in the sense that the following identities should
hold:

a) Q(fe) = fQ(e) +Q(f) Ne
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b) Q(fv) = fQ(v) +Q(f)v,
c) Qe1 Nea) = Qer)ea — e1Q(e2).

Let’s prove item a). On one hand we have

(& Q(fe)) = (9(8), fe) = [(&, Qe)),
and
(9, Q(fe)) = =V (o) (fe) = —fU(®)(e) — p(&)([f)e + p"(df ) (9, E).
On the other hand
(& Q)+ Q(f) Ne) = f(& Q(e)),

and
(0, f(Q(e) + Q(f) Ne) = f(9,Q(e)) + (¢, Q(f) Ne)
— —fU(6)(E) + (6, Q)= — Q) (6,2)
— —fU(0)(e) = PONF)e + 0*(dF)(6,7).

Comparing, we get item a).

For item b) let’s begin computing (&, Q(fy)g(qb)) and (¢g, Q(f’y) (61)).

(€ QUI5(@)) = A()(F(E,7)) + FLO(E), (6,7)) — FO(8)(E), )
= F(€,Q()5(0)) + (D) ()(E,7);

(62, QUIN5(61)) = V(1) (f(2,7)) — W(2)(f{61,7)) + p*(A(F(T (b2, 61), 7))
— ([#1, #2], fv)

= Fld2, Q(M)5(61)) + A1) (F){d2,7) — p* (NI (2, d1),7)
— p(d2)(f)(D1,7) + p*(df ) (T (b1, P2), ) + p*(df )(T (P2, 1), 7)

= {2, Q()5(61)) + P(61)(f) (b2, 7) — Pd2) () (b1, 7)
+ p"(df ) (T (91, P2),7)-

Now let’s compute (€, (fQ(7) + Q(F)1)5(¢)) and (do, (FQ() + Q()7)i(¢1)), and
then compare with the preceding results.
(& (JQM) + QUME(9)) = F(& QUES)) + (&, QUNE )
= f(6,Q()5(9)) + BA)(£)(E.);

(62, (FQOY) + QUNN5(01)) = [, Q(7)5(d1)) + (b2, QD) 61,7
— (61, QUN) (b2 7) — (T(b1. 62),7)Q(f)

(1
= f¢2,Q(7)5(01)) — p(92)(f >¢1,>
+ p(01)(f){(P2,7) + p*(df (T'(91, P2),7)-
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Comparing with the results above, we get

QU5 = (FQ(M) + Q(F)1),

which is equivalent to the equality of item b).

Finally, let’s prove item c), again computing separately both sides of the pretended
equality and then comparing.

On one hand we have

(€ Q1 Ae2)5(9)) = PP)((E 1 Ae2)) + (D) (d,e1 A ea)) — (B(D)(€),e1 Nea)
= (0(8), e2)(9, &1) — (9(§), €1)(,E2)-

To compute (¢2,Q(e1 A 52)%(@51)) we use the calculations already performed in the
first part of the proof in Eqgs. (4.16)), (4.17) and items a), b), and c¢) that follow to

these equations. We obtain the following:

(b2, Qe1 A ea)y(01)) = T(¢1)(e2) (b2, 21) — (1) (1) (b2, E2)
— W(g2)(e2){¢1,81) + ¥(p2)(e1)(¢1,82)
+(T(¢1, ¢2), Q(e1))e2 — (T(d1, ¢2), Q(e2))e1-

On the other hand, we have

(€ (Q(en)es — £1Q(22))5(0)) = —(,E3)(€, Q(e1)) + (6, E1) (€, Q(e2))
= —(9,82)(0(¢), e1) + (#,81)(0(£), €2);

in order to compute (¢, (Q(e1)e2 —81@(52))g(¢1)> we use item d) of the calculations
done in the (Q __, preLie 2-algebroid) part of the proof of this theorem. We get

(02, (Q(e1)z2 — £1Q(£2))5(01)) = (D2, 83) (01, Q(e1)) — (D1, 83) (D2, Q(e1))
— (T(¢1, ¢2), Q(e1))e2

— (¢2,81) (01, Q(e2)) + (¢1,81) (92, Q(e2))
+(T(b1, ¢2), Q(e2))e1-

Comparing with the calculations above for Q (g1 A sg)g we see that the results are
the same, which implies item c), and the proof of the theorem is complete.

4.2 The derived brackets

Now we aim to describe the derived brackets method developed by Y. Kosmann-
Schwarzbach in [34] and, following [24], we will show how to apply the method to the
setting of N@Q degree 2 manifolds in order to obtain a proof of the geometric characteri-
zation of these manifolds in terms of Lie 2-algebroids.
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To achieve this M. Grutzmann and T. Strobl apply the derived brackets method to
the DGLA of vector fields on a degree 2 manifold with the (graded) commutator bracket,
and degree 1 differential given by d = [@Q,-]. From this viewpoint, for a degree 3 function
6 € A3, the corresponding pair of morphisms (0%, Gg), given in Thm. are, up to sign,
nothing but the action of -1 and -2 vector fields on 6. More precisely, if we denote by
§—1¢ € X(M)_ the correspondence between core sections of D and -2 vector fields on
M, and by ¢ — 1y € X(M)_1 the correspondence between linear sections of D and -1
vector fields on M, then

04 (€) = —1e(0) € AL =T(E*), and 05(¢) = —1s(0) € A2 = T(F*).

At last, the Lie 2-algebroid data turns out to be nothing but the brackets and anchor that
the derived brackets method provides.

As a by-product of this insight, we will obtain in Sec. [7.1] an alternative formula for
the Lie 2-algebroid brackets [-, -] in the case that @ is exact in a Poisson degree 2 manifod,
ie. Q = {0,} for some 6 € A3, which involves the pair (9§795) and the VB-algebroid
structure corresponding to the Poisson degree 2 manifod given by Thm. As another
application we will characterize, in Se. the integrability of a degree 3 function 6 € A>
on a Poisson degree 2 manifold, i.e. the equation {6,0} = 0, in terms of the pair (9%, 9%),
the corresponding Lie 2-algebroid and a Lie algebroid structure on F* induced by the
Poisson brackets.

We describe the derived bracket method in the appendix, see Sec. where we
describe the method in general before specializing to the degree 1 case, so we refer to that
section for the general concepts, and also to get the basic intuition, since the degree 1 case
is much simpler, so that the main ideas appear in a more transparent fashion. However,
we chose to recall again the essential concepts in the beginning of this section, in order to
make the reading more fluent.

Definition 4.10. A graded vector space A endowed with a graded bracket [-, ], of degree
f € Z is called a Loday algebra if its bracket satisfies graded Jacobi identity

[a, [b, ] = [[a, b], d] + (—=1)VFTDUH0) b [a, . (4.30)

We will refer to a bracket coming from a Loday algebra as a Loday bracket. If the bracket
satisfies
[a,8] = —(~ )G, ), (4.31)

then it is called a graded Lie bracket, and the corresponding Loday algebra is called a
graded Lie algebra.

Now consider a derivation d of degree |d| of the Loday algebra (A, [-,-]), that is

dla,b] = [da, b] + (1) *+¥)[a, db], (4.32)
where we write the degree exponents without the bars | - | for sake of simplicity
We notice that when we have a Loday bracket, [, -], then for each ag € A, dg, := [ao, ]

is a degree |f| + |ag| derivation of [-,-].
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Assume that d is of square 0,

d? =0, (4.33)
then we have a degree |f| + |d| bracket [-, |4 given by
[a,blq = (=1)F[da, b). (4.34)

We say that d is odd if |d| is odd.

Definition 4.11. A graded Lie algebra (A, [-,-]) endowed with a derivation d of its Lie
bracket, is called a differential graded Lie algebra, and denoted by DGLA. The derived
bracket of a given DGLA, denoted by [, |4 is the bracket defined by f; in Eq. (4.34))
above.

Roughly, the derived brackets procedure consists in encoding the action of @) on the
set of functions that generate the whole algebra (and thereby determine completely the
vector field Q) by a series of anchor maps and derived brackets. The most simple and
enlightening case is when we have a degree 1 manifold, to which we associate a vector
bundle A, as explained in Ex. This case was worked out in Sec. and we recall
here the principal aspects. In this case the vector field @) is completely determined by its
action of functions of degrees 0 and 1, and we can encode these actions by the anchor map

pQ(0)(f), VfeC®(M) =A% ¢cT(A),
and the bracket

(Q(a), 91 1 d2) = pq(91)((P2, @) = pQ(¢2) ({01, @) — ([¢1, P2]q, @),

for every a € T'(A*) =2 A, ¢1,¢2 € T'(A). Now, the key-point is that T'(A) = X(M)_q,
and the bracket above is precisely the derived bracket

L[¢17¢2]Q (a) = [[L¢1 ) Q]a ['(;52](04)7 (435)

where the DGLA is the graded vector space X(M), the Lie bracket is the commutator
of graded vector fields and d is given by [@Q, -], which is a degree 1 derivation, since @ is
a degree 1 element (see the observation after Def. . Observe that the anchor map
admits also the expression
pa(&)(F) = 16l(QUF)). (4:36)
Given a graded N@Q degree 2 manifold (M, @), consider the DGLA where the graded
vector space A = X(M) consists of the set of graded vector fields on M endowed with its
natural vector space structure, the Lie bracket [-,-] is given by the (graded) commutator,
which is actually a degree 0 Lie bracket (satisfies Eq. (4.31))), and d is given by [Q, ],
which is a degree 1 derivation as noticed just after Def. since @ is a degree 1 element
in X(M).
For the degree 2 case, since the module is spanned by functions of degrees 0, 1 and
2, we need three anchor maps, and two derived brackets. The anchor maps we define in

analogy (up to sign) with (4.36]),

PQ()(f) = —14(Q(S)), pQ(&)(f) :== 0,
pQ(9)(e) = —14(Q(e)), pQ(&)(e) = —1e(Q(e)), (4.37)
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where ¢ € T(E) = X(M)_1, £ € T(F) 2 X(M)_a, f € C°(M) = A and e € T(E*) = AL

Now, for ¢1,¢2,¢ € F( ) = X(M)-1 and §,6,86 € T'(F) = X(M)—2, the vector
field [[L¢1,Q] Lpo) I8 in X(M) 1 =T(E E), the vector fields [[ee, Q) 1) = —[[tg, @], te] are in
X(M)_g = T(F) and the vector ﬁe [[te), Q) tey]) 18 in X(M)_3 = 0. Therefore, we have

well defined sections

[61,2]0 €T(E), [£,¢lo = —[¢,&lg €T(F) and [&,&] =0,

such that
Lpr,p2lg = _[[L¢17Q]7 chz]: Ledlg = _[[L£7 Q]7 L¢>]7
L[¢,§]Q = _[[L¢7 Q]a Lf] L[§17§2]Q : _[[l’ﬁva]v L§2] = Oa (438)
where .
Now we need to find out the relation between pg, [-,|g and the structure data of the

preLie 2-algebroid of Def. given by Eqs. (4.9) - (4.15).

Proposition 4.12. Let Q be a Z—vector field on a degree 2 manifold. Consider its corre-
sponding involutive sequence , and the respective dual sequence (E) Consider the
structure data defined by Q thmugh Egs. @ (-) p, ,0, 0, ¥, O, and [-,-]. These
data are related to (pg, [, |q), given in Eqgs. D) and (4.39 , in the following way:

1. pQ(9)(f) = p(d) = p(x(¢))(f),

4- [9:€lg = 0(9)(§) = [, dlo,
5. [¢1, 92lq = [¢1, P2l

Proof. Items 1, 2 and 3 follow immediately from Eq. ( and Eqs. (4.9), (4.13), (4.10)
and ([4.11). So let’s prove item 4. First observe that, using Cor Prop. and item
1 of Thm. we have for every y € T'(F*) 2 A2

tedlo (1) = —[[tgr 1), Q1Y) = Lig, [t0, QLI ()
= —14t6Q(7) + 1e16Q(Y) + [l Q, 1) (7)
= (6, QM(©) — (£ QME®)) — oo (V)
= —p.60(7)-

Therefore, item /4 is equivalent to

Yl (V) = (©(8)(8),7)- (4.39)
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Taking into account Cor. Prop. and the fact that a degree -1 function on M is
automatically zero, we have, after comparing to Eq. (4.12]),

sl (V) = —lltg, Qls el ()
= —[1p@ + Qug, 1] (7)
= —1pQue(7) — Quote (V) + teteQ(y) + teQre(7)
= P(®)((6,7)) — (£, Q()5(8)) + (D(E), (6, 7))
= (0()(€),7)-

Finally, it remains to prove item &, which is equivalent to show the identities

Uprnlo(€) = ([01,02],8)  and 1, 6,14 (7) = {[01, 62], 7). (4.40)

As in the preceding item, we compute

Upr dalo(€) = —llter, @), tg,](€) = —[tp, Q + Qg 1, ] (€)
= 1, Qlgy (€) — Qg gy (€) + Ly Loy Q(E) + 1, Qug, (€)
= p(¢1)({92,8)) + (T(¢1, ¢2), Q(e)) — p2)((b1,8))
= ([¢1, p2], 8);

Lg1,¢2]0 (7) = _[[%1’ Q]’ L¢2](7) = —[L¢1Q + QL¢1’ L¢2](’7)
=~ Qe (1) — Qugy gy (V) + Loyt Q) + 14, Qug, (7)

= U(61)((d2,7)) + p*(d((T(d2, 61),7))) — (2, Q()5(61)) — T(2) ({1, 7))
= ([¢1, P2],7)-

Next we introduce a few identities that will be needed.

Proposition 4.13. In the setting of Prop. the following identities hold
a) p(9)(f) = —[eg, QI(S),
b) (9(£),€) = [te, Q(),
c) ¥(9)(e) = —[tg, Ql(e) — p*(d((0,E)))-

Proof. Ttems a), b) and c), are basically another way of writing items 7, 2 and 3 of Prop.
after noticing that

Que(f) =0, Que(e) =0 and  Qug(e) = p*(d((¢,7))).
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4.3 Lie 2-algebroids

In this section we show, following M. Grutzmann and T. Strobl [24], how to apply the
derived bracket method to the situation in which we are given a degree 2 N manifold.
Namely, the derived bracket method, besides providing a more conceptual understanding
of the pair of morphisms (Htli, Gg) and of the structure equations - defining a
(pre)Lie 2-algebroid from a @) structure, enables to prove in a very simple and direct way
the equivalence between the integrability of the @-structure and Jacobi identity of the
corresponding derived bracket, which is given in this case by the Lie 2-algebroid bracket
[-,-] and the map © (cf. the definition of these in Eqgs. (4.12)), (4.14) and (4.15]) in the proof
of Thm. , thus providing a geometric characterization for the equation Q? = 0. We
begin with a few preliminaries, and in particular we introduce the geometric counterpart
of degree 2 N(@Q manifolds, a structure for which we reserve the name Lie 2-algebroid.

Lemma 4.14. Consider a preLie 2-algebroid. Let’s introduce a horizontal lift on the
corresponding sequence ({4.6), which induces a horizontal lift on its dual , then

Z(61,62) = vg(gl)& + Vg(&)& (4.41)

gives a well-defined map, i.e. independent of the choice of horizontal lift, Z : T'(F) X
I(F)—T(F).

Now suppose that the preLie 2-algebroid structure comes from an integrable vector field
Q, i.e. we have Q* =0 then gives a tensor Z € T'(S?F* ® F) that is independent
of the horizontal lift.

Proof. Choose another horizontal lift, and denote, as usual, the transition map by ¥ (do
not confuse this ¥ with the vector bundle morphism ¥ of Eq. (4.11)), sadly we ended using
the same letter for those two quite different maps). Then by property 4 of Def. we
have

(V)he,& = OD(E) (&) = OO(&) — hie,))(&)
= Vg(gi)@' - ‘I’B(gi)(a(fj)),

so that, taking into account the skew-symmetry W7 (e2) = —V7 (e1) due to the involutivity
structure,

Z'(€1,6) = (Ve + (Ve

= vg(gl)f \Ila (&1) (8(52)) 52)51 ‘I’a 52)(8(5 ))
= Vg(gl)§2 e)(0(&2)) — 52)51 + Ve (0(&2))
= Vg(gl)& - Va(gz)&

= Z(&1,&2).

Thus Z doesn’t depend on the choice of horizontal lift.
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Now, if the prelie 2-algebroid structure comes from an integrable 1-vector field @,
then property 2 of Def. implies, for f € C>(M),
(

Z(&1, f&2) = [Z(&1,&2) + p(0(61))(f)&2 (4.42)
= [Z(&,&) — (0(&4), Q(f))&
= [Z(&1,8) — (€1, Q* (/))&
= 17(6,6). (4.43)
By symmetry, we also have Z(f&1,&) = fZ(&1,&). Thus, Z is a tensor in S2F* @ F.
[

Remark 4.15. Actually we will see in the proof of Thm. that when the preLie
2-algebroid structure comes from an integrable 1-vector field @), Z is identically zero. See

Cor. 211

Corollary 4.16. If the preLie 2-algebroid structure comes from an integrable 1-vector
field Q, i.e. Q> =0, then
pod=0.

Proof. This follows from the calculation of Z (&, f€2) above, but anyway we perform the
calculation again:

p(A(E)(f) = —(0(€), Q) = —(£,Q*(f)) =
]

Definition 4.17. A Lie 2-algebroid structure on the dual sequence ({3.44) is a preLie
2-algebroid structure such that:

1. For every ¢1, ¢z, ¢3 € T(E),
[p1, (P2, #3]] = [[P1, 2], #3] + (P2, [P1, B3] (4.44)

2. 000 = Ay 08, where (Ay 0 9)(4,€) = Ay(,(€)), V¢ € T(E), ¢ € T(F).

Remark 4.18. A Loday algebroid on a vector bundle E—M (see [40]) is a pseudoalgebra
structure ([, -], p, ) on I'(E) (see Rmk. for the meaning of p and ¢) such that

(51, [s2, 83]] = [[s1, 52], s3] + [s2, [51, 53]]-

Therefore, a Lie 2-algebroid is a particular case of a Loday algebroid structure.

There are two main examples of non-trivial Lie 2-algebroids, which we will consider
in the next chapter, since they appear naturally as VB-Courant algebroids, a structure
that we will show to be equivalent to the Lie 2-algebroid structure through an explicit
procedure to go from one structure to the other.

Proposition 4.19 (e.g. [40]). In a Lie 2-algebroid the anchor p : E——TM preserves
brackets:

(o1, ¢2)) = [B(e1), Ble2)], YV ¢r1¢s € T(E).
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Proof. Since ([,+],p) is a pseudoalgebra structure, we have, for every ¢, ¢y € F(E) and
every f € C®(M),
(91, fo2] = flo1, d2] + p(1)(f) o

Then, using this property repeatedly we have:

(91, (b2, [#3]] = [¢1, b2, d3]] + [61, p(H2)(f)¢s]
= fl#1, (P2, #s]] + p(d1)(f)[P2, P3] (4.45)
+ p(o2)(f)ld1, @3] + p(d1)p(d2)(f)Ps;
{1, d2), fd3] = fllo1, D), d3] + p([d1, d2]) (f)b3; (4.46)

(P2, (01, f@3]] = [d2, flo1, #3]] + [d2, P(d1)(f) @3]
= fl#2, (1, ¢s]] + p(#2)(f)[P1, P3] (4.47)
+ p(01)(f)[d2, @3] + p(d2)p(d1)(f) 3.

Then, using property and Eqs. (4.45)), (4.46)), (4.47)), after cancelling terms we get:
0= [¢1, (@2, fo3]] — [[P1, 2], fos] — [b2, [p1, fs]]
= f([¢1, [02, 3] — [[1, 2], d3] — [@2, [é1, ¢3]])

] -
+ p(01)p(02)(f)p3 — p([91, $2]) (f)P3 — P(D2)p(é1)(f) b3
= ([p(¢1), p(#2)] — p[1, B2]))(f) b3,

and since f and ¢3 are arbitrary, we conclude that

p[¢1, d2]) = [p(¢1), p(2)]-

Theorem 4.20. There is a canonical 1:1 correspondence between degree 2 NQ-manifolds
and Lie 2-algebroids.

Proof. Thm. already provides a canonical 1:1 correspondence between 1-vector fields
on a degree 2 manifold and preLie 2-algebroid structures on the corresponding dual se-
quence . So the proof of the theorem consists on proving the equivalence between
the mtegrablhty condition @Q? = 0 and axioms I and 2 of Def. |4.17] -

Let’s prove first that Q% = 0 implies

1) J(¢1, d2,¢3) = 0, where ¢1, po, p3 € T'(E ) and J is the Jacobiator
J(¢17 ¢27 ¢3) = [(bla [¢2a ¢3H - [[¢17 ¢2]7 ¢3] - [¢27 [¢17 ¢3H

2) 00O = Ay 00, where Ay is the duality operator given in Eq. (4.5).
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Observe that Q2 = 0 is equivalent to [Q, Q] = 0. Now, using Prop. [4.12| we compute

0 =1[[Q, QL t4,], tgo] tga] = —llltgr, @ QI = [Q; [ty s QU] L], L]
—[l[t2: [tpr, Q] QU = [ltg1, QL [t Q1] L]
+ [[[tg25 Qs (e @, [Ley, Rl — [Q; [Lgs, [L615 Q] Lss]
= —2([[tgy, Q: [tg, Qll — [[[tgrs @), o] @), L)
= 2ty [tr> Ql; [L605 QI + 2[[tgy, Qs [tgps5 [Lss Q]
+ 2[[[tpr, Qs o] Q) Lss]
= 2 (t6n,[61.63]) ~ U o0l + Hior.bal.051)

thus obtaining J(¢1, ¢2, ¢3) = 0.
Now let’s prove axiom 2.

= [[lQ, QJ, te], ] = —[[lee, Q], Q) + [Q, [te, Q)] o]
= [[tg: [te, Ql), Q] — [[ee, Q] 14, Q]
H%? ] [567 H [ [%J%’Q]H

- 2([[L¢7[L§7QH7 ] [[LfaQ]a[L¢’QH)'
Then, using Prop. and Prop. we get

= [[[Q, Q) tel; 15](e) = 2(0(9)(€), Q(e))
+2(0(€), ¥(9)(e) + p"(d((,8)))) — 2p(9)((D(E), €))
=2(000(9)(§) — Au(9,9(¢)),€),

hence 0o ©® — Ay o9 = 0.

In order to prove the converse, that axioms I and 2 of Def. imply Q% = 0, we will
work locally, so choose a coordinate system {z,e#, o”} spanning O(U), then, from what
was observed in Subsec. and since Q? has degree 2, it follows that its local expression
is

0
Ht sHu oy
ghtghughv) Bei

0
Va ~fa ~Hb v HA -2 A3
areghaght + GY e € e e )804”' (4.48)

- ~ 0
2 r s VUm m
Q° =(Ala” + th ghret )833 (C’ﬁmu oVmetm 4 Dﬁuuvuw

(EI/ avl aVQ + FI/

viva Valtakp

Our task is to prove that each coefficient of the expression above is zero. Let’s compute
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each coefficient.

Now, from Eq. (4.42)), we have

p(0(61))(f)2 = Z(&1, [&2) — fZ(&1,2), V &1,82 € I(F), f € C=(M),

hence A}, = 0 if Z = 0. But in the proof of Thm. namely, in the computation of
J(m,€2,m3) we show, using only 9 0 © = Ay o 9, that Eq. (H.20)),

J(m,éz,m3) =0, V n1,m3 € Hom(E* ® F), ez € I'(E),

implies
Z(€17£2) = 07 v 61152 € F(F) (449)

Therefore, axioms 1 and 2 of Def. imply that A% = 0.
Let’s compute the next coefficient.

Bflo#o:_HQ2 achJ aguo] () =~ ;H 86“0] asuo}(‘”i)
=3 [|[5=-9] <] - @ |5 9] o | 9
= ([ [ow-9]] o] e+ [[55-9]- 5 ¢] | )
-3 ([l [z ] 9 - o [ [53-9] | )
L] ] = [l 2] ] 9
—p({aﬁm,aﬁ%})w

0 i 0 0
9o ) \” 85“ 0 @))=r 9o ) \” \ 9o (&)
Using the identity p(e) = p(e) and Prop. we conclude that BL sy = 0-
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Now is the time to compute CyZ,, .

Ot = || 5| 5o | €)= 5 | [0 5 | o] )
[ fo [
(e e 2ol )
3 ([[59] [sw ol 12~ o 55 [ o] ]| 1m)
) o) (2l )
w0 (2(aa)) ((55)) —+ () ({2 (5 ) )

’ Ko
Let’s compute now D,y e -

Ho —

0

0

([ 5

Haltb e

? Ol

|

" Db

B 0
- [a [W@Hv
19, 0
e

T T T
N Oty | Dehtta’ Jehte

=0,

where the brackets on the last line stand for the Lie

||

J &)

=) @] -l [ao=<)
feub]@]h I+ || oo

0

0
7 Oeto

0

5

3 || [e@ 5]

a9

85/»"0
0
Oete’

’ agﬂb

|

=] e

" Oeke

;@

|:85.“b

m
735%] (")
o |0 o N 2 o | o
Octa’ | Pk’ Oehte Octa’ Pehv | 7 Jghte

75

g

2-algebroid structure, while the

brackets of the preceding lines of course stand for the commutator of (graded) vector

fields.
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Next we compute E}°, .

Bt = ||@ 5| e | @) = 3 | 2.

|
Sl o ool o
- [l ) e [ o

e o) o Wm

Now observe, as we already did in the beginning of proof of Prop. and taking into
account the identifications of Prop. that for any X € X(M)_q, Y € X(M)_2 and
¢ € A%, we have

X(Y(Q(O) - Y (X)) =0, (451
Also observe that, simply for degree reasons,
X(¥(0) = Y (X(0) =0. (4.52)
Hence,
2l [ 9] o] o+ 3@ [ o
=l -] e = [ ] - ] e
— g | @] Qe - [ 55 0] so @ o (4.53)

Putting (4.53) into ( , we obtain

3l e o3 [ ] e e

= 4.54
HW,Q] @] @ (1.54)
Now, using Props. [£.12] and [4.13] and item 1 of Prop. [3.59

- ] oo ()
(o (552) et (5= 0 (520)
(oot (050 ) )+ (0 () ) ()
o(0(62)) (32) o)~ (e 00

.
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Putting, (4.55) into (4.54]), and taking into account Eqs. (4.41]) and (4.49)), we obtain

y 0 0 v\
Ellgz/b = <Z <6O[Va78041/b> , 0> =0.

Now let’s compute F}° using what we already calculated in the computation of

i Vi ek’
Cliuo-
) B 0 oy 1 o 0 d ,
Fy;?ukm |:|:|: Oéyk:| ’85“k:| 7a€#l:| (Oé O) - 5 [Q? Q]’ 80éyk:| 78€#k:| ’85'“‘l:| (OZ 0)

|
[z o] 0] [ 3w 9] <] - |
= |[paw ] [ [ @] J 12+ [0 [ e e ]
o [ @] )+ | [3w-9] - e [

Using Eq. (4.51)), similarly as we did in (4.53]), and using also item 4 of Prop. |4.12| we
have

[Q’ {afm’ [afuk [80{’/1@’62} ” (o) =~ [Q’ [agam’ {afwwaik]cj: (%) =0.

Hence, using items 4 and 5 of Prop. [£.12] we get

2] [ (-] )+ [ [z 9] - [

-|
+Ha€uk } [af,iaa,,k,cgm( 0) -
(o) (o 62 () o) o (s ] o) )

o) (o (o) (55)) )

=0.

Vk#k#z

Finally, we compute G}, , ... Using the calculations we done to compute D12 e, and
the fact that aeu( ¥) =0, we have

0 0 0
17 _ 2 17
G.U«(:)I'U«b#c#d - HHQ 85#(1] ’ agub] ’ 85%} ’ 85%} (a 0)

-3 HH[Q @l 8€“a] ’85%} ’&ic} ,aj“d:| (o)
- &id H[[Q Q. agua] ’afub} ’33%} (a™)
:_aOJQ< 0 : 0 : 0 )(0/’0)20,

Oehd Oeha’ Oeckv’ Dehte
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where Jg stands for the Jacobiator of the brackets [-,-]q, defined in (4.38)).
Therefore, we have showed that each coefficient of Eq. (4.48)) is zero. Thus we conclude
that axioms I and 2 of Def. imply Q2 = 0, as we wanted.

Corollary 4.21. Consider a Lie 2-algebroid. Then the map Z introduced in Lemma
18 zero.

Proof. This is what we obtained in Eq. (4.49).
[ ]

Remark 4.22. The corollary above is precisely what Eq. 4 of Prop. [H.4] tells us. We
can use that equation once we have the equivalence between the integrability equations of
a Lie 2-algebroid and those of a split Lie 2-algebroid. This equivalence is proved in Thm.

L8

Corollary 4.23. Consider o Lie 2-algebra, namely, a Lie 2-algebroid such that the base

manifold is a point M = {0}. Then we have the following structure, which characterizes
it:

e an involutive sequence of vector spaces
0— A’E*— F*— F*—0,

so that its dual is R
0—F"QF—F—FE—0,

e linear maps
0:F—F,
U : E—End(E"),
© : E—End(F),

e q bilinear map [-,-] ExE—E,

such that, considering the skew-adjoint U* : EHEnd(E) given by

the following properties hold:
1. ©(n) =no00, U*(n)=0omn, Vne E*®F.

2. mw([é1,42)) = U (d1)(n(d2)), Vo1, € E.
In particular U*(¢p)(e) = w([¢, €]), for any horizontal lift € of e € E.

3. [p.n] =06(¢) o —no W (e),
4. [1, do] + (P2, 1] = S(W (1, P2)), where ¢ : F——E is the linear map defined by Eq.

{-3-
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5. 0o©® =V*00,
6. The bilinear map [-,-] satisfies Jacobi identity, in the sense that

[p1, [d2, @3] = [[d1, P2, @3] + @2, [é1, ¢3].

Moreover, for every Lie 2-algebra, the maps © and V are representations, namely

O([¢1, P2]) = [O©(¢1), O(92)], (4.56)
(g1, p2] = [V(1), ¥(h2)], (4.57)

where the brackets on the right-hand side of the two equations above stand for the
commutator bracket of endomorphisms.

Proof. Except Eq. (4.57)), everything in this corollary consists simply on spelling out what
we already have obtained in the general case of Lie 2-algebroids, taking into account that
in this case we have p = 0. So, we only need to prove Eq. (4.57).

By Thm. Eq. (4.11) we have

U (g)(e) = (¢, Q(e)),

where @ is the 1 vector field that corresponds to the Lie 2-algebra structure, and by Thm.

we have Q? = 0. Then, using also Eq. (4.14) of Thm. and taking into account
that p =0,

U([61, 62])(e) = —([d1, d2], Q<))
= —T(61) ((¢2, Q(€))) + (d2) (b1, Q(e))) + (2, Q*(£)5 (1))
= U(p1)(¥(P2)(e)) — ¥(P2)(V(1)())-

Therefore, U([p1, d2]) = [V(d1), ¥(p2)].
n

In the general case, when the base manifold is not a point, the same calculations as
above enables us to obtain the following formula for ¥([¢1, ¢2]).

Corollary 4.24. In a Lie 2-algebroid, the following identity holds:

U([p1, dal) = [U(en), U(2)] + p™(d((¢1, ¥(2)))), (4.58)
where the last term is the operator on I'(E*) defined by
p*(d((¢1, ¥(¢2))))(e) := p"(d({d1, ¥(h2)(e))))- (4.59)

Proof. Indeed, from the equivalence given by Thm. of Lie 2-algebroids with degree 2
NQ manifolds, we can use formulas (4.11)) and (4.14)), and the fact that Q2 = 0, to obtain
the following:
U([p1, ¢2])() = —([¢1, d2], Q(e))
= —U(¢1)({92, Q(e))) + ¥(¢2)({¢1, Q(e)))
=P (A({¢1, (62, QD)) + (92, Q*()5(1))
= W(¢1)((¢2)(€)) — V(h2)(¥ (1) () + p*(d((D1, U(2)(€))))-




Chapter 5

Other viewpoints to degree 2 N()
manifolds

In this chapter we recall the concept of VB-Courant algebroids, a structure introduced
by D. Li-Bland in his PhD thesis [41], and we study the relation of this structure to Lie
2-algebroids and consequently to degree 2 N@Q-manifolds. These relations were treated
independently by M. Jotz using splittings.

In last chapter we were able to characterize geometrically an N structure on a degree
2 manifold in terms of brackets and maps defined on the linear sequence of the involutive
DVB D. However, we are not able any more to extend the structure maps and brackets
to define a structure on the whole double vector bundle D, for if it were the case, the least
thing we must ask is that the brackets [, -] satisfy Leibniz rule with respect to the second
entry when we multiply by a fiberwise linear function, as it is the case when we multiply
by a fiberwise constant function. More precisely, we should have then

(¢, e ®&] = U(P)(e) ®E+e@O(9)(¢),

but, while on the left-hand side, taking fe € I'(E*) in the place of €, we have

(6, fe @&l = flo,e @ &)+ p(9)(f)e @&, (5.1)

on the right-hand, for fe instead of €, we have

U(9)(fe) ©E+ fe@O(9)(§) = f¥(9)(e) @&+ fe @ O()(§) + p(d)(fle ® €
—p'(df){0,8) ©¢
= fl¢,e @&+ p(@)(fle @& — p*(df) (9, E)E,
a result which does not coincide with (5.1), because of the extra term —p*(df){(¢,z)<.

Therefore, we have to content ourselves to define the structure just on the dual exact
sequence ([3.44)), with all the structure data of Def. with no hope to extend it to DE]

!This situation is similar to the fact, explained in Rmk. [3.60] that the geometric counterpart of a
degree 3 function is a pair of vector bundle morphisms (9%7 05) which don’t feet to give a DVB morphism
©:D——Dp=«.
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This drawback may be seen as a manifestation of the fact that, unlike the VB-algebroid
case where one of the duals has an induced, dual, Lie algebroid structure (see [23], and
Prop. of the present work), VB-Courant algebroids do not share this property.
This turns out to be a fruitful insight, since it suggests that the somewhat awkward Lie 2-
algebroid structure defined on the sequence (3.44]) could be transported to the dual double
vector bundle D* = Dp+ — F™* to fit into a much nicer VB-Courant algebroid structure.
We will show that this is indeed the case.

In the end we recall the concept of exact V-twisted Courant algebroids, studied by M.
Grutzmann and T. Strobl [24] and explain how they are related to VB-Courant algebroids
(and hence with our Lie 2-algebroids).

5.1 VB-Courant algebroids

We begin recalling the general definition of Courant algebroids, introduced by Z.-J.
Liu, A. Weinstein and P. Xu [44]. Actually, we will work with an equivalent definition,
with a non-skew bracket, discovered by D. Roytenberg [58]. Then we give the definition
of Li-Bland’s VB-Courant algebroids and describe the main example, namely the tangent
Courant algebroid TE of a Courant algebroid.

Definition 5.1. A Courant algebroid is a pseudo-Euclidean vector bundle (E*, (-, -)) over
a manifold M, together with a (non skew-symmetric) bracket [-,-] and a bundle map
a: E—TM (the anchor), satisfying the following properties:

[e1; [e2, es]] = [le1, 2], es] + [e2, [er, es]],  Ve1,e2,e3 € I(E),
a(fer, e2]) = [a(e1),ale2)]  Ver,e2 € T(E),

le1, fe2] = fle1,e2] + aler)(f)e2 Vei,eo € T'(E), f e C®(M),
. (e, [e1,e2] + [e2, e1]) = ale)({e1, e2)) Ve, e1,eq € I'(E),
a(e)((e1,e2)) = ([e, e1], e2) + (e, [e, e2]) Ve, e, eq € I'(E).

Remark 5.2. It can be shown by a standard argument (cf. for example [40] or Prop. [4.19
above) that properties 1 and 3 of the definition above already imply property ﬂ Also,
Y. Kosmann-Schwarzbach [36] showed that a Courant algebroid can be characterized just
with properties 1, 4 and 5 of Def.

—

oo W

Example 5.3. The most basic example, introduced in T. Courant PhD thesis [I4] is the
so-called standard Courant algebroid

(TM7 [[‘7 ']],CL),

where TM = TM @ T*M, the anchor map is a(X, «) = X, the projection over T'M, and
the brackets are defined by the formula

[[(X7 Oé), (Y7 5)]] = ([X7 Y]vﬁXﬁ - LYda)' (5'2)

2The argument consists in replacing es by fes in property 1 of Def. and then compute using
property 3. Some terms cancel out and in the end we get a([e1, e2])(f)es = [a(e1), a(e2)](f)es. See Prop.

ET%
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Actually T. Courant introduced the skew-symmetric version of the brackets above. This
non-skew symmetric version was first introduced by I. Dorfman [I6]. The example above
was generalized by Z.—J. Liu, A. Weinstein and P. Xu [44] to the case E = A ® A*, where
(A, A*) is a Lie bialgebroid (see Def. |G.2):

[[(X, Oz), (Yﬂ)ﬂ = ([X, Y]A + (ﬁA*)aY — LgdA*X, [a,ﬁ]A* 4+ (ﬁA)Xﬁ — LydAOé).

Other examples of Courant algebroids include quadratic Lie algebras, i.e. Lie algebras
endowed with a symmetric bilinear form invariant under the adjoint representation, ezact
Courant algebroids, introduced by P. Severa [62],[64], which is a twisted version of the
standard Courant algebroid by a closed 3-form H € Q3(M):

[[(Xv a)v (YHB)]] = ([X7 Y],ﬁxﬂ —tyda + LnyH),

and the Courant algebroids coming from proto-bialgebroids [58].

Now we introduce the central concept of this chapter, D. Li-Bland’s VB-Courant alge-
broids [41]. It is completely parallel to the concept of VB-algebroids of A. Gracia-Saz and
R. Mehta [23], see Def. changing the Lie algebroid structure by a Courant algebroid
one, with the only difference that, for convenience, the structure in this case is flipped, in
the sense that the Courant algebroid is on the vertical bundle structure, rather than the
horizontal one.

Definition 5.4. A VB-Courant algebroid is a double vector bundle (D;F™*, B; M)g«
equipped with a Courant algebroid structure on Dpg+« such that the anchor map ap :
Dp+—TF* is a bundle morphism over ap : B——TM, the metric (-,-)p,. is linear, and
where the bracket [-,-]p is such that

L [Diin(Dp«), Tin(Dp+)]p € Tiin(Dp+),
2. [[Flin<DF*)7Fcore(DF*)ﬂD - Fcore(l)F*)a
3. [[Pcore(DF*)a Fcore(DF*)]]D =0.

Remark 5.5. Actually D. Li-Bland gives a different definition, requiring the graph of the
addition operation +,
B

gr(+): D x D --» D,
B

is a Courant relation. However, he proves the equivalence with the definition we present
here, which seems much more natural because of its parallel with the definition of VB-
algebroids, and also more convenient, since it is easier to handle (at least for us).

Remark 5.6. As in the case of VB-algebroids (Rmk. , since ap is a vector bundle
morphism with respect to the structure over F*, it follows that the condition on ap is
equivalent to say that it is a DVB morphism from D to TF*.

Remark 5.7. Again as in the case of VB-algebroids (Rmk. , the Courant brackets
[-,-]p and the anchor ap are completely determined by their action on linear and basic
functions and on linear and core sections, which span the whole ring of functions C*°(F™*)
and the C'°°(F*)-module of sections I'( D~ ), respectively. However, the argument is more
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subtle in this case, since the lack of skew-symmetry prevents us from dualizing a Courant
structure to obtain Poisson-like brackets on the dual bundle, as it is the case for Lie
algebroids. Anyway, it is possible to go around this difficulty and still determine the
Courant algebroid structure just by knowing its action on linear and core sections and
on linear and basic functions. The details are worked out in appendix A of D. Li-bland’s
thesis, to which we refer the reader. We limit ourselves to present the precise statement
for later reference.

Proposition 5.8 ([41]). Let E— M be a vector bundle, a : E— TM be a bundle
map, (-,-) a metric on E, and let W C I'(E) be a subspace of sections which generates
I'(E) as a C(M)-module. Suppose that [-,-] : W x W —W is a bracket which satisfies
properties 1, 2, 4 and 5 of Def. [5.1] for every e, e1,ea,e3 € W, and that a o a* = 0, where
a*:=boa' : T*M —E, and a : T*M —E* is the transposed map of a. Then there is a
unique extension of [-,-] to a Courant bracket on all of T'(E).

Proof. Tt is Prop. A.0.3 in appendix A of [41].
[

Corollary 5.9. Let (D; F*, B; M) g« be a double vector bundle. Suppose that we can define
a bracket operation [-,-] on Tyn(Dp+) and Teore(Dp+) satisfying properties 1,2 and 3 of
Def. [5.4 Suppose also that we can define a bilinear, non-degenerate symmetric pairing
(s )Dpw 01 Tiin(Dp+) @ Leore(Dp+) satisfying properties 1,2 and 3 of Def. so that it
extends by bilinearity to a unique linear metric on Dp«. Suppose, moreover, that we can
define two maps

@: B—CDO(F), ape: B — F*,

where T(B) 2 Ty (Dp+), T(CDO(F)) 2 T(CDO(F*)) & Ty (TF*) (see Sec. [F.4), which
satisfy R
a(t) =ap~oT € FQF" =2 F*®F, V 7 € Hom(F*, E*) C B,

then we obtain a unique extension to a DVB morphism a : Dp» — TF* by Prop. [C.2].

Ifaca* =0 and ([,-], (-, ) pp.,a) satisfy properties 1,2,4 and 5 of Def. then
there is a unique extension of a to a DVB morphism on D, a unique extension of [-,-] to
a Courant bracket on I'(Dp~).

Proof. It follows from Prop. with W = T (Dp+) @ Leore(Dp+), that the structure
defined is a Courant algebroid, and we defined the bracket to satisfy the VB-algebroid
conditions.

[

Remark 5.10. Notice that because of Lem. |[C.26] it suffices to verify a o a* = 0 only for
linear and core sections.

The above corollary enables to describe easily, for a given Courant algebroid ([-, -], (-, ), a)
the tangent prolonged VB-Courant algebroid on TE——T M. This structure was described
first in [5] by Boumaiza and Zaalani (see also [I1] where the closely related jet bundle
Courant algebroid is described). We follow Li-Bland’s thesis [41] (see also [29]).
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Proposition 5.11 ([41]). The tangent bundle TE of a Courant algebroid E— M,

TE —E

IS

carries a unique VB-Courant algebroid structure over T'M such that the pairing and the
bracket satisfy

(Te1,Te)re = d(e1,e2), (Tei,e2)rE = (e1,e2), (e1,Tea)rE = (e1,e2), (€1,€2)rE =0,

[Tei, Tealre = Tler,e2], [Ter,elre = [e1,e2], [er, Tex]rr = [e1,ez2], [er,e]re =0,

and the anchor map satisfies

are(Te) = Ta(e) are(€) = a(e),
for any sections e, ey, ez € T'(E).

Proof. We define the Courant algebroid structure on sections of the form e and Te, e €
I'(E) by the equations of the statement. We need to verify arg(7) = arg o 7, for every
T €T*M @ E. So let’s take arbitrary f € C°°(M) and e € T'(E), then

are(df ©€) = are(T(fe) — fTe) = Ta(fe) — fTa(e)

=df ® a(e) + fTale) — fTa(e) = df @ a(e)
=arg o (df ®€).

Properties arg o apy = 0, 1,2,4 and 5 of Def. for linear and core sections follows from
these properties for E and from the fact that sections of the form 7Te,e € I'(E) span the
space of linear sections. Hence, Cor. applies.
[ |
Next we show the other basic example of VB-Courant algebroid, which is the standard
Courant algebroid over a vector bundle. We take it from [41], see also [29].

Proposition 5.12 ([41]). Let A— M be a vector bundle. Consider the standard Courant
algebroid TA = TA ® T*A— A, described in Ex. whose anchor is the projection
TA—TA and the Lie bracket is given by

[[(X’ Oé), (Y) B)]] = ([Xv Y]a 'CXB - LYda)'
Then, the double vector bundle

TA T™ @ A*

AeT*M

A M,

endowed with the standard Courant algebroid structure, is a VB-Courant algebroid.
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Proof. The anchor map, which in the case of the standard Courant algebroid is just the
projection over the first factor, is a double vector bundle morphism simply because of the
way we define the double vector bundle structure on the Whitney sum of two double vector
bundles, see Sec. [C.6lof App. [C] Then it remains to show properties 1,2 and 3 of Def.
To do achieve this, notice that the linear sections of TA are C°°(M )-spanned by sections

of the form (X,da), with X € Xj,(A) (linear fields on A) and « € T'(A*) = C2(A).

lin
Likewise, the core sections are C°°(M)-spanned by (a”,df), where a’ is the vertical lift of
a€T'(A), and f € C®(M).
Observe that, from Cartan’s rule it follows, for every X,Y € Xj,(A), a € T'(A¥),

Lxda =dX(a),
then
[[(Xa da)v (Y> dﬂ)]] = ([X7 Y]v EXdﬁ - £Yd05 + d<}/v Ot>)
= ([X,Y],dX(B) —dY (o) + dY («))
= ([X7 Y]vdX(ﬁ))
Since

where o : CDO(A*) — T'M is the symbol map, and
[f(X,da), (Y, dB)] = f[(X,da),(Y,dB)] — o(Y)(f)(X,da) + (X (B) + Y () ® df,

we conclude that the Courant bracket of linear sections is again linear.

Noting that (a,da) = a¥(a) = (a,a) and (X, df) = o(X)(f), and using the identifi-
cation of linear vector fields with covariant differential operators X);,(A4) = CDO(A*), we
have

[X,a"](B) = Xa"(B) — a"X(B)
= 0(X)(a, ﬁ> {a, X(B));
since a¥(f) = 0 for every vertical lift a¥ € I'(T'A), we have
(

(X, a"](f) =

thus, we conclude that
[X,a’] = X*(a)”,

where X* € CDO(A) is the dual covariant differential operator of X.
Also note that, form Cartan’s rule, we have

(Lxdf,Y)=do(X)(f) and Lgpda=d{(a,aq).
Then we have

[(X, dav), (a®, df)] = (X™(a)", do(X)(f) — d{a, @) — d{a, @)
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In particular, noting that

[[(X7 da),g(a”, df)ﬂ = g[[(Xv dOé), (av’ df)]] + U(X)(g)(av,df)

and
[9(X, da), (@, df)] = g[(X, de), (a”, df)],

we conclude that the Courant bracket of a linear section with a core section is again a core
section. Moreover, since

[(a®,df), (X, da)] = —[(X, da), (a", df )] + d(a(X)(f) + (a, ),

it follows that the Courant bracket of a core section with a linear section is also a core
section.

Finally, since a’(f) = 0 for every a € I'(4), f € C>®°(M), it is easy to conclude that
[(av,df), (b",dg)] = 0. Therefore, the standard Courant algebroid over a vector bundle is
a VB-Courant algebroid.

[ ]

5.2 Relation with Lie 2-algebroids

In this section we aim to show the relation between Lie 2-algebroids (Def. and
VB-Courant algebroids, introduced by D. Li-Bland [41], therefore recovering the charac-
terization of degree 2 N () manifolds in terms of VB-Courant algebroids obtained in Prop.
3.2.1 of [41], and more explicity through splittings by M. Jotz in [29].

We begin by working out some identities involving the structure of a Lie 2-algebroid
that will enable us to show that every Lie 2-algebroid yields a VB-Courant algebroid
structure on the dual D%. of its corresponding metric VB-algebroid Dp-.

5.2.1 Some identities for Lie 2-algebroids
Along this subsection we are given a Lie 2-algebroid E.

Proposition 5.13. For every ¢1, ¢2, ¢p3, we have

W([¢1, ¢2], #3) + W([¢1, 93], p2) = W (1, 6(W (@2, ¢3))) = O(1)(W (2, #3))-

Proof. Let’s introduce a horizontal lift, and recall the definition of the brackets on E*
given in Eq. and the curvature form K given in Eq. Using the properties of Def.
4.0l

(1, P2] = [m + €1,m2 + €3]
= [m,m2] + [m, €] + [é1,m2] + [€1, €3]
=modomng —modon +mole, | —VE

€2

om + VEini(e2) (5.3)

+dom(e2) + VE onp —maoer, ] + [e1, ea] — K(e1, e2).
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Then, using formula (3.48)),

W ([¢1, p2], ¢3) = m1 0 D o ma(e3) — n2 0 I (es) +mi([e2, es]) — VL m(es)
+ VEm(e2) + VI na(es) — ma(fer, es))
— K(e1,e2)(e3) +n3 00 oni(e2) + n3([e1, e2])

and
W ([$1, 3], 2) = m 0 D o mz(e2) — n3 0 Ini(e2) + m([es, e2]) — Vi mi(e2)

+ VEmi(es) + VEns(e2) — ns(fer, e2])
— K (e1,e3)(e2) +m2 0 0 omi(es) + na2([er, e3)),

thereby, adding (5.4)+(5.5) and cancelling terms we get

W ([¢1, b2, ¢3) + W ([o1, ¢3], ¢2) = m 0 (W (¢2, ¢3)) + VE W ($2, b3)
= W(o1,6(W(¢2, ¢3)),

where we used Eq. (4.3]) in the last equality.
On the other hand, using formulas (4.1]), (4.2)), (3.48]) and (4.3)),

O(¢1)(W (g2, ¢3)) = O(m + é1)(W (g2, ¢3))
=m0 (W (2, ¢3)) + VE W (2, ¢3)
= W(o1,6(W (g2, ¢3)))-

~

Corollary 5.14. For every ¢ € I'(E) and £ € I'(F),

©(¢)(§) = W(9,4(£))
holds.
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(5.4)

(5.5)

(5.6)

Proof. Indeed, from Eq. 1) it is easy to see that W : S? (E)HF is surjective, therefore
we can write & = W (¢, ¢2) for some ¢1, ¢y € I'(E), and the corollary follows from Eq.

(9.

~

Proposition 5.15. For every ¢1,¢2 € I'(E) and € € T'(E*),

p(91)((¢2,8)) = ([¢1, d2],E) + (D2, ¥(91)(€)) + p(¢2)({¢1,E)).
Proof. Using properties I and 5 of Def. and Eq. , we have

([#1,82],8) = (m([¢1, 2]),€) = (Aw(d1, 7(d2)),€)
= p(P1) ({7 (#2),€)) — p(2)(m (1), €)) — (¥(o1)(e), T(¢2))-

whereby, rearranging terms, we obtain (5.8]).

(5.8)
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Proposition 5.16. For every ¢1,¢2 € T'(E ) and e € T'(E*),

(OW (91, 92)), ) = —(d1, YU (h2)(€)) — (¢2, ¥(d1)(e))- (5.9)

Proof. In the following computations we will use Eq. (4.5)), properties 5 and 7 of Def.

and Eq. (4.3):

—(1, ¥(d2)(€)) — (D2, U (1) (€)) = (Aw(P1,7(¢2)), ) — p(¢1)(((92),€))

+ p(92)((7(91),€)) + (Aw (P2, w(¢1)), €)
= p(@2)({m(¢1),€)) + (1) ((7(92), )

= ([¢1, g2] + [¢p2, ¢1], ) = (O(W (¢1, ¢2)), €)-

n
Proposition 5.17. For every ¢ € T(E) and f € C®(M),
U(¢)(p"(df)) =0 (5.10)
holds.
Proof. Since Q% = 0, we have from Egs. and (4.11)),
V(o) (p*(df)) = (¢, Q(Q(f))) = 0.
n

5.2.2 The correspondence: Lie 2-algebroids «~ VB-Courant algebroids

In Egs. a), b), ¢), d) and e) of Rmk. [E.26] we saw how to “transport” the VB-algebroid
on Dp to (D})5- and vice versa. We will use this insight in order to transport a Lie 2-
algebroid on the linear bundle of (Dp+)}, = D to a VB-Courant algebroid structure on
D7 and vice versa.

Theorem 5.18. Lie 2-algebroid structures on a metric vector sequence E are equivalent
to VB-Courant algebroids on the corresponding metric double vector bundle.

Proof. Lie 2-algebroids — VB-Courant algebroids.

Suppose we have a Lie 2-algebroid structure on E. By Prop. in order to obtain a
VB-Courant algebroid structure on D%.., we only need to define the VB-Courant algebroid
structure data on linear and core sections and verify a o a* = 0 and properties 1,2,4 and
5 of Def. [5.1] . for those types of sections. Thereby we define the data ([-,-], (-,-)p:.,a) on

D3 as follows. Consider the isomorphism Z : EF — F of Prop. [C.33], where EF is the
linear bundle corresponding to I'i, (F, D) and E is the already introduced linear bundle
corresponding to 'y, (F, D), then we define

e The linear metric (-,-) is the one given by Egs. and ( of Rmk. [3.51
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e The anchor map is given by

a(o)(f) = p(Z(2))(f), a(€)(f) =0 (5.11)

a(0)(§) :== O0(Z(0))(&), a(€)(§) = (9(§), e),
for all o € T(Ep),£ € T(F),e € ['(E*) and f € C®(M).

e The bracket is given by

[o1,02] := Z7([Z(041), Z(02))) [0, €] := W (Z(0))(e) + p*(d(o,€) Dy.)

[£1,53] == 0 [£.0] := —U(Z(0))(2), (5.12)

for all 0,01,09 € F(EF) and €,e1,e9 € T'(E*).

We first verify that for every 7 € F* ® E C Ep we have a(t) =agoT. Fort=(®¢

this is equivalent to a(§ ® ) = £ ® a(g). So, let’s show this equation. For f € C*°(M
have, from property I of Def.

a(§ @ e)(f) = p(Z(§ @ e))(f)
=ple®@&)(f) =0=E@a@)(f)

For ¢ € T'(F*), we have from property 4 of Def.
al§ ®e)(€) =0(Z(£®7))(¢)
= (0(¢),e)¢ = @ a(E)(¢).
Now we need to verify properties 1,2,/ and 5 of Def.
Property 5. We have three cases:

a) e =o0,e; = 01,63 = 09 are linear sections.
On one hand, by Egs. and ( -,
a(o)({o1,02)pr.) = ©(Z(0))(W(Z(01), Z(02))).
On the other hand, by Egs. and -,
(lo,o1], 02) Dz, + (01, [o, 02]]>D;* =W([Z(0), Z(01)], Z(02))
+W(Z(01),12(0), Z(a2))).
Then, from Prop. [5.13| we get property 5 in this case.

b) e = 0,e; = 0} are linear and ey = € is core.

Using Eqgs. (5.11), (5.12)), (3.54)), and Prop. we have
a(o)((01,8)pr. ) = p(Z(0))((Z(01),8))

=<[ (0), Z(01)],8) + (Z(01), ¥(Z(0))(¢))
+ 0(Z(01))({Z(0),E))
= ([0, 1], 8) by, + (o1, [0, E]) .. -
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c) e =¢ core and e; = 01, €2 = 09 linear.
Using Egs. (3.53)), (3.54), (5.11)), (5.12) and Prop. we have

a(€)({o1,02)p;,. = (O(W(Z(01), Z(02))),€)
= —(Z(01), ¥(Z(02))(€)) — (Z(02), ¥(Z(01))(€))
= ([e,01], 02) Dy, + (01, [E, 02]) s

Property 4. First observe that property 4 is equivalent to
[e1, e2] + [e2, e1] = D((e1, e2)) Ve, eq € T'(E), (5.13)
where D : C*°(M)—T(E) is defined by
(D(f),€) i=ale)(f) = (a*(df),2)  Vf € CX(M),e € T(E).
In our case we have, for f € C*°(M) and £ € I'(F),

D(f)=p*(df) and D) =2Z""(5(¢)). (5.14)
Indeed, the first equation follows directly from Eqs. (5.11) and (4.9):
(D(f), o)y, = p(Z(0))(f) = p(7(Z(0)))(f) = (p*(df),0) Dz, -
As for the second equation, from Eqs. (b.11)), (4.3)), (3.53)), (3.54) and Cor. we

have

and

(D(§):&) ;.. = (9(8),€) = (6(£),%)
=(Z71(3(¢)),8)ps.-
Now we verify property 4, in its equivalent version, Eq. (5.13]). We have two cases:

a) ey = 01,e9 = 0y are linear sections.

In this case, we use Eqgs. (5.12)), (3.53)) and (5.14]), and property 7 of Def.

and get
[o1,02] = Z71([Z(01), Z(02)))
=771 0(W(Z(01), Z(02)))
= D((01,02) D5, )-
b) e; = o linear and ey = € core.
In this case we obtain directly from Eqgs. and ,
[o.2] + [g. 0] = ®(Z(0))(e) + p*(d{0,E)) — W(Z(0))(e)
— 7705 p;) = Do) s ).
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Property 2. We have three cases.

a) ey = 01,9 = oy are linear sections.
We need to prove two identities:

a([o1,0])(f) = lalo1),a(o2)](f) and  a([o1,02])(§) = [a(o1), a(02)](),
(5.15)
for every f € C*(M),¢ € I'(F). The first identity is a direct consequence of
Prop. .19} and the second follows directly from Cor.

b) e; = o is linear and ey = Z is core.

From Egs. , and , we have, for every £ € T'(F),
a([o,2])(§) = (9(£), ¥ (Z(0))(e) + p*(d{0,E)))
= p(Z(0))(0(¢),€) — (Aw(Z(0),0(£)), €)- (5.16)
On the other hand, using Eqgs. and property 2 of Def. we obtain
[a(0),a(®)](§) = a(o)(a(2)(§)) — a(€)(a(o)(§))

= p(Z(0))((9,8) — (0(6(Z(0))(§)), €)

= p(Z(0))((9(8),€) — (Aw(Z(0),0(£)). €)- (5.17)
From (5.16|) and (5.17)) it follows

a([0,€]) = [a(0), a(E)].

c) e; =€ core and eg = o linear.

On one had, from and we have
a([e,o])(§) = —(9(¢), ¥(Z(0))(e))- (5.18)
On the other hand, from , and Cor.
[a(€), a(0)](§) = —la(0), a(@)](£)

= —p(Z(0))((0(¢),€)) + (A

= p(0(€))({Z(0),5) — (¥(Z(0))(¢),0(§))

= —(0(¢), ¥(Z(a))(e))- (5.19)
From (5.18]) and (5.19) we conclude that

a([g, o]) = [a(€), a(0)].

Property 1. Finally we must show Jacobi identity for [-,-]. By lemma 2.6.4 of D. Royten-
berg’s thesis [58], or rather by the proof of this lemma, we can conclude from prop-
erties 2,/ and 5, proven above, that the Jacobiator

J(e1, ez, e3) == [[e1, e, e3] + [e2, [er, e2]] — [ex, [e2, e3]] (5.20)

is completely skew-symmetric in eq, eo, e3, where ¢; is a linear or a core section for
each ¢ = 1,2,3. On the other hand, by property & of Def. J is zero whenever
two sections are core. Therefore, in order to prove property 1 of Def. we have
only two cases to work.
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a) e] = 01,9 = 09, €3 = 03 are linear sections.

This case follows directly from Eq. (5.12) and property 1 of Def.

b) e; = 01,2 = 09 linear and e3 = € core.

On one hand, directly from ([5.12]), we have (omitting annoying long overlines
on the right-hand side)

[o1, [0, 21 = W (Z(o1)) (¥(Z(02)
= W(Z(01)) (¥ (Z(2))
+ " (A Z(en), (4

)(£) + o (dlo2,2)py.) ) + " (dlo, T2, 2])
() + (Z(01) (" (dlr2,E) ;)

02))(€))) + p* (d(p(Z(01))((Z(02),)))) -
(5.21)

Analogously,
[o2, [01,€]] = ¥(Z(02))(¥(Z(01))(€)) + ¥(Z(02))(p"(d(01,E) ;.. )

+ p"(d{Z(02), ¥(Z(01))(€))) + p" (d(p(Z(02))({Z(01),E)))) -
(5.22)

On the other hand, by , property & of Def. and it follows that
(lo1,02),8) ., = (w([Z(01), Z(02)],€) = (Aw(Z(01), 7(Z(02))), €)
= p(Z(01))((Z(02),8)) — p(Z(02))({Z(01),E))
— (Z(02), ¥(Z(01))(€))- (5.23)

Thereby, using (5.12)), (4.58) and Eq. (5.23|) above, we have (again omitting
annoying overlines on the right-hand side)

[[o1, 2], 2] = W([Z(01), Z(o2)])(€) + p"(d([01, 02], 8) D3 )
= U(Z(01))(¥(Z(02))(¢)) = ¥(Z(02))(¥(Z(01))())

+ 0" (d{o1, ¥(Z(02))(€)))
+ 0 (d(p(Z(01))((Z(02),)))) = p(d(p(Z(02))((Z(01),7))))
— P (d{Z(02), ¥(Z(01))(e)))- (5.24)

From (5.21)), (5.22)), (5.24]) and (5.10)), we obtain
[[017 [[0275]]]} = [[027 [[0175]”] + MUI, 02]]75]]
+ ¥(Z(01))(p"(d(02,E) Dy, ) — ¥(Z(02))(p" (d(01,E) D5, )
= [o2, [o1,€]] + [[o1,02], 2]

Hence, we have verified properties 1,2,/ and § of Def. for W =Tjin(D5e) T core (Dos ).
It remains to check a o a* = 0, for which it suffices to take only sections of the form df,

M) and d¢, £ € CP(F*) 2 I'(F). For any f € C™(M) we can always find

lin

o € T'(Ep) and € € ['(E*) such that f = (o, &)pz, . Then, from properties 4 and 2 we

a(a”(df)) = a(D(f)) = a(D((0,€) p;..) = a([o,E] + [E, o])
= [a(0),a(e)] + [a(€),a(o)] = 0.

D;.)
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Analogously, since for every & € I'(F) we can find 01,09 € T'(Er) such that (o1, 02) Dr, =
&, it follows from the same argument above that

a(a*(d§)) = a(D{o1,02)) = 0.

Therefore, by Prop. we conclude that we have obtained a VB-Courant algebroid
structure on Di..

VB-Courant algebroids — Lie 2-algebroids.
Given a VB-Courant algebroid structure on D7., we define a Lie 2-algebroid structure
by

(b1, 02] := Z([Z7 (1), Z7H(2)]),  A(O)(F) = a(Z7 () (), (0(€),¢) := a®)(¢)
V(o)(e) == ~[6. 27 Z(9)] = [Z7'(¢),2] - D((¢,E)), O()(§) :==a(Z™ 1((¢))(§)
5.25

We need to verify that ([-,-], p,¢) is a Loday algebroid structure (Def. , where ¢ is
defined by Eq. , properties 1-7 of Def. and property 2 of Def. These are
simple verifications using properties 1-5 of Def. [5.1] The only properties we think are
worth writing down their verifications are 5 and 6 of Def. and 2 of Def. In order
to verify property & of Def. [£.6] we use property 5 of Def. 5.1}

([1, 2], 8) = ([Z7(¢1), Z~ (92)],€)
= a(Z" Y1) (Z " (¢2),E) s, )—(Z_1(¢2),[[Z_1(¢1),E]]>
= p(o1)({m(p2),€) — P(W(¢2))(<¢1,?>) — (U(¢1)(e), m(d2))
= (Ay(o1,7(¢2)) €). (5.26)

In order to prove property 6 of Def. we use property 3§ of Def. and compute for
every o, F and n =e®E,

6,0 = Z(1Z27(9), € ® €])
= 2@ [27(¢).2] + a(Z7H(9))(€) ®F)
=e®0(9)(§) + U(P)(e) @&+ p"(d(¢,E)).

On the other hand, for every e € I'(E), using property 2 of Def. (which follows from
the derivation property of ap: ), we have

O(¢) o (e @ &)(e) = O(0)({e,£)¢) = p(¢)((e,€))€ + (e, €)0(8)(E),

whence,

e®0(9)(§) = O(¢) o (e ® &) — p(d)({,€))E,
whereby, from , and Eq. , we get

[¢,n] = O(¢) o — 1m0 Ay(e,-).
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Finally, we verify property 2 of Def. By property 2 of Def. we have

(000(9)(€),€) = a(e)(alZ~(9))(€))
=a(Z” ( )) a(€)(€)) + a([e, 27 (&)])(€)
p ) = (¥(9)(e), 9(E))- (5.27)

On the other hand, since 9(¢) = m(D(£)), from a o a* = 0 we have in particular
p(O(E))(f) = a(D())(f) = aca™(dE)(f) =0, VEeL(F), feC®(M),
whereby, from Eq. ,

(Aw(9,0(8)),€) = p(#)((0(£), €) — p((£))((¢,E) — (L()(e),D(E))
= p(@)((9(E), €) = (L(D)(e), D(E))- (5.28)

From (5.27)) and (5.28]) we conclude that

I
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Remark 5.19. In Prop. [6.36] we will wee that when the Lie 2-algebroid structure comes
from a Courant algebroid (E*,(-,-), [, ],a) (cf. [59] and Sec. below), then the cor-
responding VB-Courant algebroid corresponding to this Lie 2-algebroid is precisely the
tangent prolongation of E* on T E* described in Prop. [5.11] now with E = E*.

From the above theorem, we obtain another non-trivial example of Lie 2-algebroid,
the one that corresponds to the standard Courant algebroid over a vector bundle (see
Prop. . Let’s see explicitly how the standard Courant structure is transported to the
corresponding Lie 2-algebroid following the procedure indicated in the proof of Thm. [5.18
First, using the identifications given in Sec. of the appendix, and the characterization
of the dual sequence in Cor. we can identify the pairs of the form

(T, X*), a € D(A%), X* € X (A%

with sections of the dual linear bundle E which in this case corresponds to the linear
sections of the double vector bundle (TA)7 ;4 4-- The identification of Cor. is given
by

(Ta, X*)(Ta,da) = (d{a,a), X*(a)) € T(T*M @ A), Va € T'(A);

and 7: E—E=TM® A* is given by
(m(Te, X7), (a,df)) = (o, a) + o (X7)(f), a € L(A), f € C®(M).

Therefore, we have identified E — B with J'A* @ CDO(A) — TM & A*. On the
other hand, the linear bundle Ep corresponding to TA is Xjin(A4) & QL (A). Under this

identifications, the map Z : E-—E = of Prop. used in Thm. above, is given by

Z(X,da)— (Ta, X7),
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where we are identifying 7o with the first jet prolongation of o, jlaw € J'A*, and X* €
CDO(A) is the covariant differential operator dual to X, when we interpret X € Xy, (A)
as a covariant differential operator in CDO(A*). Then, the procedure indicated in the
proof of Thm. gives us the Lie 2-algebroid structure on

(T*M ® A) @ A* — J'A* © CDO(A) — TM & A*

as follows:
i [(TO‘DXT)(TQ%X;)] = (T(XT(O‘Q))? [XT,X;D, Q; € P(A*)7 Xz* < CDO(A),
o p(Ta, X*)=0(X"), a eT(A*), X* € CDO(A);
o (0(a),(df,a)) = (a,a), ae(A%),a e T(A);

For a € T(A*),a € T'(A), X* € CDO(A), f € C*(M),

(T, X¥)(df ,a) = (do(X7)(f), X"(a)) — (do(X™)(f) + d{a,a),0)
= (—d(a,a),X*(a));

o O(Ta, X*)(8) = X(B), a,B € D(A%), X* € CDO(A).

5.3 Exact V-twisted Courant algebroids

In a recent paper [24], M. Grutzmann and T. Strobl introduced a sort of vector bundle
analogue for exact Courant algebroids [62], which they call exact V-twisted Courant alge-
broids. Our aim in this last section is to show that there is a canonical 1:1 correspondence
between exact V-twisted Courant algebroids (actually, we slightly modify the definition
of [24] by adding axiom 5 below, which is redundant in the case rank F' > 1) and VB-
Courant algebroids on the double dual Dj. of a self-conjugate DVB (D; E, F'; H), and
hence, by Thm. a canonical 1:1 correspondence with Lie 2-algebroids, or, by Thm.
a canonical 1:1 correspondence with N@Q degree 2 manifolds. We remark that we
obtain the correspondences between these structures without splittings.

Definition 5.20. An exact V-twisted Courant algebroid consists in the following data:
e a triplet of vector bundles, which we denote by (F, E, E),
e a surjective vector bundle morphism 7 : E— E,
e an anchor map p: E—TM,

~

a bracket [-,:] on I'(E),

e a non-degenerate surjective symmetric product (-,-) taking values in F.
e a vector bundle morphism © : F — CDO(F).

These structure data are subject to the following axioms:
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1. mom* =0, where 7* : E* ® F— F is the adjoint of 7 with respect to (-,-):

(7 (n), ¢) := (7 (),

N

i) [¢1, foo] = flo1, d2] + p(o1)(f)P2,

ii) ©(¢)(f§) = fO(9)(§) +n(d)(f)E,
where p : E—TM is given by p:=pom,

3. [¢1, [@2, #3]] = [[01, D2, B3] + [@2, [h1, 3]],
4. ([¢1, B2, d2) = 30(P1)(d2, 92) = (¢1, [¢2, P2]).-
5. m([¢, 7 (n)]) = 0.

Remark 5.21. The adjoint 7* is well-defined because of both, the non-degeneracy and
the surjectivity of (-,-).

Remark 5.22. The 5" axiom of the definition above does not form part of the original
definition of [24]. We include it in order to obtain the canonical 1:1 correspondence of Thm.
b.23|below. When rank F' > 1, axiom 5 holds automatically. Indeed, observe that axiom I
implies that 7*(E* ® F') is isotropic with respect to (-,-), then for any e ® £ € E* ® F' and
any ¢ € E, take ¢ € ['(F) linearly independent from &, then, axiom 4, after polarization,
implies that for every ¢’ € T'(E*),

(r(lp, 7" (e @ &)]), €)' = ([p, 7" (e @ &), 7" (€' @) =O(P) (e ®E,e'®E)) — (e ®E,[¢,6' ®ET])
—(n([¢,e' ® &), €)¢,

thus the linear independence of £ and £ implies

(m(lp, 7" (e @&))), ') = (m([¢,€' @ &]),€) =0

Since £ € T'(E*) was arbitrary, we conclude that 7([¢, 7*(e ® £)]) = 0. By R-bilinearity
of [-,-], item i) of axiom 2 and axiom 1, we conclude

for any ¢ € T(E),n € ['(E* ® F).
In [24], an explicit example is described, showing that this equation does not hold
necessarily when rank F' = 1.

Theorem 5.23. There is a canonical 1:1 correspondence, up to isomorphisms, between
exact V-twisted Courant algebroids and VB-Courant algebroids.

Proof. Suppose we are given an exact V-twisted Courant algebroid. By axiom 1 of Def.
.20, we have the exact metric vector sequence

0—E*®F — FE - E—0, (5.29)
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which, by Thm. [3.58|is equivalent to an involutive sequence
0— A2E* 5 B 2y po. (5.30)

which in turn we saw in Thm. to be equivalent to a self-conjugate DVB

D(E)—%2 (5.31)
a F q*
E

E—Y m

and this is equivalent, by Prop. [3.38] to a metric DVB structure on the dual Dp+ := D(E)Z

Dp- —2, B (5.32)

qF* E qE*
F*

j g S— /S
so that the linear bundle ﬁ\*, corresponding to I'jj, (D) fits in the exact sequence
0— E* @ EB* -5 Fr 25 F* 0, (5.33)

which is the natural extended involutive sequence corresponding to .

Now we want to define a VB-Courant algebroid structure on D7}.. As we did in Thm.
we will identify the linear bundle of D%. with E, the linear bundle of D, via the
isomorphism Z. We will use the notation o for sections in I'ii, (D} ) and also for sections
in I (D), avoiding to write down each time the isomorphism Z and its inverse (contrary
to what we did in the proof of Thm. [5.18). Also, linear sections of the form 7*(e ® &) we
will write as £ ® €, that is, as the product of the linear function £ € C30(F*) and the core
section € € Teore(Diov)-

Before defining the structure data of the VB-Courant algebroid, we notice that because
of the non-degeneracy and surjectivity of (-,-) we can obtain a well-defined map D :

~

['(F)—T(FE), given by
(D(&),0) := O(0)(€), V¢ eD(F),oc € E. (5.34)

Also we can define a map, which we will denote also by D, between the spaces D :
C>*®(M)—T(E"), given by

(D(f); ) = p(e)(f), Vfe (M), eel(E). (5.35)

We will use Cor. [5.9] so that we need to define the Courant algebroid structure only for
linear and core sections. So we define

(01,09) := (01,02), (0,8) = (g,0):=(n(0),e), (e1,82) =0, (5.36)
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a(o)(§) == O(0)(£), a(®)(§) = (D(§),2),
a(o)(f) = plo)(f), a(@)(f) =0, (5.37)
[o1,09] := [o1, 03], ([o,&1],22) :== 0,

([o1,2], 02) := a(o1)((02,8)) — ([o1,02],8), [E, 0] := —[o,&] + D({0,2)). (5.38)

First of all, we need to verify bilinearity of (-,-) when we take 09 = { ®% = 7*(¢ ® £). This
is a direct consequence of the definition of 7* (cf. axiom I of Def. |5.20)):

(0,6®E) = (0,77 (e ®¢)) = (e, 7(0))€ = £(0,8).

Next we must prove consistency of the definition of ([o,27],22) with the definition of
([o1,2],02), in the case o2 = £ ® E2. Here is where we need axiom 5. Indeed, on one hand
by the definition of ([o,271],22) and the bilinearity of (-, -), we have

<[[O'1,§]],§®@> = <[[0'17€]]75>€ =0,

and on the other hand, by the definition of ([0, ], 02) and axiom & of Def. we have

([o.2], ¢ ®5) = a(o)((& ® &3,8)) — ([0, £ @ &3], &)
= <[077r*(€2®€)]7€> =0,

thus, both ways of computing ([, €], £ ® &) coincide.

As for the anchor map, so far we have it defined only on linear and core sections. In
order to obtain a DVB morphism a : D%. — TF* we need to check the compatibility
condition of Prop. which is equivalent to the condition

a(§ ®E) =£®alE). (5.39)
By the definitions of a(o)(f) and a(g)(f), and axiom 1 of Def. it follows

a(§ ©E)(f) = 0= Ea(E)(f) (5.40)

~

Now, given any & € I'(F'), by the surjectivity of (-,-), we can find 01,09 € T'(E) such that
& = (01, 092), whereby, using the polarized version of axiom 4 of Def. and (j5.37)),

a(§1 ®€1)(&2) = a(§1 ®E1) ({01, 02)) = (§1 ®ET, [01,02] + o2, 01])
= &1 (E1, D({01,02))) = &1a(E7)(&2)- (5.41)

From (5.40) and (5.41) it follows (5.39).

Now, if we want to apply Cor. we need to verify that properties 1,2,/ and 5 of
Def. and a o a* = 0 are satisfied by the structure defined above (only on linear and
core sections).
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Property 5. The case for e = 0, e; = 01 and e = o9 linear sections, follows immediately
from axiom /4 after polarization. The case with e = 01, e; = 09 linear and e = 2
core follows from Eq. . The only non-trivial case remaining is when e = € is
core, and e; = 01, ez = o9 are linear. From axiom 4 (after polarization), and

(5.37), we obtain the following,

([[gv 01]]7 02> + <Ula [[g’ UQ]]) <[[O-175]]?0-2
—

02,01],€) + a(o1) ({02, )
)

Property 4. Again the case for e = g,e; = 01 and es = 02 linear sections follows from
axiom 4 after polarization. This case implies, form (5.34]) that

[[01,0'2]]—1—[[0'2,0'1]] :D(<01,02>), (5.42)
which in turn implies, from
a(€)((01,02)) = (D((01,02)),E) = (&, [01,02] + [02, 01])-

Finally, the case e = o, e; = o7 linear and es = & core follows directly from (|5.38])

and (5.35).

Property 2. We have three cases.

a) €] =01, €2 = 02.
First we need to Verlfy Leibniz rule with respect to the product by a function.
Take 01,092,053 € T'(E ) and f € C°°(M), then, by property & already proven
above, we have,

(lov, foo], 03) = a(o1)((fo2,03)) — (fo2,[o1, 03])
= a(01)(f)(o2,03) + fa(o1)((02,03)) — flo2, [o1,03])
= (flo1,02], 03) + (a(01)(f)o2, 03). (5.43)
Then, using Leibniz property together with Jacobi identity for linear sections,

which we already have from axiom 3 of Def. we conclude, in the exact
manner we did in Prop.

a([o1, 02])(f) = la(o1), alo2)](f)- (5.44)

In order to prove the same identity for a linear function £ instead of f, we
need Leibniz rule with respect to the product of a linear function and also
Jacobi identity for eq, e linear and e core. More precisely, we have, for every
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01,09 € T'(E ) € € I'(F) and € € T'eore(D}+), again using property 5 already
proven,

([o1, € ®E], 02) = a(01)((§ ® E, 02)) — (§ ®E, [o1,02])
= a(01)({(02,8)¢) — ([o1,02],8)¢
= a(01)({(02,8))§ + (02,8)a(01)(§) — ([o1,02],E)¢
= ([01,2], 02)€ + (02,8)a(01)(§)
= (£ ® [o1,2] + a(01)(§) ®RE, 02). (5.45)

Now, as we said above, we need Jacobi identity for ey, ep linear and eg core.
Using (5.38)) repeatedly, we have, for 01,092,053 € I'(FE ) and € € Ieore(Dioe ),

(o1, [o2,2ll, 03) = alo1)(0s, [02,2]) — ([o1, 03], [02,E])
= a(o1)(a(o2)((03,8))) — a(o1)(([o2, 03], &)
- a(UQ)(<[[017 0'3]],§>) + <[[027 [[017 0'3]]]]75% (5'46)
(llo1, 02], 2], 03) = a([o1, 02]) ({03, 8)) = ([lo1, 02], 03], E), (5.47)
(o2, [o1,2l], 03) = a(o2){(0s, [01,2]) — ([o2, 03], [01,])
= a(o02)(a(01)((03,8))) — a(o2)(([o1, 03], &)

—a(o1)(([o2, 03], €)) + ([o1, [02, 03]], &) (5.48)
From , and , after cancelling terms, we obtain
(lov, [o2,El] = [[o1, 021, €] — o2, [01,E]], 03) = 0. (5.49)

Then, using (5.45)) repeatedly, we have the following

[o1, [o2,§ ®E]] = [01,§ ® [o2,E]] + [01,a(02)(§) @ Z]
=¢Q® [or, [o2,E]] + a(o1)(€) & [o2,E]

+ a(02)(§) ® [o1,2] + a(o1)(a(o2)(§)) ®F, (5.50)
[lo1, 02]. & ® ] = £ @ [[o1, 02],€] + a([o1, 02])(§) ®E, (5.51)
[o2,[01,£ ®E]] = £ @ o2, [01,E]] + alo2)(§) ® [o1,2]

+a(01)(§) @ [o2,€] + a(o2)(a(o1)(§)) ®E. (5.52)

Then, using axiom 3 of Def. and (5.49), adding (5.50)), (5.51)) and (5.52)),
after cancelling terms, we get

(a([o1, 02])(€) — [alo1), a(02)](§)) ®E =0,

thus, since € is arbitrary,

a([o1, 02])(§) — la(o1), a(o2)](§) = 0. (5.53)
From Eqgs. (5.44) and (5.53) we obtain

a([o1, 02]) = [a(o1), a(o2)]. (5.54)
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b) e} =0, e = €.
Using repeatedly (5.45) and (5.39), we have, for every o € T'(E), e1,e2 € T'(E*)
and £1,& € F(F),
[[07 [[51 ® e, 52 X 5]”] = [[07 52 ® [[§1 & a) 5]]]] + [[U’ a(él ® a)(€2) ® 5]]
=& @ [0, [6 ®@E1,8]] + a(0) (&) @ [& © 1, 5]

+a(§1 ®E1)(&2) ® [0,22] + alo)a(& @ E1) (&) ® &2
(5.55)

[[o, &1 @zEr], e @ &) = & @ [[o, & @1, &) + a([o, &1 @ E])(§2) ® & (5.56)
[&1 @z, [0, @ &3] = [& ®Er, & ® [o,8]] + [ ® &, a(0)(&2) ® &
= 52 ® [&1 ® ET1, [o,82]] + a(é&1 ® E7)(&) ® [o,E2]

+ a(0)(&2) ® [§1 ® €1, 82] + a(& ® E1)(a(0)(&2)) ® &2

(5.57)

Adding Eqgs. (5.55)), (5.56) and (5.57) we get, using and cancelling terms,

0 =[a(0)(a(& ® E1)(&)) — a(é @ E7)(a(0) (&)
—a([o, &1 @ &) (&) ® &2

Since &3 is arbitrary, it follows that the term in brackets | | is zero. Using again
(5.39) and (5.45)), we obtain

0 =a(E1(§2)a(0)(61) + a(o)(a(E1)(§2)) &1 — aEr)(al0)(&2) &
— a([o,z1])(€2) &1 — a(E1)(§2)a(0)(&1)
=la(0)(a(E1)(&2)) — aED)(al0)(&2) — alo, 1)) (&2)] &1,

which implies, since §; € I'(F) is arbitrary, that the term in brackets [ ] is zero,
and since & € I'(F) is arbitrary, it follows finally

a([o.51]) — [a(o), a(ET)] = 0. (5.58)

c) e1 =¢, eg =o0.
From the definition of a in (5.37)), item b) above, and skew-symmetry of the
Lie bracket [-, -] on X(F'), we have, for every & € T'(F*),

a([; 0])(€) = a(D((0,2)))(€) — a([o:2])(€)
= [a(@), a(0)](§) + a(D({0,2)))
= [a(@), a(0)](€) + (D(£), D({0,¥)))
= [a(®), a(2)(§) + a(D(£))((0,8))- (5.59)

Now, since (-,-) is surjective, we can write £ = (o1, 02) for suitable 01,09 €
['(E), which by properties 4 and 2 for the case of linear sections, which were
already proven above, yields

a(D(§)) = a(D({01,02))) = a([o1, o2] + [02,01])
[a(o1), a(02)] + [a(02), a(o2)] = 0. (5.60)
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From (5.59)) and (5.60), we conclude that

a([&; o]) = [a(e), a(0)].

Therefore, we have obtained property 2 in the three cases.

Property 1. As we did in the proof of this same property in Thm. relying in (the
proof of ) lemma 2.6.4 of [58] and the properties 2, 4/ and & proven above, we conclude
that the Jacobiator J (cf. ) is totally skew-symmetric when evaluated in linear
or core sections. Again as we argued in the proof of this property in Thm.
J(e1, ez, e3) is zero whenever two sections are core, remaining only two non-trivial
cases.

a) e] = 0] eg = 09,e3 = 03 are linear sections.
This case is equivalent to axiom & of Def.
b) e1 = 01 ea = 09 linear and e3 = € core.
This case is precisely Eq. .

Thus, we have properties 1, 2, 4 and 5 checked for linear and core sections. The last thing
we need to check in order to apply Cor. is aoa® = 0. It suffices to verify this equation
only for sections of the form df,d§ € T*F for f € C°(M) and £ € I'(F) = CRo(F™).

For f € C*°(M), by , the surjectivity of 7 allows us to find ¢ € I'(E) and
€ € I'eore(D7v) such that f = (0,8). Then, using properties 4 and 2 proven above, we

have
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For £ € T'(F), from a*(d§) = D(£) and (5.60) it follows
aoa*(de) = 0.

Hence, by Cor. we have obtained a VB-Courant algebroid structure on D%. from the
exact V-twisted Courant algebroid structure on E.

Conversely, if we start from a VB-Courant algebroid structure on the dual of a metric
DVB D7, then from equations (]m[), (]m) and m we induce the corresponding
exact V-twisted Courant algebroid data on the linear sequence . It is not difficult
to verify that the data obtained satisfy indeed the axioms of Def. and that these two
processes of going from an exact V-twisted Courant algebroid to a VB-Courant algebroid
and back, establish the desired canonical 1:1 correspondence.




Chapter 6

Poisson degree 2 manifolds

In this chapter we study the structure of a degree 2 manifold endowed with -2 graded
Poisson brackets, called Poisson degree 2 manifolds, a particular case of Poisson k-manifolds
introduced in Def. Since Poisson structures appear naturally when performing re-
duction of symplectic structures, it is naturally to treat Poisson degree 2 manifolds in the
context of reduction of Courant algebroids [6].

After obtaining a geometric characterization in terms of the basic exact sequence ,
we provide a geometric characterization of Poisson degree 2 manifolds in terms of the
corresponding involutive double vector bundle, arriving to double linear Poisson brackets,
invariant under the involution, giving rise to the category of what we call involutive double
linear Poisson bundles. When we go to the dual, we obtain a VB-algebroid structure which
is compatible with the linear metric corresponding to the transpose of the involution, a
structure introduced by D. Li-Bland [41] and studied by [29] under the name of metric
VB-algebroids.

Then we give a classification of regular Poisson manifolds in terms of certain Chevalley
cohomology groups. Finally we recover the symplectic case, studied by D. Roytenberg [59].

6.1 The categories of degree 2 Poisson manifolds and invo-
lutive Lie algebroid sequences
Recall that we already introduced Poisson k-manifolds in Def. A Poisson degree
2 manifold is simply a Poisson k-manifold of degree 2.
A morphism between between two degree 2 Poisson manifolds, called a Poisson mor-
phism,

v (N,{'a }N)H(Mv{’ }M)

is a morphism between the degree 2 manifolds
U= (4,9F) : N = (N,On) — M = (M, On),

such that the morphism of sheaves 1 : ©,, — 1,0y preserves the Poisson brackets, that
is, for every U C M, and every f,g € O, (U), we have

V{f,9}) = {VH(), ¥*(9)}-

103
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Degree 2 Poisson manifolds, together with the morphisms between them, form a cate-
gory.

Theorem 6.1. Given a degree 2 manifold M, consider its corresponding involutive se-
quence (E,ﬁ,p F —s A2E), given by Prop. . Then there is a 1:1 correspondence
between degree -2 Poisson brackets on M and the following structure on the involutive
sequence:

o A symmetric bilinear form (-,-) on E*;
e A Lie algebroid structure ([-,-], p) on F*;
e A Lie algebroid (-,-)-preserving action, VU, of F* on E*;

such that

o The brackets between a section ¢ of F* and a section £1 A &5 of A2E*, seen inside
F* through the map A2E* — F*, are given by

[<,€1A52] I\I’(C)(El)/\EQ-i-é‘l/\\I/(C)(é‘g). (6.1)

o The action ¥ of F* on E* restricted to A2E*, which we denote by \T/, s given by

U(e1 Aeg)(e) = (e9,e)e1 — (e1,€)e9. (6.2)

Proof. By Prop. we only need to prove the equivalence between degre -2 Poisson
brackets on a degree 2 manifold and the data in the items of the statement. Suppose first
that a degree to M is endowed with degree -2 Poisson brackets {-,-}. Then applying the
brackets to degree 1 functions €1,e9, which are identified with (local) sections of E*, by
Leibniz rule and since the brackets have degree -2, we see that, for any f € C*(M),

{fer.e2} = fler,e2} = flea,e1} = {e1, fea},

thus getting a symmetric bilinear form (-,-) on E*. N
Again by Leibniz’s rule, we see that, for a degree 2 function ¢ € A? = I'(F*),

{Ca }

defines a derivation on C*°(M). Hence we obtain a vector bundle map p : F*—TM,
given by

p(Q)(f) :=={C [}
Setting, for (1,(s € F(ﬁ*),

(€1, Ga] == {C1, Ga}
defines Lie brackets on F(ﬁ *), by graded skew-symmetry and J acobi identity, and actually,
by Leibniz’s rule, ([, -], p) defines a Lie algebroid structure on F™*.

Next, we define a vector bundle map ¥ : F* — CDO(E*) (over the identity), where
CDO(E™) is the Lie algebroid whose sections are the covariant differential operators of
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sections of E (also called derivative endomorphisms), [-, -] is given by the commutator, and
the anchor is given by the symbol map, by

(O)(e) = {¢ e,

with ¢ € T(F*) and ¢ € ['(E*). That ¥ actually takes values on CDO(E*) and is a Lie
algebroid morphism, follows from Leibniz’s rule and Jacobi identity. Also from Jacobi
identity it follows that W preserves (-,-), which, by definition, means that

p(C)((e1,€2)) = (¥(()(e1),€2) + (€1, ¥(¢)(e2))-

The compatibilities of [-,-] and ¥ with the inclusion ¢ : A2E* —F * given in the last two
items of the statement, follow directly from Leibniz’s rule.
Conversely, suppose we are given the data in the statement. We use these data to
define
{AY AN (A% A% (A% AMY and { A% A%,
We need to check that the brackets defined this way are compatible with graded skew-
symmetry, which follows directly from the symmetry of (,-,-) and the skew-symmetry of

[-,-], and Leibniz’s rule. For a product €1 A €3, it follows from the compatibility conditions
and and for a product fg it follows from the fact that p takes values on
the tangent bundle of M; Jacobi identity restricted to functions belonging to A%, Al, A2
follows from Jacobi identity of [-, -], from the preserving brackets property of p and from
the (-, -)-preserving property of W.

We extend the definition to the whole structure sheaf O,, by Leibniz’s rule and graded
skew-symmetry together with an induction argument. ]

Remark 6.2. A consequence of (6.1) and (6.2)) is that the brackets on A2E* satisfy

[e1 Nea,e3 Neg] = (e9,e3)e1 ANeg + (e2,e4)e3 N el — (€1,€3)ea Neg — (e1,€4)e3 N Eg; (6.3)

in particular, the anchor map restricted to A2E* is zero, so that A2E* actually is a Lie
algebroid ideal of F', and the exact sequence

0— A’E* — F*— F*—0, (6.4)

obtained by transposition of (3.3)), turns into a Lie algebroid exact sequence.
The result above leads us to introduce the following definition.

Definition 6.3. An involutive Lie algebroid sequence is an involutive sequence
(E,F,F — A°FE),

endowed with the structure given by Thm. satisfying properties and .

An involutive Lie algebroid morphism (,11,12) : (F — A2E) — (Fv’ — A2E)
between two involutive Lie algebroid sequences, is an involutive morphism between the
underlying involutive sequences, such that:
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U (e 9)) = (¥ (1), 91 (), Vel ey € T((E)") = CRu(B); (6.5)

V3L GY) = {w3(Ch), v3 (8, VG e T(F) = CR(F),  (6.6)

where {-, -} here stands for the linear Poisson structure on F dual to the Lie algebroid
structure ([-,], p) on F*, and similarly {-, -}’ stands for the linear Poisson structure

on F’ corresponding to the dual Lie algebroid on ,}7’*;

YEW(C)(E) = TE(C)WIED), V¢ eT(F) 2 CR(FY), (6.7)
e e T((E')) = CR(E).

The compatibility of the conditions above with equations and , follows from
the fact that (¢, 1,19) is involutive.

The involutive Lie algebroid sequences, together with the morphisms between them,
form the tnvolutive Lie algebroid sequence category.

Corollary 6.4. The category of degree 2 Poisson manifolds is equivalent to the category
of involutive Lie algebroid sequences.

Proof. We will construct a functor from the category of degree 2 Poisson manifolds to
the involutive Lie algebroid sequence category as follows. Given a degree 2 Poisson
manifold (M, {,-}), by Thm. 3.12)), we have an involutive sequence associated to M,
(E,F — A’E), and given a Poisson morphism (1, 4"), we have an involutive morphism
associated (1,11, 12). Simply by tracking the definitions, one can verify that the condi-
tion of preserving the Poisson brackets for (1, 4*) implies that (1, %1,) is an involutive
Lie algebroid morphism between the corresponding involutive Lie algebroid sequences.
Therefore, we have a functor from the category of degree 2 manifolds to the involutive Lie
algebroid sequence category. Fully faithfulness and essentially surjectivity easily follow
from those properties of the functor given by Thm. 3.12

[

6.1.1 Splittings

Proposition 6.5. There is a 1-1 correspondence between degree 2 Poisson manifolds with
a splitting of and the following data:

o A Lie algebroid (F*,p, |-, ])
o A wvector bundle endowed with a symmetric bilinear form (E*, (-,-))
o An F*-connection V on (E*,(-,-)) (preserving (-,-)).

e A curvature form K € Q*(F*; A2E*) that satisfies
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— The curvature condition B
Ry=-UoK, (6.8)
where W is the action on (E*,(-,-)) restricted to A>E*, given by formula .
— Bianchi identity dy K = 0.

Remark 6.6. For further reference, we introduce the F*-connection on F, dual to V, and
denote it also by V.

Proof. Suppose we have a degree 2 Poisson manifold and a splitting ¢ of , or equiv-
alently of the transposed sequence , is given. By Thm. we have equivalently the
data given in the statement of that theorem, in particular, we have a vector bundle E*
endowed with a symmetric bilinear form (-, -). By remark the quotient F* = F* JA2E*
inherits a Lie algebroid structure.

Using the action ¥ we obtain an F*-connection by setting

V :=Vo,
which preserves (-, -). Finally we define K € Q?(F*; A2E*) by

Of course K takes values on A2E* since m(K(X,Y)) = 0, where 7 : F* —» F* is the
projection. Now, by definition of V and by Jacobi identity, we have

‘Ij o K(X7 Y)(E) - [K(Xa Y)a 6] - [w([Xv Y]) - [w(X)v w(Y)]v 5]
= Vixyje + [[&: (X)), ¥(Y)] + [Y(X), [e, (V)]
= V[X’yy? + VyVxe —VxVye = —Rv(X, Y)(&).
Also from Jacobi identity for both brackets [, |z, and [+, -] 7+, which will be denoted simply

by [-,-] in order not to burden the notation, we have
(dvK)(X,Y,2) = CyZd;CWXK(K Z) - K([X,Y], 2))
= ZI Vx(@([Y, 2)) - [B(Y), % (2)]) - le (W(([X, Y], Z]) = [ (X, Y]), (2)])
= yle [B(X), o (Y, 2])] - le [$(X), [w(yw,w(zm
: le [w<X>,z/»<[Y,Z]>]i le ¥([[X,Y],2]) = 0.
o cyclic

Conversely given the data in the statement, we are going to build a split degree 2 Poisson
manifold. The sheaf structure is given by

OU) = TN E*[1]ly) © D(S"F*[1][v);

by Leibniz’s rule, it is enough to define the brackets for functions with degrees 0,1 and 2.
The brackets between functions with degree 0, or where one of the functions has degree 1
and the other has degree 0, we define to be 0. The other cases we define in the following
way:
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o {X,f}:=p(X)(f), for X € I(F") and f € C*>(M);

o {c1,62} := (e1,¢9), for £1,e9 € T'(E*);

o [X,c} := Vye, for X € I'(F*) and ¢ € D(E*);

o (X1, X0} = [X1, Xo] — K(X1, Xp), for X1, Xp € D(F*);

all the other cases can be defined imposing graded Leibniz’s rule and graded symmetry,
together with an induction argument. Jacobi identity follows from Jacobi identity for [-, -],
from the bracket preserving property of p, from the (-, -)-preserving property of V; from the
curvature condition and from Bianchi identity, together with an induction argument. m

Proposition 6.7. Consider the sequence
AE* 45 P T B (6.10)

the transposition of . Let ¥, : F* — F* be two splittings of the sequence ,
so that they differ by the gauge form B = — ' € QY (F* A2E*). Lett: E — E* the
map induced by {-,-). Also, forn € A°’E* and e € E, let’s denote

nAe:=ten=n(e),

where v is the contraction operator. Then, for e € T'(E*),e € I'(E) and «a, 5 € T'(F*),

Vie=V, B A fe;
;16 e+ B(a) A e (6.11)
Voe=Vae—4(BAe);

K'(a,B) = K(a, B) — dyB(a, B) + %B A B(a, B), (6.12)

where, in , we are using the same symbol for the F*-connection on E* and its
corresponding adjoint on E (see Rmk. .

Proof. The proof consists of calculations:

Vie =Vae — V(B(a))(e)
= Ve + B(a) Afe;
(Vae,e) = p(a)(e,e) — (e, Vge)
= (Vae,€) — (e, B(a) A fe)
= (Vae,€) + (B(a) Ae, fe)
= (Vae — §(B(a) Ae),e)
Vie=Vae—#(BAe).
K'(r,B) = K(a, ) = VaB(8) + VgB(a) + B([e, 8]) + [B(a), B(B)]

= K(0,8) ~ dvB(a,5) + L B A Bla, ).
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6.2 The category of involutive Poisson double vector bun-
dles

In this section we will see the “double realization” of the involutive Lie algebroid
sequence category, and show that the equivalence between the category of involutive se-
quences and involutive double vector bundles obtained in Ch. (Sec. , induces
naturally an equivalence between the involutive Lie algebroid sequence category and the
category of what we call involutive Poisson double vector bundles.

Definition 6.8. Let (D, H) be an involutive double vector bundle. A Poisson structure
{,-} on D is called involutive if it is double linear, that is, linear with respect to both
vector bundle structures, and invariant under the involution H, that is

H*{f, 9} ={H"f, H g}, f,9 € C*(D), (6.13)

where H* : C*°(D)—C>(D) is the pullback on functions. The whole structure (D, H, {-,-})
will be called involutive Poisson double vector bundle.

A a morphism @ : (D, H,{-,-})— (D', H',{-,-}) is called an involutive Poisson DVB
morphism if it commutes with the involutive structures and preserves the Poisson brackets:

1. o H=H'o®;

2. O f, g} ={@*f, d*g}, Vf,g € CD).

Involutive Poisson double vector bundles together with the morphisms between them
form a category, called the involutive Poisson DVB category.

Remark 6.9. It follows from the Leibniz’s rule of the Poisson brackets, and Hadamard’s
lemma for functions, that the Poisson brackets on a point d € D are completely determined
by they values on a coordinate system around this point. In particular, since every point
of D has an adapted coordinate system around it (Cor. , it turns out that a double
linear Poisson structure is completely determined by its action on double-linear functions,
on pullbacks of linear functions on the side bundles and on pullbacks of linear functions
on the base M. Likewise, in order to verify the brackets preserving condition 2 above,
it is enough to check this for adapted coordinates, or equivalently, for functions of the
types just mentioned (double-linear, pullbacks of linear functions and basic functions on
the sides).

Theorem 6.10. The category of involutive Lie algebroid sequences is equivalent to the
category of involutive Poisson double vector bundles.

Proof. Let’s define a functor

involutive Lie algd. sequences involutive Poisson DVB
B + ~ +
involutive Lie algd. morphisms involutive Poisson DVB morphims,

(6.14)
and show that is essentially surjective and fully faithful, thus establishing the desired
equivalence of categories.
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_ Given an involutive Lie algebroid sequence, whose underlying involutive sequence is
(F—A%E), consider the corresponding involutive —actually self-conjugate— double vector
bundle (D; E, I'; H) given by the equivalence of Thm. m From the proof of this theo-
rem, it follows that sections of I'* correspond with double-linear functions on D which are
invariant under H, whose set we will denote by Cﬁfl(D)H . Denoting this correspondence

by

CR(DYT — T (F*)
v —A(y),

and recalling that we denoted by ¢, and q,, respectively, the horizontal and vertical pro-
jections of D over E, we define

PL {71, 72} = A7 ([A(71), A(72)]), V1,72 € CRe(D);

P2h. {v,q;(e)} —qh( (A())(e)), vy € CRr(D) e € G (B) = T(E);

P2v. {7,q;5()} :== g (T(A(7))(e)), vy € CR(D)" . e € CR(B) = T(E%);

P3. {7,¢;(a")"(f)} *qh( EY* (o)) (f))s vy € O (D), f € C%(M);

P4 {g;(e1), a(e2)} == {ai(e1). gj(e2)} = a5 (a7) ((e1,€2)),  Ver,e2 € O (E) 2 T(E¥)
P5. {g;(c1), ai(e2)} == {gi(e1). g5 (e2)} == 0, Ver,e0 € CR5(E) 2 T(EY);

P6. {q;(c), q;(a")* ()} == {a5(e).q (qE)*(f)} =0, VeeC™(E),feC®M)

P7. {g;(d")*(f), 45(a")*(9)} := 0, f.g € C®(M).

That the definitions above are consistent with Leibniz’s rule follows from the compatibility
conditions 7 and 2 of the definition of an involutive Lie algebroid sequence, Leibniz rule
of the Lie brackets and derivation property of the anchor.

Remark 6.11. In order to have the Poisson brackets defined on the whole space of double-
linear functions, it remains to define them on double linear functions that correspond to
the symmetric part of £ ® F, that is, functions of the type

an(e1)qy,(2) + gy (e2)qy (e1),

which we do just by demanding that Leibniz rule must hold. With this, we have de-
fined the Poisson in all kinds of functions that appear in adapted coordinate systems,
and thus the brackets are defined in the whole space of functions. Therefore, it is enough
to have the Poisson brackets defined on those double linear functions that are H -invariant.

Since double linear Poisson brackets are characterized by having bidegree (—1,—1)
when they act on bigraded functions (see lemma [E.34]), we see that Eqs. P1-P7 above do
define a double linear Poisson structure on D. We need to check that it is H-invariant,
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which follows immediately from the observation that equation hy = —Idg (recall that D
is self-conjugate) implies, for every ¢ € C0(F) and e € E,

H(q5,(€))(0u(e)) = e(gn 0 H 0 0y(e)) = e(ha(e)) = —(e)
= —4,(€)(0u(e)),

from which, H*(q}(¢)) = —¢;(¢); and analogously, hp = Idg implies H*(g}(¢)) = qj;(e).
Using these equations, and the symmetry of the pairing (-,-), we obtain H-invariance of
{1}

Now, given an involutive Lie algebroid morphism (v, 11, 2), by Thm. we obtain
an involutive DVB morphism (®, pp, orr), with ¢p = 91 and ¢ = . That it is a
Poisson map between the corresponding involutive Poisson double vector bundles follows
directly from Eqgs. , and , and the way we define the Poisson structures,
given by P1-P7. Therefore we have a functor between the two categories. From these
equations also follows fully faithfulness of such functor.

Finally, essentially sujectivity follows from the observation that, when we have an H-
invariant Poisson structure on an involutive double vector bundle, then the pullback DVB
h* (D) used in the proof of Prop. inherits the Poisson structure from D, pushed
by the isomorphism ®. Also we saw in the proof of Prop. that h A( ) inherits an

involutivity structure H induced by H through the map 3. Then the H-invariance of
the induced Poisson brackets on h¥ (D) follows easily from the H-invariance of the Poisson
brackets on D. Thus, we have found an involutive Poisson double vector bundle that is
self-conjugate. The Poisson structure in this case determines, using Eqs. P1-P7 above,
an involutive Lie algebroid structure on the corresponding involutive sequence attached
to by (D).

[

6.2.1 Metric VB-algebroids

Definition 6.12. A metric V B-algebroid is a metric DVB (D, (-, -) 4) with a VB-algebroid
structure on Dp, such that § : D— D% is a VB-algebroid isomorphism, where (D% )¢~ is
endowed with the dual VB-algebroid structure given by Cor.

Remark 6.13. Given a double vector bundle D, the 1:1 correspondence, established in
Prop. between involutive structures on D and linear metrics on the dual (D%)c~
induces naturally a 1:1 correspondence between involutive Poisson structures on D and
metric VB-algebroid structures on D7, thus recovering the result of M. Jotz [29] which
establishes an equivalence between the category of degree 2 Poisson manifolds and the
category of metric VB-algebroids. We offer below a direct proof of that correspondence.

Theorem 6.14. There is a canonical 1:1 correspondence, between degree 2 Poisson man-
ifolds and metric VB-algebroids.

Proof. By theorem [3.40] we already have a canonical 1:1 correspondence between degree
2 manifolds and involutive double vector bundles, which in turn are equivalent to metric
double vector bundles, as seen in Prop. [3.38] Let’s show that the Poisson brackets on
M canonically induce a VB-algebroid structure on Dp« := D(F *)* such that & turns
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into a VB-algebroid isomorphism, where ® : D+« — D%. is the symmetric isomorphism
introduced in Prop
We want to endow with a VB-algebroid structure on the double vector bundle

D —2£ 5 E

qF*l lqE (6.15)
"
F* —— M,

with core bundle E*. By remark we only need to define the Lie algebroid structure
for core and linear sections, and for basic and linear functions. We will use the data

<'7'>7 (['f]ap)» \Ila (616)
given in theorem So we define, for f € C>®°(M),e,e1,e2 € I'(E*) and (,(1,(2 € F(F\*),

pp(e)(f) == 0; pple1)(e2) = —(0(e1), e2) = —(e1, e2);

pp(Q)() = p(O)(f);  pp(Q)(€) = T(C)(e) =: [, €] (6.17)
le1,e2]p :==0;  [C1,Cp = [C1, (2,

\_/\_/

where we are extending the brackets from F*to F* = F*o S?E*, by Leibniz’s rule, and
we are using the same notation for sections of E* that correspond to linear functions on F
or that correspond to core sections of Dp«. Analogously as noticed in the proof of Thm.
the properties satisfied by the data , imply that we actually get a VB-algebroid
structure with the definitions we made in .

Now, to prove that ® : Dps — D%. is a Lie algebroid isomorphism, amounts to prove
that the Lie algebroid structures on F* & EF @ E* induced by © from Dp- and by 5)
from D7., coincide. By Thm. our task becomes to show that the corresponding
representations up to homotopy coincide. By Thm. this consists in showing

o'=0, V'=V; -—-K'=K. (6.18)

Now, by our definition of 9, given in , it follows that 0 = f, where f{ : B* — F is
the morphism induced by the bilinear form (-,-). Since this form is symmetric, it follows
0" =0.

From Prop. [E.7] (E.12) and (6.17), it follows immediately that V = V*.

Finally since, by constructlon F* C F*is a Lie subal ebr01d and the splitting ) takes
values on F* (see Rmk. and the proof of Thm. , it follows that K, defined in
, takes values on AQE*, which implies that

—-K* =K.

Conversely, if (Dp~, E; ®) is an involutive V B-algebroid, then introducing a horizontal lift
1 1 F* — F™* of the corresponding involutive sequence we obtain decompositions ©, O for
Dp+ and Dr.., respectively. Since ® is a statomorphism and preserves the Lie algebroid
structures, it follows that the Lie algebroid structures on F* & E @ E* induced by © and
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O from Dp- and D7 respectively, coincide, which means that 1) holds. This implies
that if we define

(e1,82) == —(0(e1), €2),

we obtain a symmetric bilinear form, where we are using the same symbol (-, -) to denote
in the left the bilinear form on £E* and on the right the duality pairing between F and E*.
Since K = —K*, it follows that K takes values on A?E*, which means that the Lie
brackets on F* leave invariant I * and since the anchor map p is zero on S?E*, it follows
that actually the Lie algebroid structure ([-,:]; p) on F* restricts to a Lie subalgebroid
structure on F*.
Since the statomorphism ® : Dp+ — D%.. preserves the Lie algebroid structures, it

follows from Eqs. (E.33) and (E.34) (see the proof of Thm. in the appendix) that
pD(C)(E) = [Cag]v

where again we are denoting by the same ¢ a linear function on E (left-hand side) and a
core section of Dp« (right-hand side). So we define ¥ : F* — CDO(E*) by

(C)(e) = pp(¢)(e) = [¢,el.
Therefore we have obtained the data that characterizes a degree -2 Poisson structure
on M, &, given in TLhm. It remains to check the compatibility conditions with the
inclusion A2E* — F*, given in Egs. 1' and 1' They follow immediately from

Leibniz’s rule.

Clearly, the two processes, one to get an involutive V B-algebroid from degree -2 Poisson
brackets and vice versa, are inverses one of the other. So we have obtained the desired
canonical 1:1 correspondence.

|

Proposition 6.15. Consider a VB-algebroid D, so that D% is endowed with the dual
V B-algebroid structure (see Thm. in the appendiz). Then,

D & D,
Y] A
is a metric VB-algebroid, with the VB-algebroid structure given by Prop. (App. @)

Proof. Let’s introduce a decomposition for D, which induces a decomposition for D%, and
therefore, by Cor. [C.44) and Prop. [C.7} we obtain a naturally induced decomposition on
D ® D3.
A
By Thm. Prop. [E.20, Thm. [E.32 and Prop. [E.31] we obtain representations up
to homotopy corresponding to the VB-algebroid structures on D and D7, given by
0+V+K and 0"+V'—K*

and by Prop. it follows that the representation up to homotopy corresponding to
the VB-algebroid structure on D % D7 is given by the data

(0,0%) + (V, V") + (K, -K"), (6.19)
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which evidently, under a natural identification, satisfies Eq. (6.18]). By (the proof of)
Thm. [6.14f and Prop. [3.44] it follows that D @ D7 is a metric VB-algebroid.
A

Example. Let (A,[,],p) be a Lie algebroid. Consider the tangent prolongation VB-
algebroid, T'A, and the cotangent VB-algebroid, T*A, seen in Ch. [F] Then we are
in the context of Prop. and therefore

TAEBT*A larmmat) e A

QAJ/ quMQBA* (6.20)

A LN M

is a metric VB-algebroid.

6.3 Classification of regular degree 2 Poisson manifolds

Definition 6.16. We say that a degree 2 Poisson manifold is reqular when the metric,
that is, the symmetric form (-, -) has constant rank.

Let’s consider in this section a regular, degree 2, Poisson manifold (M, {-,-}), and the
corresponding pair of vector bundles with their additional structure (E*, (-, -)), (£, p, [, ]).
Fix a splitting of the sequence , say ¢ : F* — F*. As we saw in Prop. by set-
ting Vxe = {¢(X),e} we get an F -connection on (E*,(-,-)), which preserves <~, -, and
defining K(X,Y) :=¢([X,Y]) — {¢(X),¢¥(Y)}, we get and dy K = 0.

If we take another splitting ¢/’, then, as seen in Prop. the two splittings are related
by ¢/ = — B, with B € QY(F*, A2E*), and the corresponding operators V' and K’ are
related to V and K by formulas and . On the other hand, since the metric
has constant rank, it follows that ker § and imW¥ are vector sub-bundles of E* and Apgx,
respectively, where Apg+ is the bundle of covariant differential operators, or infinitesimal
automorphisms of F that preserve (-,-), that is, the gauge Lie algebroid of (E*,(:,-)),
which is well defined —and also comes with a vector bundle structure— since the metric has
constant rank. Moreover, imW is an ideal, in fact, given e1 Aey € D(A2E*), £ € ['(E*) and
¢ €Ap-,

(€, W(e1 Ae)l(e) = CoW(er Aea)(e) — U(er Aea)(e) 0 (e)
= (((e2,€)e1 — (€1, €)e2) — <€2, (e))e1 + (e1,¢(e))e2
= Xc((e2,€))e1 + (e2,€)C(e1) — Xc((e1, €))e2 — (e1,€)((e2)
— X¢({e2,8))e1 + (C(e2), >€1 + X¢({e1,€))e2 — (C(e1), e)e2
= U(C(e1) Nea — 1 A(e2))(e),
where X € T'M is the symbol of ¢. So, coker U =Ap / imW inherits the Lie brackets from

Ap«, and since im¥ C ker PA > it follows that coker U inherits the whole Lie algebroid
structure.
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From the formulas (6.12]) and (6.2)), it follows that V induces a well defined Lie alge-
broid representation of F* on coker ¥, that is, V induces a Lie algebroid morphism

V : F* — coker ¥

which doesn’t depend on the splitting . In turn, coker T acts on ker f, since Ap+ leaves
ker # invariant and if [¢] = [¢/] € coker U, then ¢’ = ¢ + (), with ¥ € A2E*, hence, for
any ¢ € I'(ker f) we have N

¢'(e) = ¢(e) + T(W)(e) = ((e)-

Thus V gives us a well defined action from F* on ker . Observe that, through 1 the
natural inclusion End(E*) C End(A2E*), we extend V to A2E*, and also the action V to
an action on ker ¥ = A?(ker #), and we have the following classification result.

Theorem 6.17. Consider the Chevalley cohomology H®(F*;ker \Il) with differential in-
duced by V. If it is possible to find K € Q*(F*,A2E*) such that, for some lift V of V,
VoK = —Rvy holds, then dy K takes values on ker (IV/, is closed with respect to dz, and
the class [dy K] € H3(F*;ker \Il) 1s well defined, that is, it doesn’t depend on the lift V,
nor on K. Moreover, (V,K) gives rise to a Poisson structure if and only if [dv K] = 0.

In this case, all the Poisson structures coming from V are in 1:1 correspondence with the
elements in H?(F*;ker ¥).

Proof. e Choose a lift V : F* — Apg+ of V. First let’s observe that, using the
definition of ¥ and the fact that V takes values on Ag«,

VoVxK(Y,Z)=VxoU(K(Y,Z)) -V (K(Y,Z))oVy, (6.21)

for X,Y,Z € T'(F*). To verify this, suppose, for sake of simplicity, that K(Y,Z) =
€1 A eg, with 1,69 € T'(E*), then, for ¢ € T'(E*),

V)(K(Y,Z):szl Neg+e1 ANVxes and
V(K(Y,2))(e) = (e2,€)e1 — (e1,€)ea,

whence
\TI(VXK(Y, Z))(e) = (e2,6)Vxe1 —(Vxer,e)ea+ (Vxea, e)er — (€1,6) Vxea, (6.22)
and on the other hand,

Vx o W(K(Y, Z))(e) =(Vxea,e)e1 + (g2, Vxeler + (e2,6) Vel
— (Vxer,e)ea — (€1, Vxe)ea — (e1,6) Vxea;
—\TI(K(Y, Z))oVx(e) =— (g2, Vxe)er + (g1, Vxe)ea.

Adding both terms and comparing with (6.22)) we get (6.21]).
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Then, for X,Y,Z € T'(F*), ¢ € T'(E*), using the condition ¥ o K = —Ry given in
the hypothesis,

VodyK(X,Y,Z)(e) =Vol Y (VxK(Y,Z)- K([X,Y],2)) ¢ (¢)

cyclic

= > (Vx(Vo K(Y,Z)(e)) = Vo K(Y,Z)(Vxe) = Vo K([X,Y], Z))(¢)

cyclic

= (-Vx[Vy. V] + VxViyz + Vv, V2]Vx = Vv, Vx

cyclic

+[Vixy) Vzl = Vixy,2)(€)
= (=[Vx, [Vy, Yz + [Vx, Vv, = [V2, Vixy]

cyclic
— Vix,v],2)(€) = 0.
Thus, (dvK)(X,Y, Z) € ker 0.
On the other hand, the condition —Ry = VoK implies that the extension of V to
A?E* satisfies, for n € T'(A2E*),
—Re(X,Y)(n) = Vixyn — [Vx, Vy](n) = [K(X,Y),n],

where the brackets [-,:] are the ones given in Rmk. Thereby, performing a
calculation similar to the one done in lemma we obtain, for n € QF(F*; A2E¥),

d3,(n) = —[K/ ),

whence

dy (dv K) = —[KAK] = [KAK] =0,

so that dy K is (dg)-closed. To see that the class [dy K] is well defined, consider

first another lift V' of V, then V/ = V — W o B for some B € Q! (F*, A2E*). Take
K':=K —dyB+ 3B A B, then

VoK' = —Ry and dy K’ = dy K,
so that [dy'K'] = [dv K]. Now let V fixed. If K, K’ satisfy
VoK =UToK =—Ry,

then N
p=K — K" € Q*F* ker ¥), and
dvK — doK' = dop,
hence [dy K] = [dy K']. Thus, [dv K] depends only on V.
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e If V comes from a Poisson structure, we already saw that a splitting ¢ gives us a map
V that lifts V and K that satisfies Wo K = —Ry and dy K = 0. Conversely, suppose
that we have a morphism V and we can find a lift V and K satisfying Yo K = —Ry
and [dy K] = 0. Then there exists u € Q*(F* ker ¥) such that dyu = dy K, but
then B B

Vo (K—p)=%¥oK and dy(K — pu) =0,

whence we can define a Poisson structure observing that with the data we already
have, the only cases we need to define the Poisson brackets are, for X, Y € I'(F™*),
n,v € I(A2E*) and € € T'(E*),

— {X 4+n,e}:= Vx(e) + ¥(n)(e) and
—{X +nY +v}i=(Inv]+Vxv—Vyn+ (K —p)(X,Y)) + [X,Y]

It is easy to see that the bracket obtained this way, extending it to any pair of
functions by linearity, skew-symmetry and Leibniz’s rule, satisfies the Jacobi identity
and thus defines a Poisson bracket.

e If V comes from some Poisson structure, fix a lift V. To find all the Poisson structures
that induce V we need to find all the maps K € Q?(F*, A2E*) which satisfy Vo K =
—Ry and dyK = 0. In order to do this, notice that if K and K " are two such
maps, then p := K — K’ takes values on ker ¥ and dypu = 0, so [u] € H?(F*;ker W).
Conversely, if K is a map such that (V, K) gives rise to a Poisson structure, and we
take [u] € H?(F*;ker W), then it follows straightforward that the pair (V, K —pu) also
gives rise to a Poisson structure. Now if the pairs (V, K) and (V, K') are equivalent,
that is, they are related by a map B € QY(F*, A’E*), then this map actually takes
values on ker V¥, since it must leave V unchanged. Then K’ = K —dy B + %B AB =
K — dyB, so that in this case [u] = [dvB] = 0. So we obtain a linear map from
the space of classes of equivalences of pairs (V, K), with V fixed, to H2(F*;ker V)
which is well defined and injective, thus it is a 1:1 correspondence. (Actually we had
to choose a class [(V, K)] to correspond to 0 € H?(F*;ker ¥). What we get without
making choices is that the set of classes of pairs (V, K) is an affine space modeled
on H?(F*;ker W).)

[ ]

Corollary 6.18. Given a degree 2 manifold, there is a canonical 1:1 correspondence be-
tween degree -2 Poisson brackets with non-degenerate metric and the following data:

e A non-degenerate metric (-,-) on E*,
e A Lie algebroid structure ([-,-], p) on F*.

Proof. Since (-, -) is non-degenerate, we can use this metric to get the identification A~2E* =
s50(E*). Under this identification we have ¥ = Id, in particular, ker ¥ = coker ¥ = 0.
Therefore, the only possible Lie algebroid morphism

V : F* —coker ¥
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is the zero map, and any (-, -)-preserving connection V on E* is a lift of 0 = V. Also, K :=
— Ry satisfies the condition of the theorem. Since in this case the Chevalley cohomology
H*®(F*;ker V) is zero, the theorem tells us that there is one, and only one Poisson structure
comming from (E*,(-,-)) and (F*,p,[,"]). [

6.4 Example: The symplectic case

In this section we show how the theory developed applies to the well-known symplectic
case, studied by D. Roytenberg [59], shedding new light on the known results.

6.4.1 The symplectic structure

Definition 6.19. A symplectic degree 2 manifold is a degree 2 Poisson manifold, (M, {-,}),
such that the Poisson brackets are non-degenerate.

The next characterization of symplectic degree 2 manifolds is sketched in [59]. We
prove it here in full detail.

Proposition 6.20. There is a canonical 1:1 correspondence between symplectic degree
2 manifolds and pseudo-euclidean vector bundles (E*,(-,-)), that is, vector bundles E*
endowed with a non-degenerate metric on the fibers (-,-).

Remark 6.21. Actually, in [59] the correspondence is with F, which causes no harm in
this case, since the metric is non-degenerate, so that we can identify E with E*. In the
general, degenerate case, we only get a metric on the bundle that corresponds to the degree
1 functions, which is E* according to the usual conventions. In order to keep coherence
with the rest of the present work, we prefer to remain with E*, instead of switching to
through the metric.

Proof. To say that the brackets {-,-} are non-degenerate is equivalent to the condition, in
local coordinates {z*,e#, o}, that the matrix

{a', 27} () {et 27} (x) {o”,27}(z)
{a/,e (@) {e", e }Hz) {a”, e }(2) |, (6.23)
{z', "} (x) {e",a"}(x) {a”, a"}(z)

is invertible, where, for a function f € Oy, f(x) denotes the evaluation of the degree zero
component of f|, € O|; at z (cf. [68]). Checking the degrees of the components of this
matrix, we see that it is invertible if and only if

det({o”, 27} (x)) #0 and  det({e",e*}(z)) # 0, (6.24)
which is equivalent to the conditions
e p: F*——TM is an isomorphism,
e (-,-) is non-degenerate.

We saw in Cor. that there is a canonical 1:1 correspondence between the degree
2 Poisson manifolds with (-, -) non-degenerate and



6.4. EXAMPLE: THE SYMPLECTIC CASE 119

e A Lie algebroid (F*, [, -], p),
e A pseudo-euclidean vector bundle (E*, (-, -)).

Since p preseves the Lie brackets, it follows that, when {-, -} are non-degenerate, (F™*, [, -], p)
is canonically isomorphic to (T'M,[-,-],Id). In this way we obtain a canonical 1:1 corre-
spondence between symplectic degree 2 manifolds (M, {-,-}) and pseudo-euclidean vector
bundles (E*, (-, -)). [

The arguments in the preceding proof can be generalized to obtain the following con-
clusion.

Corollary 6.22. If a graded n-manifold M admits a symplectic structure w homogeneous
of degree k, then necessarily, n = k. Moreover, if the dimension of M is (p|q1]---|qx),
then

P=4k, @1 = qk—-15---,49i = qk—s-

Proof. When we calculate the corresponding matrix, in a similar way as we did in Eq.
(6.23]), we see that this matrix will be invertible only if there are coordinate functions of
degree k, o, in the same quantity as there are in degree 0, z*, and

det({a”, z'}) # 0.

If there were coordinate functions of degree [ > k, 5", then {5",~*} will be an homogeneous
function of degree > 1, for any other coordinate function +*, since we admit only non-
negative degrees. Then the evaluation of the degree zero component of {5",v°}(z) at =
will be zero, but this implies that the r-column of the matrix of w is zero, preventing it
from being invertible, a contradiction.

Now, the above argument also shows that the only non-zero entries in the matrix of w
are the ones of the form

{07,067} (), (6.25)
thereby, for fixed i, the entries in (6.25)) must form an invertible sub-matrix, in particular
it must be square, which implies that ¢; = qr_;.

]

Proposition 6.23. Let (M, {-,-}) be a symplectic degree 2 manifold. Then its associated

sequence :

0—A2E* - F* 5 F*—0 (6.26)
s canonically isomorphic, as a Lie algebroid sequence, to the Atiyah sequence correspond-
ing to the pseudo-euclidean vector bundle (E*,(-,-)):

0—s0(E*) — Age — TM —0. (6.27)

Proof. By Thm. [6.1] we obtain the following morphism of Lie algebroid sequences:

AZE* : F* il F* | (6.28)

T

s0(E*) - Ap- z TM
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By Prop. [6.20, p is an isomorphism and (-,-) is non-degenerate, thereby W is an iso-
morphism too. Hence, by the exactness of the sequences and the commutativity of the
diagrams in Eq. (6.28)), it follows that ¥ is an isomorphism.

[ |

Remark 6.24. The map T Fr — CDO(E*) given by
T(C+A) =U(Q) + (t@Tdp)(N),

is an isomorphism, where ¢ € ﬁ*, M€ S2E*,

Proposition 6.25. Let (M, {-,-}) be a symplectic degree 2 manifold with associated exact

sequence (6.27). Then the corresponding involutive double vector bundle D (ﬁ*), given

by Thm. |3.40 is canonically isomorphic to
»*(T*E) —2—~ E
qll lqE (6.29)
qE
E — M,

where b : E—FE* is the inverse of the isomorphsim § : E*——F given by the non-degenerate
metric (-,-), and

NTE) =B | x T {(e0) € BXTEpE) =g (0)} € EXT'E
7E*aqE*

is the pull-back bundle, so that we have the following diagram

b (T*E) — 22— T'E—" L E | (6.30)
erl J(QE* JqE
E*
E > E* a M

and the maps q1 and g2 of diagram are given p1 and qg o p2, respectively.
The isomorphism

D (f) SR ) (T E) —L2 S F (6.31)
E ) th‘ T* M B
q1 F* q _ q
qE
q E— M

E———M

1s the identity on each side bundle, and the induced map on the core Op«yr is given by
(p~Y)*, where p : F* —TM s the anchor map.

Proof. We have

—

F* =F@S%E) and CDO(E*)* = A%. @ sym(E),
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where

sym(E) = {9 € g(B)|0" = 0},
where 9! : E— E is the adjoint with respect to the metric (-, -):
9 :=tfo0* ob.
Define & : F* — CDO(E*)* by
P(w+N) = (T H*(w)+ b @Idr)(\), (6.32)

for w € F* and A € S2(E). Then it is easy to see that the diagram

F—? JE®E (6.33)
l@ J(b@ld};
CDO(E*)* L S E®E

commutes, so that (®;b,Idg;Idys) is @ DVS morphism (see Def. [D.2)). Note that ¢« :=
O|p+ : F*—T*M is given by
pre = (p*) 7. (6.34)

Consider the involutive double vector bundle
D (ﬁ) 2, E
T
qE
E — M,
given in the proof of Thm. and the double vector bundle

T™"E -* ., EF

QE*\L lqE
E*

Ex L M,

introduced in Eq. (F.2), but here FE is playing the role of A and we are using the notation
g instead of mg and ¢g~ instead of wg«. Then, by Prop. we obtain a morphism of
double vector bundles

(D(®);5,1dg; Idyr) : D (I?\) —T*E,

given by
D(®)(w, e1,e2) = (T (x) + (0 @ Idg)(A), b(e1), e2), (6.35)

where w = x4+ X € P =F @ S?E, and we are using

T*(E) = D(CDO(E*)*), (6.36)
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identification that follows from propositions together with Eq. (F.6) and the
comments following it (or instead, we can use directly Eq. (F.5) with E playing the role
of A).
Since b, Idg and (p~1)* are isomorphisms, it follows that D(®) is an isomorphism.
By Prop. it follows that b*(7T™*E) is a double vector bundle (see Egs. (6.29) and
(6.30)) and that

(p2; b, Idg;Idpy) : O (T*E); E,E; M) — (T*E; E*, E; M)

is a morphism of double vector bundles.

Now, since gg+ o D(®) = b o q1, it follows, by the universal property of the pull-back
bundle, that there exists a unique vector bundle map (g1, D(®)), such that the following
diagram commutes

D (f) oo (6.37)

(1,D(®)
)

bV (T*E) —— T*E
P2

[ qE*J

E—" S E"

We define © := (q1, D(¢)) and claim that this is a DVB isomorphism. Indeed, we saw
that po and D(®) are double vector bundle isomorphisms, whence,

6 = D(®) L op, (6.38)

is a double vector bundle isomorphism, and moreover, since D(®)y = Idg it follows that
© is the identity on the second side bundle. By the diagram above it follows that
© is also the identity on the first side bundle. Finally, since pa|p«pr = Idp«as, it follows
from (6.38)) and (6.34)) that

*

O« = (D(®) ' opa)|rens = @t o Idpens = (p~1)*.
| ]

Corollary 6.26. The map ps : b*(T*E) — T*E is a double vector bundle isomorphism.
If we denote by (p2)1, (p2)2 the induced maps on the side bundles, and by (p2)r=n the
induced map between the core bundles, we have

(p2)1 = b; (p2)2 = ldg; (p2)rem = ldreps.
In particular, if we introduce a decomposition
© = (¢ q98,9r"M) : T"E—E" © EDT"M,
then we obtain an induced decomposition
0" = (p1,p2, qrm) D (T*E)—E® E® T*M,

and if (z,e%,e",at) is an adapted coordinate system for T*E, then (2%,b*(e®),e", al) is
an adapted coordinate system for b*(T*E).
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Proof. The first part of the corollary is already done in the proof of Prop. [6.25] The
statement about the adapted coordinate system follows immediately from the first part of
the corollary, and from the proof of Cor.

%\ *
Now we want to understand the metric VB-algebroid structure on D (F **> = Dp+ —or

equivalently on b* (7™ E)*— which corresponds to the symplectic structure on M, according
to Thm. The VB-algebroid structure on Dpg+ is equivalent to the corresponding

Poisson structure on D = D <F\**> (see Prop. [E.24] where the correspondence between

both structures is worked out explicitly).

Proposition 6.27. The double-linear Poisson structure on D f*’\**) corresponding to the

metric VB-algebroid structure on Dp+ = D (ﬁ*> (see Def. |E.23 and Prop. |E.24)), is

the pull-back of the canonical Poisson structure on T*E by the isomorphism

D(@®): D (F) = TR,

given in FEq. .

Proof. We know that the Poisson structure is completely determined by the action of the
brackets on functions f € C*°(M), € € I'(E) = Cio(E) and on functions that correspond
to core and linear sections of Dp=x.

Now, by Eq. (6.36]), Prop. and Prop. it follows that the double-linear

functions on D (F\** are identified with the sections of CDO(E*), and by Prop. [6.23

it follows that, for double-linear functions v, € C3Y <D (ﬁj) = I‘(l/ﬁ), we have
U(v;) € I(CDO(E*)) = C(T*E) (see Rmk. and

{r 0} = T T(n), U ()] = U H{T(n), D)}, (6.39)
therefore, from and Rmk.

{v1, 12} = D(®)*{(D(®)~")" (1), (D(®) )" ()}

Next, for a double-linear function v € C}5 (D (ﬁ*)) and a basic function f: (¢F o

q1)*f, with f € C°°(M), we have, using (6.28)),
(.} = (@" o))" p(x()(f) = (4" 0 qr 0 D(®))* (7 (¥ (1))(f))
= D(®)"(¢" 0 4p) {T(v). (4" 0 45)" 1},

whence N B
{v, f} = D(®){(D(®)~")*v, (D(®)~")"f}.
Next consider a double-linear function v and a linear function ¢ € Cgo(E) = I'(E*).
We have the following

{v, (@2)%e} = (a2)"T(v)(¢) = D(®)"(ap)" {¥(v). (4r)¢},
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whence
{v,(g2)" e} = D(@){(D(®)"")*v, (D(®) 1) (g2)"e}.
Now, for e € T(E) = TeoreT E and for n € T(CDO(E*)) = I'y, TE, observe that
[0, €] € TeoreTE* and, for € € I'(E*) = C2(E),
[, €](e) = nle(e)) — e(n(e))
(mon)((ee)) — (e, n(e))
(n*(e),e) =n"(e)(e),

where n* € CDO(E*) was given in Eq. (F.7). Hence,

[0, el = n"(e). (6.40)

On the other hand,
Therefore, for v € T(F*) C I'( F* Chn (D (F* )) we have ¥ (v) € I'(Ag~), whence,
£)) (
)

for e € T'(E*) we have o U(v)(e) = ¥(v) )) this is equivalent to the compatibility of
the operator ¥(v) € I'(Ag-) with the metrlc on E*), whence ¥(v)(e) = b(V(v)*(fe))
and thereby, taking into account that ¢j = (<I>)* ogqpof,

(v (@)e} = (@) [v,e] = (@) ¥(¥)(e)

(@) o (qm)" o tod(¥(v)(4(c)))
(®)* 0 (gm)"(¥(¥)*(4(e)))
(®)" 0 (gr)"[¥(¥), ()]
(@) )
()

)
Il

¢}
¢}

I
O OO 00U

)" {U(v), (gr)"8(e)}
) {(D(®)"1)* v, (D(®)71)" (a1)"e}.

This holds when v € T'(F*) C F(F*) Now, when v = \ € T'(S?(E*)) C I‘(I/ﬁ), we have
on one hand, from Leibniz’s rule

{v: (@)} = —(q1)"A(#(e))-
On the other hand, (D(®)~1)*(\) = Ao f and taking into account Eq. , it follows
{(D(@))* A\ (D(@) ™) (1) "e} = (am) [N o £, 8(e)] = (am)"(—H o N)(E(e)),

thereby

D(®)*{(D(®)~1)A, (D(®)~ ) (a1)°€} = ~D(®)° o (g5)* o 0 A(H(E))
= —(q)"A8(e)) = {\ (q1)"e}
Finally, for £1,e9 € T'(E*) = COO( )

lin

{(q1)%e1, (g2)*e2} = (¢" o @) “oqi)*(er,e2)
D(®)* o (qr)* o (¢")* <ﬁ51:52>
= D(®)"{(gr) "t e1, (g+)"e2}
D(®)*{(D(®)~

D (@) er, (D(@)71) (a2)3}-
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[ ]

Below we obtain as a corollary the important fact that we always can find Darboux

coordinates in a symplectic degree 2 manifold. This result is mentioned, and used, in [59],
but it is not proven there.

o) o) )
)

Corollary 6.28. Consider the canonical Darboux coordinates on T*E, (2%, ¢q, 3570 Do
x Ea

which satisfy
i 0 _ 2
{x ’ 8xj} =% {5‘“ 85,,} =%

and the Poisson brackets of any other pair of coordinate functions is zero. If we choose
the eq4’s to be an orthonormal frame of E* at each point, then this coordinate system
induces a Darbouz coordinate system on D(F*) by pull-back under the isomorphism D(®),
(¢%, €a, pi, £), which satisfies

{¢.p;} =0, {2 ==1,

and the other brackets are zero. In particular, (¢',eq,p;) is a coordinate system for M
that satisfies

{d\pj} =65  {eacp} =1,

and the other brackets are zero.

Proof. 1t is a direct consequence of Cor. and Prop. [6.2

6.4.2 Integrable, symplectic vector fields

We want to describe an integrable 1-vector field ) on a symplectic degree 2 manifold
that is compatible with the symplectic form in the following sense.

Definition 6.29. A vector field @ on a symplectic manifold (M, w) is called symplectic if
Low = 0.

It can be shown, by the same calculations as in the classical case (but this time taking
care of the corresponding degrees) that @ is symplectic if and only if

QU{f.9h) ={Q(f).g} + (=Y. Q9)}. (6.41)

An alternative way to characterize a homogeneous vector field of degree k (see Rmk.
is the condition
e, Q] = kQ,

where € is the Euler vector field €(f) := |f|f (see [59]).
Analogously, we can characterize a homogeneous k-form w € QF(M) by the condition

Lw = kw,
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thus yielding an alternative way to characterize the homogeneity of a symplectic 2-form,
w, without mentioning the corresponding Poisson brackets:

Lew = 2w.
A consequence of this is that a symplectic 2-form is automatically exact, for
2w = Lew = diew + tedw = diew,

whence

w= d(§bew).

Next proposition shows that when a 1-vector field is symplectic, then it comes from a
degree 3 hamiltonian, that is,

Q= {03 '}7

and moreover, ) is integrable, that is, @? = 0 if and only if 6 is integrable with respect
to the symplectic structure, that is, {#,6} = 0. This result belongs to D. Roytenberg [59].
In Rmk. we will show this result from a different perspective.

Proposition 6.30 ([59]). There is a 1:1 canonical correspondence between integrable,
symplectic 1-vector fields @, and integrable 3-hamiltonians, that is, homogeneous degree 3
functions 0, satisfying

{6,0} =0.
Proof. If () is a symplectic 1-vector field, we have, on one hand,
0= Low = 1gdw + digw = digw.
On the other hand, since [e, Q] = @, we have
LQW = L QW = [Le, gl (w)
= Legw — 1gLew = Letgw — 21w,

whence
Brow = Letgw = dietguw + tedigw = dietgw.
Thereby,
1
LQw = d(gLELQw),
that is, @) is hamiltonian: Q = Xp, with 6 = %w(Q, €).

Observe that, in particular, it follows that 6 is homogeneous of degree 3 and @ = {6, -}.
Since, for any f € Oy,

{6’ {07 f}} = {{6’9}7 f} - {07 {67 f}}7

it follows that Q% = X 10,0} therefore, taking the non-degeneracy of {-,-} into account,
Q is integrable if and only if {0,0} = 0.
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It is immediate that given a degree 3 function 0, with {6,0} = 0, we obtain an inte-
grable, symplectic 1-vector field

Q= {9, '}7

and the two processes we described ) ~ 0 and 0 ~» () are inverses one of the other.

~

[

A consequence of Prop. [6.27, is that the space I'(E) = I'jiy, <D (ﬁ\**)> is C°(M)-
spanned by the sections of the form de (observe that sections of the form € ® df can be
written as d(fe) — fde), and the space I'(F') = T'core <D (ﬁ*)) is C°°(M)-spanned by
the sections of the form df. Here ¢ € I'(E*) = C2(F) and f € C*°(M), and d is the

)\ K
differential dual to the Lie algebroid structure on Dpx = D (F * ) . With this in mind,

given a degree 3 function on M, 0, it is possible to express the pair of morphisms (9%, Qg)
that characterize 0 (see Thm. [3.59) in terms of the Poisson brackets {-,-}. This is the
content of the following result.

Proposition 6.31. Given a degree 3 function on M, § € A3. Consider the corresponding
pair of morphisms (6%,05), which characterizes 0, given by Thm. . Then, for any
[ € C=(M), = € T(E*) = C32(E),

lin

oh(df) = —{0. ), 0(de) = {0}, (6.42)
In particular, 0 is completely determined by the quantities
{{97 f}v‘g} and {{0751}752}7 Vf € COO(M)7€7€1752 € F(E*) (643)

Proof. 1f we introduce a splitting we have
0 =61+ 6,

with §; € T(E* ® F*) and 6, € T(A3E*). Because Egs. (6.42)) behave well with respect to
linear operations, we don’t loose generality if we prove them for

0=01+0=c0R0(+e1 ANeg ANes. (6.44)

Then,
—{0, 1} = ~{e0 @ ¢, 1} = —{C, fleo = =(C. df)eo = 6E(df).
Analogously,
{0,e} ={eo®@(+e1 Nea Nes, e}
= (e0,€)¢ —e0 A&, ¢}
+ (e,e1)ea Neg — (g,e9)e1 ANes + (e,e3)e1 A eg
= —(€0,de)( + €0 A ((, de)
— (&1,de)eg Neg + (E3,de)ey Nes — (€3,de)er N ea.

Now if we apply the definition of 03 given in the proof of Thm. to 6 given in Eq.
1) evaluated in de € T'(F), we find that

9g(de) = —(80,de)C + €9 A ((,de) — (E1,de)ea Neg + (E3,de)ey N es — (E3,de)er N ea,
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whence,

0% (de) = {0, ¢}.

The last assertion of the proposition follows immediately from the observation made before
the proposition and from the identities

(e1,e9) = {e1,e2}, (v,de) = {v,¢}, g,e1,60 ET(EY), f € C°(M),~ € F(ﬁ*)
(v, df) = {7 f}, (6.45)
n

Recall that we already introduced Courant algebroids in Def. In our next theorem,
we show a characterization of Courant algebroids as symplectic N@Q degree 2 manifolds.
This result is due to D. Roytenberg [59]. However the proof we provide is new in many
aspects, specially in the fact that we use strongly our characterization of degree 3 functions
as a pair of vector bundle morphisms (Thm. [3.59).

Theorem 6.32 ([59]). There is a canonical 1:1 correspondence between integrable, sym-
plectic 1-vector fields Q, and Courant algebroids. The correspondence is given by

a(e)(f) :={Q(f),e} ={Q(e), f},  [e1,e2] :={Q(e1), e2}, (6.46)
where €,e1,e9 € I'(E*) and f € C®(M).

Proof. We have already seen in Prop. [6.30] that there is a canonical 1:1 correspondence
between integrable, symplectic 1-vector fields @) and degree 3 functions 6 satisfying {6, 0} =
0, where the correspondence is explicitly given by 6 ~» @ = {6,-}. Thus, we will show
actually a correspondence between integrable degree 3 functions and Courant algebroid
structures.

By Thm. we know that a degree 3 function, 6, is equivalent to the pair of
morphisms (9%,9), which, by Prop. [6.31] are determined by Egs. , which in turn
are completely determined by Egs. (6.43)), and those equations give precisely the Courant
algebroid data defined in Eq. . Explicitly we have

(O5(df). 4(e)) = —ale)(f),  (B5(der), dea) = [e1,ea]. (6.47)

So, suppose we begin with the Courant algebroid data ([-,-],a). In order to see that
we actually obtain a degree 3 function 6 via Eqgs. (6.46[), we define

(05(de), df) == a(e)(f), (6.48)

and observe Gg is completely determined by Eq. 1D and the second equation of 1)
That 9% actually takes values on F™* follows from property 5 of Def. Also by the first
equation of (6.47)) and by Eq. (6.48)), we already have property 1 of Thm. Indeed,

we have
(05(de), df) = a(e)(f) = —(0}(df), 4(c)) = (B}(df), de), (6.49)

where we also used 7(de) = —f(e), which follows from the definition of the anchor map of
the metric VB-algebroid corresponding to (M, {-,-}), given in Eq. (6.17).
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Now we need to show that properties 2 and 3 of Thm. hold for the pair (Hﬁ, 95)
we have defined. For the proof of property 2 we compute

((er@df) o (65)" — 6 o (c1 @ df), dea) = 05 (df ) (e1,€) + ((6D)" (H(2)), df )&
= D(f)(e1,€2) — ale2)(f)en, (6.50)

where D : C*°(M) —I'(E*) is the “differential” given by
(D(f),e) :=ale)(f),  Veel(E"), (6.51)

that is, D is the adjoint of a, with respect to the non-degenerate metric (-,-) on E*. On
the other hand, by properties 3 and 4 of Def.

= (05(d(fe1) — fde1), des)

= (05(d(fe1)), dea) — f(05(der), dea)

= [fe1,e2] — fle1,e2]

fler,e2] + D(f)(e1,e2) — ale2)(f)e1 — fler, 2]
D(f)<51,52> - 0(52)(f)51-

Comparing with Eq. (6.50) we get property 2. of Thm. [3.59
At this point it is demanded to observe that we have two ways to calculate <9g (der),d(fe2)).
We must show they cast the same result:

(05(c1 ® df), dea)

e On one hand, by property 3 of Def.
(65(der), d(fe2)) = [e1, fea] = fler, ea] + aler)(f)ez.
e On the other hand, by Eq. (6.48)),

(03(der), d(fe2)) = [(05(der), deo) + (B3(der), 22 ® df)
= fle1, e2] + aler)(f)e2.

Finally, property 3 of Thm. follows from property 4 of Def.

e On one hand, by property 4. of Def. and Eq. (6.47)),
(03 (der), des) + (64(des), dey) = D((e1, 2)).
On the other hand, by Eq. (3.48) and using de = (de — V.¢) + V¢,

W(d&l,d€2) = —<V.51,52) — <V.€2,€1> = *d(<61,€2>)
— B (W (dey, dey)) = D({e1,€2)).

Therefore
(64(de1), des) + (04(des), dey) = 6° (W (dey, dey)).
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e By Eqs. (648) and (650),

(05(de1),e2 @ df) + (05(c2 @ df ), der) = aler)(f)ez + D(f)(e1,e2) — aler)(f)ez
D(f)(e1,€2)-

On the other hand, by Eq. (3.48)),

W(d&‘l, €9 ® df) = —<61, €2>df
= Gi(W(de1,e2® df)) = D(f)(e1, e2).

Therefore

(05(der), &2 @ df) + (05 (22 ® df), de1) = OF (W (der, &2 @ df)).

e Finally, <9§(5i ®df;),e; @ df;) =0 =W(e; @ dfi,e; @ dfy), i,j € {1,2}, therefore

(95(51 ® df1),e2 ® dfa) + <93(€2 ®dfa),e1 @ df1) = QQ(W(Q ® df1,e2 ® dfa)) = 0.

Accordingly, we have shown that from the pair ([-, -], a) satisfying properties 3, 4 and 5 of
Def. we obtain a degree 3 function 6, or equivalently, the pair of morphisms (9?, 93)
satisfying properties 1, 2 and 3 of Thm. [3.59 And conversely, if we start from such a
pair (9%, Gg), we can define the pair ([-,-],a) by Egs. (6.47), and the calculations above
also show that from properties 1, 2 and 3 of Thm. [3.59 we obtain properties 3 and 4 of
Def. Property 5 of Def. follows from the fact that 9% takes values on F*. Indeed,

notice that, for ¢ € T'(E*), 65(de) € F* > Ap. (see Prop. , therefore, under the

~ U
identification F* — Apg-, we have, for any e1,e9 € I'(E*),

05 (de), de1), e2) + (g1, (64(de), dea))

(
(
= ([05(de), e1), £2) + {e1, [05(de), €2]) (6.52)
(
<[[5751]]752> + <51¢ [[5752]]>'

It remains to verify that the integrability equation {6, 6} = 0 is equivalent to properties 1
and 2 of Def. First observe that property 4 is equivalent to

[e1,e2] + [e2,e1] = D({e1, e2))-

Since (-,-) is non-degenerate, and the Lie bracket of vector fields [a(e1), a(e2)] is skew-
symmetric, we can conclude that
aoa* =0,

where a* : T*M — E* is the composition of the pull-back of a with the inverse of the
metric isomorphism b : E— E*, that is

(a*(a),¢) = (a(e),a), Ve € T(E"),a € T(T*M).
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It follows that,
(a*(a),a™(B)) = (a(a”p),a) =0, Va,B € I'(T*M). (6.53)

Resuming the task of characterizing integrability of 6, notice that this is a local issue,
thereby we can work in a Darboux coordinate system (¢*, €4, p;) as the one given by Prop.
[6.280 In these coordinates we have

0,0} = AVp;p; + B?bsasbpj + C%e epeceq, (6.54)
where AY, BZ y, C%¢d € C(U) are real functions in U C M given by

A = {{{979}’(11'}’(1]'}7
B = +{{{{0,0},ca}e}, ¢,
Cabcd — :I:{{{{{H,9},€a},€b}75c}7€d}'

Now using Jacobi identity we have the following:

AT = {d {d'. 03}, 0} + {{d". 0}, {<. 0}}
+{{d’,0}.{d", 0}} + {0.{’ . {d', 0}}}
=2{{’, {d',0}},0} +2{{q",0}. {¢’,0}}
=2{{¢",0},{¢,0}}
= 2(a*(dq"), a*(dg’)). (6.55)
{{{0,0}, e}, en; = —2{{ev, {a, 0}}, 0} — 2{{eq, 0}, {es, 0}}
= +B = {{&,{ca,0}},{¢’,0}} + 2{{¢’, {0, 0}}, {€, 0} }
+2{{ea, 0} Ad’, {e, 033} + {{c’, 0}, {ev, {0, 01}
= 2a([ea, &0]) (@’) + 2a(ep) (a(ea) (@°)) — 2a(ea)(alen) (@)))
= 2(a([ea, ep]) — [a(ea), alep)], dg”). (6.56)
{{{{0,0},ea} ev} ec = —2{{{e, {€a, 0}}, 0}, e} — 2{{{ea, 0}, {es, 0}}, e}
= 2([lea, €o], ec] + lev [ea, ecl] — €a, [en, €c]])
= +0% = 2([[ea, eb], €] + [€b, [ar€c]] — [€as [€n, €c]]s €4)- (6.57)
Thereby, {6,0} = 0 if and only if A% = B2 = C**! =, and taking Eqs. (6.53), (6.55
zifralcf into account},, this is equijvalent to prop;rties 1 aun(;g 2 gf D (;

wanted.
[

Remark 6.33. An interesting consequence of what was observed in the proof of the
corollary above is that we can obtain an alternative proof, providing a new insight, of the
fact that symplectic 1-vector fields on symplectic degree 2 manifolds are automatically
hamiltonian. The proof consists on obtaining from @ a pair ([-, -], @) satisfying properties
3, 4 and 5 of Def. Define

a(e)(f) :={Q(e), f},  ler,e2] :={Q(e1), €2}, e,e1,82 € T(EY), f € CF(M). (6.58)
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Then, from (graded) Leibniz rule of {-,-}, we have

[e1, feo] = {Q(e1), fe2} = {Q(e1), fle2 + f{Q(e1), €2}
=a(e1)(f)e2 + fler, e2],

hence, we have property 3 of Def.
If @ is symplectic, then Q satisfies Eq. (6.41). In particular,

0= Q{57 f} = {Q(5),f} - {67Q(f)}7
thereby, {Q(e), f} = {Q(f),e}, whence, if we define D(f) := Q(f), so that Eq.

holds, we have
D({e1,e2)) = Q({e1,e2}) = {Q(e1), 2} — {e1, Q(e2)}
= [e1, e2] + [e2,€1],

which is equivalent to property 4 of Def.
Finally, property 5 of Def. is obtained easily from (graded) Jacobi identity of {-,-}:

a(e)((e1,€2)) = {Q(e), {e1, e2}}
= {Q(E),€1}752} + {517 {Q(€)752}}
= ([e;e1], &2) + (e, [, e2])-

Therefore, by what was done in the proof of Thm. we obtain a pair (thi, 9%) which
satisfies properties 1, 2 and 3 of Thm. thereby obtaining a degree 3 function 6, such
that

(05(de), df) = a(e)(f),  (0h(der), dea) = [e1, 3], (6.59)
From Egs. , it follows that

{65(de), 1} = ae)(f),  {0h(der), 2} = [en,e2])-
Bringing to the picture the second equation in and Eq. , we get
{Q(e1),e2} = {{0.e1},e2},  and  {Q(e1), f} = {{0,e1}, f},

also, using Jacobi identity and the second equation above, we get

{Q(f),e} = {{0, f},¢}-

Therefore, since {-,-} is non-degenerate, we conclude

Q= {07 }
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The “cotangent” Lie 2-algebroid of a Courant algebroid

Equations ([6.59) show the parallel that can be drawn between the pair of morphisms
(92, Qg) corresponding to Courant algebroids, and the Poisson morphism 7 : T*M —TM
corresponding to Poisson manifolds. The parallel also extends to our Lie 2-algebroid
structure, which was defined in Thm. being related to the Courant algebroid structure
in a very similar way the cotangent Lie algebroid is related to its corresponding Poisson
structure, as Eqs. 1-5 of the following theorem show.

Proposition 6.34. Consider a Courant algebroid structure ([-,-], a) on the pseudo-euclidean
bundle (E*,(-,-)). By Thm. we have equivalently the Q-structure on the corresponding
symplectic degree 2 manifold M. Consider the Lie 2-algebroid structure ([-,-],©,%¥,d, p)
corresponding to this degree 2 NQ-manifold given by Thm. [{.20, Then

1. [de1,des) = d[e, e2], Ve, ez € T(E¥).
O(de)(df) = d(ale)(f)), Ve e(E"), f € C®(M).
U(der)(e2) = —[ea,e1],  Ver,es € D(E®).

(O(df),e) = a(e)(f) Ve e(E"), f e C>®(M).
p(de)(f) = ale)(f), Ve eT(E"), fe€C™(M).
Proof. Let’s prove Eq. 1. We want to show

Gvo o e

([de1, des),E) = (d[e1,e2], ), ([de1,des],v) = (d[e1,e2],7y) Vei,e2,e € T(E¥),v € F*.

Let’s show the first equality of (5.:60). By Eq. (L15), we have (650
([der, des),E) = p(der)({dea,E)) — p(de2)({de1,E)) + (T'(de1, des), Q(€)). (6.61)
Now,
1.
plde1)({de2, ) = —{Q({e2,¢}),e1}
= —{{Q(e2), e}, a1} + {{e2, Qo) } &1}
2.
pldez)((de,€)) = —{Q({e1,€}), e2} = {{e1, ¢}, Q(e2)}
= —{{Q(e2), e1} e} —{e1,{Q(e2), €} }
3.

(T'(dey, dea), Q(e)) = (dez, (de1, Q(e))) = —{{Q(e), €1}, £2}
= {{e2,e1},Qe)} — {e1, {e2, Q(e)}}
= —{Q({ez, &1}, 6} — {e1{e2, Q(e)}}
= —{{Q(e2), &1}, e} + {{e2, Qen) }, e} — {er{e2, Qo) } )
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Putting items 1, 2 and 3 into Eq. (6.61)), we obtain
([de1,dea], E) = {{e2,Q(e1)}, e} = (d[e1, e2], 2).
Now we will prove the second equality of . By Eq. (4.14]) we have

([de1, dea], ) =W (der)({de2, 7)) — U(de2)({der, 7))
+ p*(d({T(dea, der), 7)) — {dea, Q(7)5(der)). (6.62)

Now,

U(de1)((de2,7)) = —{QU{7:e2}),e1} = —{{Q(Y), 2}, &1} = {7, Qle2) }, €1} (6.63)

In order to compute the term {{Q(7),e2},e1}, observe that

{{Q(7)7€2}7€1} = _{{517 Q(’Y)}?g?} + {Q(7)7 {51752}}'

Now,
Q{7 {e1,e2}}) ={Q(), {e1, e2}} + {7, Q{e1,e2}) }
Whence,

{{Q(), 2} e} = —{{er, RN} 22} + Q{1 {e1, e2}}) — {7, R{e1, 221}
Thereby, putting this into Eq. , we have

U(de1)((de2, 7)) ={{e1, RV}, €2} — Q{7 {e1,€2}})
+ {’Ya Q({51752})} - {{77 Q(52)}’81}'

2.
W(de2)((der,v) = —{Q({v,e1}), €2} = —Q({{7,e1},e2}) — {{r,e1}, Q(e2)}
= Q({{r,e2},e1}) — QU{: {e1,e2}}) — {{r, a1}, Qle2)}
= Q({{r,e2},e1}) — QU{: {er,e2}}) — {1, Qle2)}, a1}
- {{Q(e2),e1},7}-
3.
p*(d((T(dez, de1),7))) = —Q((de1, (de2, 7)) = Q({{7,e2},e1}).
4.

(de2, Q(7)5(der)) = {{Q(7), e1}, €2}
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Putting items 1, 2, 3 and 4 into Eq. (6.62)), we obtain

([der, dea), v) = {{Q(e2),e1},7} + {7, Q{er, e2})}
= {{Q(e2),e1},7} + {71, {Q(e1), e2}} — {7, {e1, Q(e2) }}
={7.{Q(e1), e2}} = (d[e1, e2], 7).

Therefore we have Eq. 1 of the statement of the theorem. Now let’s prove Eq. 2 of the
theorem. We want to show

(O(de)(df),7) = (dla(e)(f)7), Ve €T(E"), f € C®(M),y €T(F*).  (6.64)
By Eq. we have
(©(de)(df),v) = plde)((df, 7)) + (D(df), {de, 7)) — (df, Q(7)f(de)). (6.65)
Let’s compute each term of the right-hand side of this equation.

1.

plde)((df, 7)) ={Q{r, f}). e} = {Q(e), {r. f}}
= {Q), 7}, f} + {7, {Q(e), F}}-

(0(df), (de, 7)) = (df,Q({n,€})) = {Q({7.€}), [}
={{Q(). ek, [} + {7, Qe)} 1}

3. (df, Q()5(de)) = {{Q() e}, /-
Putting items 1, 2 and 3. into Eq. , we get
(©(de)(df),7) = {7, {Q(e), [}} = (d(a()(f)),7)-

Thereby, we have Eq. 2 of the theorem. Next let’s take care of Eq. & of the theorem:

U(de1)(e2) = —(de1, Q(e2)) = —{Q(e2),e1} = —[e2,e1].

Next, we prove Eq. 4 of the theorem:

(O(df), e) = {df, Q(e)) = {Q(e), [} = ale)(f)-

Finally, let’s prove Eq. § of the theorem:

plde)(f) = —{de, Q(f)) = {&, Q()} = ale)(f)-
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Remark 6.35. Eq. I of Prop. may tempt us to conclude that

~

(61,00 = Lyz (4 02 = Lyg ) 01 + d(05(02). 1)), Vo, 92 €T(E),  (6.66)

in analogy with the cotangent Lie algebroid brackets in the degree 1 case. The temptation
is there because, for ¢1 = dey, ¢ = des, Eq. is true, as it is easily verified. However,
Eq. is mot true in the general case. We can see this by contradiction. If Eq.
were valid, then by property & of Thm. and property 7 of Def. we should have

A0} (W (h1,02))) = 6(W (1, 02)), Vo1, 0 € T(E), (6.67)

and since W' : S2(E’) — F is surjective, we should have

d(6}(€) = 8(¢),  VEeT(F). (6.68)
By evaluating both sides of Eq. (6.68)) on f&, we should conclude that

64 () @ df = p*(df) ® &.

Now observe the following;:

(p(df),e) = p(e)(f) = — (&, Q) = (e, —{0, F}) = (05 (df), ),

therefore we should have
08 (¢) @ df = 6 (df) @ ¢,
which is impossible to hold if £ € I'(F') and f € C°°(M) are arbitrary.
In Sec. we find a formula relating the Lie 2-algebroid brackets of Eq. and

the brackets given by Eq. .
|

Proposition 6.36. Let (M, {-,-}) be a symplectic degree 2 manifold. Consider its asso-
ciated metric double vector bundle. We state that this DVB can be canonically identified
with TE*, with the linear metric described in Prop. [5.11]

If M is endowed with an integrable, symplectic 1-vector field Q), then the corresponding
VB-Courant algebroid structure is given by the tangent prolongation of E* described in

Prop. [5:11]

Proof. Let (Dp«, E; ®) be the associated metric DVB that corresponds to M, so that the
self-conjugate DVB is

DD (ﬁ) — (Dp)%
By Prop. we have (Dp+)} = b*(T*E). Then, Cor. allows us to conclude that
Dp- = 0"(T7E"))p =b"(T"E)p) = 0" (TE"),

where, for the last identification, we used the Legendre transform Yg : T*E —T*E* (cf.
Eq. (F.4)). Therefore, from Prop. we conclude that

t*(Dp-) = §*(0*(TE*)) = TE™.
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We saw in the proof of Thm. that W (de1,des) = —d{e1,e2). Also, since d is
the differential corresponding to the metric VB-algebroid, from we conclude that
(deq,22) = —(e1,€2). Now, taking into account that the Legendre transform Y g is —Id on
the side bundle F, from Cor. Eq. (3.48) and Cor. we conclude that the linear
metric on §*(Dp+) = TE* given by Thm. is precisely the one described in Prop. |5.11

As for the VB-Courant algebroid, under the identifications above, it can be seen that
the corresponding VB-Courant algebroid structure on T'E coincides with the tangent
prolongation of E described in Prop.

|

Integrability of § in terms of the morphisms (Gﬁl, 9%)

A very important consequence of Eq. 1 of Prop. [6.34]is the following characterization
of integrability of a degree 3 function 6 € A on a symplectic manifold.

Proposition 6.37. Let (M, {-,-}) be a symplectic degree 2 manifold. Let § € A3 be a
degree 8 hamiltonian. Then 0 is integrable, that is, {6,0} = 0 if and only if

0% ([dey, des]) = [04(der), 04 (des)],  Vei,en € T(E*) = CR2(E), (6.69)

where d is the differential dual to the V B-algebroid structure on Dp«, the brackets on the

left-hand side are the preLie 2-algebroid brackets, given by Egs. and , and the
brackets in the right-hand side are the V B-algebroid brackets on Dp~ (or the Lie algebroid

brackets on F*).

Remark 6.38. The results of this section can be obtained directly from the more general
results obtained in Sec. However we chose to provide here alternative proofs exploiting
the nondegeneracy of the Poisson brackets, so that it appears more transparently the role of
the Courant algebroid structure, which determines already 6 together with its integrability
condition, as we saw in Sec.

Proof. Define a pair ([-,-],a) from 6 by Eq. (6.46), where Q = {6,-}. Then, for any
g3 € I'(E*) we have
(05([de1, dea)), des) = (05(d[e1, 2]), des)
= {{Ha [[51752]]}753}
= [[e1, e2], &3] (6.70)

On the other hand,

<[Qg(d€1), 95(6162)], d53> = {{{97 51}7 {(9, 52}}7 53}
= _{{537 {97 61}}7 {97 52}} - {{9> 51}7 {537 {97 52}}}
= —[[52, [[61, 53]]]] + [[61, [[52, 63]]]]. (6.71)
From Egs. (6.70) and (6.71]) it follows that

([05(de1), 05(de)], des) — (05([der, dea)), des) = [e1, [e2,es]] — [le1, 2], €3] — [e2, [e1, es]]-
(6.72)
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Analogously, for any f € C*(M),
(05([de1, de2)), df) = (05(d[er, e2]), df)
= {{0,[e1, 2]}, f} = aller, 2D (F). (6.73)
On the other hand
([05(de1), 05 (dea)], df) = {{{0. €1}, {0, 2}}, )

= —{{f:{0,e1}}, {0, e2}} — {{0,e1}, {f, {0, €2} }}
= —a(e2)a(er)(f) + aler)alex)(f) = laler), ale2)l(f).  (6.74)

From Eqs. (6.73]) and (6.74]) it follows

([65(de1), 65 (des)], df) — (B5([de1, dea]), df) = [a(er), ale2)](f) — al[er,e2])(f)-  (6.75)

Now, we saw in the proof of Thm. that the pair ([-,-]) obtained from a degree 3
hamiltonian 0 satisfies automatically properties 3 and 4 of Def. We saw also in the
proof of Thm. that a consequence of property 4 of Def. and the non-degeneracy
of (-,-), is that

(a*(a),a"(8)) =0 Va,B € I(T*M),

where a* : T*M — F is given by (a*(«), ) := (a(e), a), Ve € T'(E*).
Therefore, from Eqgs. (6.72) and (6.75)), together with the last part of the proof of
Thm. it follows that

03 ([dey, dea)) = [05(dey), 05 (des)] < {6,6} = 0.

|

Now we would like to find out how the data of the Lie 2-algebroid corresponding to 6

is related to the V B-algebroid structure on Dp« through the pair of morphisms (thi, Gg),
in the spirit of what we have already done for ¢; = de1, ¢po = des in Eq. .

Proposition 6.39. Let 6 be an integrable, degree 3 hamiltonian on a symplectic degree 2
manifold. Then, for ¢ € T'(E ) f e C>®(M), we have

p()(f) = m(O5(0)) (), (6.76)

where m: Ap~ — TM and we are using the identification F* 2 Ap..

Proof. Set @ = {6, -}, then

P(O)(f) = ppe=(9))(f) = —(pE=(0), Q(F))
= (pp-(9), 63(df)) = (6, 63(df))
= (05(¢), df) = (pr o 05(0), df)
= m(05(¢))(f).
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Proposition 6.40. Let 6 be an integrable, degree 3 hamiltonian on a symplectic degree 2

~

manifold. Then, for ¢ € I'(E),& € T'(F), we have

05 (0(0)(€)) = [05(¢). 65 (€)1, (6.77)

where the brackets on the right-hand side concern to the involutive V B-algebroid Dp+.

Proof. 1t is enough to prove Eq. for ¢ = de and & = df and to show that both sides
of the equation behave in the same way with respect to the C°°(M)-module structure.
Let’s begin by showing this. It is immediate that both sides are tensorial with respect to
¢. So let’s see what happens with respect to €. Using Eq. , we have

05(0(0)(£€)) = f05(0(0)(€)) + A) (£)PL(€)
= f01(0(8)(€)) + m(65()) (f)05 (€).

On the other hand,

[05(0). 05 (FE)] = F165(0), 65()] + m(05(0)) ()65 (£).

Therefore, both sides of (6.77) behave the same way when we multiply by f € C*°(M) ¢
or £. So, to end the proof, let’s verify Eq. (6.77)) for ¢ = de and & = df:
On one hand, by Eq. 2 of Prop. [6.34

(61(8(de1)(df)), dea) = {6} (d(a(e1)(/))), 2}
= {{0,a(e1)()}, e2} = ale2)(ale1)(f))- (6.78)

On the other hand,

([05(der), 05 (df)], de2) = —{{{0,e1},—{0, f}},e2}
= {{e2,{0,e1}}, {0, f}} + {{0,e1}, {e2, {0, f}}}
= —a([e1,e2]) + aler)(ale2)(f)) (6.79)
= —la(e1), a(e2)] + aler)(a(e2)(f))
= a(e2)(a(e1)(f))-

From Eqgs. (6.78)) and (6.79) we obtain

0} (O(der)(df)) = [05(der), 65 (df)),

which is Eq. (6.77) for ¢ = de and £ = df, as we wanted.



Chapter 7

Integrability of degree 3 functions
on a degree 2 manifold

In this chapter we put together the previous results in order to obtain in Thm. a
characterization, in terms of vector bundles and maps, of degree 3 functions 6 on a degree
2 Poisson manifold (M, {-,-}) satisfying the homological equation {6,0} = 0.

7.1 An alternative formula for the bracket of an exact Lie
2-algebroid

In this section we find an alternative formula of the Lie 2-algebroid bracket defined
by Egs. and , or equivalently by the derived bracket formula, see Prop.
in the case where the 1-vector field @) is exact, that is, it comes from an integrable
3-hamiltonian 6 € A3:

Q=1{9,}, {6,0} = 0. (7.1)

Of course, we are in the context that the corresponding degree 2 manifold is endowed with
degree -2 Poisson brackets {-,-}. The mentioned formula will prove useful in proving the
characterization of integrability of a 3-hamiltonian next section.

We advice the reader to keep in mind the ideas and calculations made in Sec. for
the degree 1 case. Here we follow closely those ideas, though in the degree 2 case some
complications appear mainly due to the non-skew symmetry of Gg, so that we have to keep
track of the symmetric part, given by item & of Thm. [3.59]

Definition 7.1. Consider a degree 2 Poisson manifold endowed with a Q-structure (see
Def. [£.1)). The corresponding Lie 2-algebroid (Thm. [4.20)) is called ezact if Q is exact,
i.e., it has the form (7.1).

Lemma 7.2. Consider a Poisson degree 2 manifold (M, {-,-}) and its corresponding met-
ric VB-algebroid (Dp+, -, -], p). Recall that a horizontal lift of provides simultane-

ously a splitting for M, a decomposition for Dg= and a horizontal lift for . This
last horizontal lift induces a projection pprgr : E— E* @ F. With this considerations,

140
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we have
(@1, 8) = (0, (. 00) + (prar(L,m(0)) o (6, vreAoeAoeh, (12)

where, for any degree 8 function § € A3, § € L'(A%2(Dp+)g) is the embedding ,
described in some detail in the proof of Thm. and we are denoting the same vy for a
degree 2 function v € A? and its canonically corresponding involutive section y € F(FV*) C
F(f’?‘) = Din((Dp+)E). L stands for the Lie derivative on T'(A'(Dp+)},), associated to the
Lie algebroid structure on Dps — E.

Proof. Since both sides of are R-bilinear, it is suffices to show the following two
fundamental cases

i) §=e®(, with ¢ € [(E*) and ¢ € I(F).

i1) 0= €1 Neg Nes, with e1,e9,e3 € I'(E*).
Let’s prove item 7). Again because of R-bilinearity of the brackets, we can assume v =

Co+e1Neg, (o € T(F) and e1,e9 € T'(E*). Then, taking into account the relation between
the VB-algebroid data and the corresponding -2 Poisson brackets (see Thms. and

6.14)), and using also Eq. or equivalently (E.15)), we have

[v.0] =[v,.e®(]=[1.e] @ +e®[1,(]
={1,e}RC+e® [, (] +ENET® {e2,(} —EA (e1 A {e2, (})
+2A ({e1,¢} Aea) —EA K (Co, €)
= (1,0} —e®FT A {e, () —e® {e1,C} ATz + 2@ K(Co, €)

= (0,0} —prep- ({1, O) @,

where ppeps : F* —5 A2E* is the projection induced by the horizontal lift, and the bar
means that we are considering A2E* as the second exterior power of the core bundle
E* C Dp~. Therefore, writing, through the horizontal lift, ¢ = €+ 7, we arrive to

-~

(6, [, 8]) = (6, 17, 01) — e @ (& {7, C})). (7.3)
On the other hand, using Eq. ,

(pEror(£,m(9))) o (6))" = ® (£,8,0) = —e @ (@ {1, C}). (7.4)

From Egs. and (7.4), we get in case 7).

In the above calculations, when performing the bracket with (, we are considering
implicitly its lift into F*.

Now let’s work out case i7). In this case we have #; = 0. Hence is equivalent to

-~

[v,0] = m Again recalling the relation between the VB-algebroid structure and the
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corresponding -2 Poisson brackets, and also the interpretation of €1 Aeg A3 as a 2-section
of (Dp+)p+ given in Eq. (3.73)), we have

-~

[v,0] = [v,e1 Aea Aes| = [y, ETAEZ Q3 —ET A T3 R €2 + 83 AE3 ® £1]
=p()(es) @ETNE tes@ [V, EAE2 Fes @ ET Ay, 5
—p(y)(e2) ®ETNE3 — 2 ® [V,E1| NE3 — g2 ® EL A [7,E3]
p(7)(e1) ®Ea NE3+ €1 ® [y,82) ANE3 +£1 ®E3 A [, 53]
=g Aea A{y,e3} +{y,e1} Nea Aes+e1 Ay, e} Aes

= 1.0}
]

Lemma 7.3. With the same considerations made in the statement of Lem. for every
e € I'(E*), we have

2,0 = —pazp-({0,€}) = —Q(e) + (65)*(8(<)), (7.5)

where, as already explained in the proof of lemma DA2E* F——A2E* is the projection
induced by the horizontal lift, and the bar means that we are considering A’ E* as the second
exterior power of the core bundle E* C Dpx, so that A2E* C A>(Dp+)g. t: E* — E is
the core map given in Eq. , by the metric that comes from the Poisson structure.

Proof. As we already did in the previous lemma, we can suppose without loss of generality
that 0 = e9g ® ( + &1 A eg A e3. Thus, we compute

{eeo®(+erNeaNest ={e,e0} —eo N {e, (}
+{e,e1}ea Nes — {e,eater Aes + {e,e3}e1 A ea.

On the other hand, taking into account Eq. (3.73]), we compute using Leibniz’s rule for
the Schouten bracket and Eqs. ((6.17))

E@({+teanene] =00+ [EaQ0nATG - @ AG +e3 Q8 AL
=go N\ [ga C] - <€7€1>5/\§+ <57€2>a/\§_ <8753>a/\5'

Comparing the two equations above we conclude that

~

[57 0] = _{87 6} + {57 EO}C = —PA2E* ({0’ 5})

The second equality in Eq. (7.5)) follows from the observation that Q(e) = {0,e} = {¢, 0}
and {e, £0}¢ = —(6})"(4(<))-

Lemma 7.4. On an exact Lie 2-algebroid we have

~

BO)(Sf) = p(05(e))(f) and  p*(dpaf) = OL(df), v¢er<E>,feC°°<M>(. |
7.6
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Here we are using the same notation p for two different maps. In the first equation it
stands for the anchor of the metric VB-algebroid pp : Dp= — T'E, given in Eq. .
In the second equation it stands for the anchor p: E—TM defined in Eq. .

In the second equation, the operator d stands for the de Rham differential correspond-
ing to the metric VB-algebroid. The operator dr=p; stands for the canonical de Rham
differential of the cotangent bundle.

Proof. First observe that Eq. (6.42)) is valid in the Poisson case in general, since for its
proof we didn’t use the non-denegeracy of the Poisson brackets. Using this equation, the
definitions, and item 1 of Thm. [3.59] we have

B)(f) = —(6,Q() = — (6,10, ) = (0,6} (df))
= (05(0), df) = p(65(5))(f).

Analogously,
p(e)(f) = —(e,Q(f)) = —(e, {0, f}) = (e, 0} (df)),

from which it follows p*(dreas f) = 0% (df ).

Lemma 7.5. On an exact Lie 2-algebroid
V(@) (e) = p(B5(9))(e) — 65 (W (9, de)) (7.7)
holds for every ¢ € I‘(E),e e I'(E™).

Proof. W is defined in Eq. (4.11)). Using Eq. (6.42]), which is valid in the general Poisson
case as already observed in the proof of lemma [7.4] and item 3 of Thm. [3.59 we have

U()(e) = —(6,Q(e)) = — (o, {0.})
= (¢, 65(de)
(05(0), de)

~

0L (W (. de))

pb3(6))(¢) — 61 (W (9, d2)).
|
Theorem 7.6. Let (E,ﬁ, 0,9,0,[]) be an exact Lie 2-algebroid. Then the bracket [-,]
1s given by the explicit formula
(b1, 62] = Lyg 5102 = Lyg ) 01+ A(61,05(62))) — Ro(1,62), (7.8)

where d and L are the de Rham differential and Lie derivative, respectively, corresponding
to the metric VB-algebroid Dp~ that comes from the Poisson degree 2 manifold under the
correspondence given in Thm. [6.14)
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~ ~ ~

The (bidifferential) operator Ry : T'(E) x I'(E) —T'(E) is defined by

(Ro(o1, 02),7) = 05 (W (¢1,d({$2,7))) — W (¢2,d({$1,7))) — d((T($2,61),7))
+ W(Ly o1, ¢2))
— 0 (W (o2, (v,d1) + (@2, 7),dd1)), Ve, s € T(E), v € T(F*)

(7.9)

where W : S2E — F was defined in Prop. and T : E ® E— F s the bilinear map
defined in FEq. .
Remark 7.7. Observe that Eq. is not enough to define the operator Ry, for the
simple reason that a linear section ¢ € F(E’) is not completely determined by its pairing
with dinvolutive sections F(ﬁ*) only, because the pairing with sections of A2E* is not
enough to determine the part of ¢ that projects over E (consider, for example, the case
that rank E = 1, then A2E* = 0). In the next theorem, Thm. we will show that Ry
takes values actually on E* ® F', so that the pairing above does determine the value of Ry.
Another observation, which follows from Eq. , is that Ry is tensorial on its second
entry.

Remark 7.8. The same formulas ([7.8)) and (7.51) hold in the case of an exact preLie
2-algebroid. Integrability is not used anywhere in the proof.

Proof. The idea is to introduce a horizontal lift, which allows to correspond to the 3-
hamiltonian § a bivector § € I'(A%(Dp+)g), as we did in the proof of Thm. and
exploiting the identity

o~

(¢,0) = —05(0) + (61 o m)* = —05(¢) + 1" o (61)*, (7.10)

for every ¢ = e+ 1n € E —which follows from the very way we define Gg in Egs. |i
(13.72)—, we can use the results for bivectors already available from sections and
G.4] In particular, we are going to use Eq. l) which applied to the bivector 6 gives

~ ~ ~

(B2, (61, 17, 0)) = p(7) ({2, (61,0))) = (b2, (L1, 0)) — (Lo, (61,0)). (7.11)
Now, applying Eq. to the degree 3 function —Q(vy) = {~, 0}, we get
(61.07.01) = Q()h(61) —ni o QD" (7.12)
On the other hand, from the identity
L(e®E) =e®LyE+ (de,y) ®E,

which is obtained immediately from Cartan’s formula (G.21), and lemma below, it
follows that L. preserves E* ® ' C E, hence

pE*®F(£’Y¢1) = pE*@F([/'yé\l) + E'ynl- (713)
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From Egs. (7.12) and (7.13]), applying lemma and Eq. to 6, Eq. turns

into

— (02, Q()5(61) = 1 © QD" + (PErar(L,81))" o (0)") = p(v) ({2, 65(61) — i o (65)"))
— (2, 05(Ly1) — (PEraor (L4E1) + Lym)* o (05)*) — (Lba, 04(61) — nf o (69)"),

from which, using Eq. (G.2)),

—(p2, Q(5(01)) = (2, [7. 05(1)]) — (62, 05(Lyp1) — (Lym)* 0 (65)")
— p(V) (P2, 0} 0 (B1)*)) + (L2, m} 0 (0)*) — (b2, 775 © (Q()]))
= (2, [1, 05(61)]) — (2. 05(Ly 1) — (Lym)* o (65)*)
— {2, [y i © (01)]) = (b2, 775 0 (Q(1)D)*). (7.14)

Remark 7.9. In the calculations that follow, we are going to assume that m = &1 ® &
and 0; = ¢ ® ¢, where e1,¢ € I'(E*), & € I'(F*) and ¢ € I'(F). By the same argument
that we explained in the proof of lemma [7.2] there is no loose of generality in making this
assumption.

With the above remark made, observe that, since

W(ni,d2) = m(ez) = (e2,e1)& and 0 o (65)" = (&1, Q)T @, (7.15)

it follows the identity

(b2, 17 0 (61)7) = (e2, e1)(€1, C)e = (ea,€1)05(€1) = O (W (11, 62)). (7.16)

Also observe that, since £ preserves E* @ F' C E, we can apply Eq. l} to Lym1, so
that

(62, (Lym)* o (67)7) = O1(W(Lymy, 62). (7.17)
On the other hand, from Eq. (G.2)) and item 3 of Thm. we obtain

p(V) (61, 05(¢2))) = (L1, 05(¢)) + (1, [y, 05 (a)])
— (2, 05(Lyp1)) + 0L (W (L1, 62)) + (61, [1, 05(d2)]).  (T.18)

Putting together Eqs. (7.17) and (7.18)), we get

(62, 05(Ly01) — (Lym)* © (05)%) = —p(7) ({61, 05(2))) + 05 (W (L1, d2))
+(p1, [, 05(62)]) — 0L (W (L1, 62)).  (7.19)

Finally, we need to compute the last two terms of Eq. (7.14). We begin with the first of

them. Using we have
[y, 75 0 (65)*] = p()((€1,C))e ® FT + (€1, C)p(v)(e) ® TT + (€1, Qe ® [, E),
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we obtain

(@2, [, 77 0 (89)]) = p(1) (€1, ) ea, 1)e + (€1, C) ez, 21)p(7) (2) + (€1, C) e, [%61(])6- |
7.20
As for the second term of the last part of Eq. -, we have

(@2, 0 (QMD)™) = —(d2,mi © ([1,8})*) = —(@2, (€1, Dp(V)(e) ®ET + (&1, [1, {)e @ ET)
= — (&, Q) (e, e1)p(0)(€) — (&1, [, () (e2, en)e. (7.21)
Putting Egs. ) and (| -, we get

<¢2,h,mo<e§> 1)+ (2,775 0 QD)) = p() (€1, ) {ea, e1)e + (€1,C){e2, p(7)(e1))e
— (&1, [7, ¢]) (e2, e1)e, (7.22)

where we used the fact that, on a metric VB-algebroid, [y,21] = p(7)(e1) holds for every
v € I'(F*) and every €1 € I'(E*). On the other hand, observe that

(Lym; €) = (Ly(e1 @ &1), ) = p(7)({e1 @ €1,€)) — (€1 @ &1, [, C])
= (1) ({61, O)er + (61, Op(v)(e1) = (&1, 7, Chen,

whence

(@2, (Lym)* 0 (69)") =(ea, 1) p(1) (€1, )e + {e2, p(7) (1)) (61, C)e
— (e2,€1)(&1, [v, (e (7.23)

Comparing Eqgs. (7.22) and (7.23), we conclude that
(b2, [y, i o (65)"]) + <<bz,ni‘ QMY = <¢2,< )" o (05)%) = 0F (W (Lymy, ¢2)). (7.24)
Therefore, putting ((7.19)) and - ) into (| we arrive to the identity
—(2, Q1)) =(¢2. h,eé<¢1>]> — (61,7, 05(¢2)])
+p(7) ({1, 05(62))) — 05 (W (L1, 62)). (7.25)
Now, from Eqgs. and -, we get
<¢1><<¢2,v>> = p(9§(¢1))(<¢2,7>) — (W (1, d((¢2,7)))
= (Lyg ) 02:7) + (62, [05(61), 7)) — 61 (W (61, d((92,7)))). (726

Finally, putting Eqgs. (7.25) and (7.26]) into Eq. (4.14)), and also using Eq. (|7.6)), we have
the following

(91, 82),7) = (Lyg 4,82, 7) = OL(W (61, d((92,7))))
— (Lt gy 0157) + 0L (W (62, d((61.7)))
(

+ 05 (d((T (2, 61),7))) + p(7) ({61, 05(62))) — 6L (W (L1, 62))
= Ly ®2 = Lgz ) @1 + A(61,05(62))),7)

— 8L (W (61,d({$2,7))) — W (2, d({61,7)))
—d((T(¢2,01),7)) + W(Lyd1, 02)).
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Thus it remains to show the second equality of Eq. (7.51]), which is equivalent to

W(¢17d(<¢27’7>)) - W(¢2a d(<¢1a7>)) - d(<¢17 <¢27’7>>) + W([”ngl? ¢2)
= W (g2, (7,d¢1)) + ((¢2,7), d¢1). (7.27)

On one hand we have, by Cartan’s formula,

= W (62, d((61,9))) + W (Ly61, 62) = W (62, Ly = d((61,7))) = W (6, (7,d1), (7.28)
On the other hand, by Egs. and , for every ¢ € I'(F™), we have
(W (61,d({92,9), ) = (1, (d((62,1), Q) ) + (((62.7), 91, 0) )
= <¢1,m> + P (W) ((¢2,7))
= (61,00 02,)) = (61, (62,7) . (7.29)
By Cartan’s formula, Eq. and Eq. (6.17),
—(d({91, (62,7 € = (~Ligzmyd + 1z C)
= (1. [(622:¢] ) = oo (62.7) (61.0)) + ({(B2: 7). d1), C)

= = (01,0Q (&2, + ({027}, (61,0)) _ + ({(B2,7), d), O ).
(7.30)

From (|7.29)) and ([7.30), we get
W(g1,d({¢2,7))) — d((¢1, (2,7)) = ((b2,7), d¢). (7.31)
Hence, from Eqs. (7.28) and (7.31]) we arrive to Eq. (7.27)).

Lemma 7.10. Consider a VB-algebroid (D; A, B; M) ¢, with Lie algebroid structure over
B, as usual. If L is the corresponding Lie derivative, then

Lz¢ € Teore( D) = T(A¥) Ve € Teore(Dp) 2 T(C), ¢ € Tin (D) = C* 5,
and
L,F € Teore(Dp) = T'(A”), VE € Teore(D}) = D(A*),y € Tyin(Dp) = T(A).

Proof. By lemma in order to prove the first statement, we need to check that (Lz¢, ¢5) =
0Vey € Teore(Dp) and (Lzd, ) is fiberwise constant for every v € ', (Dp). By Eq. (G.2)),
the definition of a VB-algebroid and lemma [2.§

(Lep,e0) = p(c)((, o) — (8, [e, ) = 0.
Analogously,
(Led,7) = p(@) ({1, 8)) — (&, [E:7])

which is fiberwise constant due to the definition of VB-algebroid and to lemma [2.8
Similarly it is proved that L& € T'core(D7)-
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Theorem 7.11 (Continuation of Thm. . In the conditions and with the notations of
Thm. we have, for every ¢1,¢2 € F( ) and e e I'(EY),

(161, 821,2) = {Lyg )82 — Lyg @1 + (1, 6h(62)),2) (7.32)
In particular, it follows that the operator Ry takes values on T'(E* @ F)).

Proof. From Egs. (G.13)) and ([7.5]), we obtain, taking into account lemma Eq. (3.68)
and Eq. (7.10),

—(p2, (D1, —Q() — (61)*(8(e)))) =p(E) (2, 05(61) — 1} 0 (61)*)) + (2., 0} (Lep1))
— (Lo, 04(61)),

from which, using Eq. (G.2)), lemma again, and Prop.

(d2, (61, Q) =(Lzt2, 05(d1)) + (b2, [E, 05(¢1)]) — (@2, [E. i © (65)"])
+ (62,05 (L)) — (Lo, 05(61)) — (b2, (m1, (65)*(4(e))))
=(¢a, [E. 05(OD]) + (b2, © (603)* (4(€))) + 2, 0} (L=n))
— (g7 © (65)" (#(2)))
= (2. [£, 05(61)]) + (62,65 (L))

With this equation, we compute from Eq. (4.15)), using also (7.6)), (G.2) and item 1 of
Thm.

([61, 621, ) =p(1)((¢2,2)) = p(e2) (61,2)) + (2, (61, QEN))
P(05(61))((62,2)) — pl65(62))((61,2)) + (02 [E,05(61)]) + (2,6} (Lzn)
= (Lyp o) 92:%) + (62,0561, 2) = (Lgz ) 01,5) = (61, [05(02), )
+ (90, B 05(60)]) + (05(62), L2 )
(L4 )m} — (Ly3 4,y 81:2) + p(E) (01, 05(62)))

(L3902 = Lgg oy 01 + {01, 65(62))).2)

Lemma 7.12. On a Poisson degree 2 manifold, given a S-function 6 € A3, which defines
a 1-vector field Q = {6, -},

0=-todf,  (3(),2) = (61(©)) (=)
holds, where O is defined by Eq. , 9% by Thm. and p and § by Fq. .
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Proof. Regarding to the first equation, observe that the equation

05(de) = {0} = Q(e)

Prop. for the symplectic case, remains valid in the Poisson case with the exact same
proof. Then, for any £ € I'(F) and € € I'(E”),

—(t085(€),e) = (B1(€), —t(e)) = (£, b5(de))
= (£,Q(e)) = (3(€),¢)

As for the second equation, follows immediately from the first and Eq. (6.17]).

Proposition 7.13. In the same conditions of Thm. |7.0, and with the same notations,
O(0)(&) = Lys )¢ + L3550 — (&, 05(6))). Vo € I'(E),£ € T(F). (7.33)

Proof. 1f we put in Eq. (7.14))  instead of ¢ instead of ¢; and ¢ instead of ¢2, we obtain,
for every v € I'(F™),

— (£,Q(M4(®)) = (&, [, 05()]) — (€, 05(L+0)). (7.34)

Then, starting from the definition of © given in Eq. (4.12)), we compute using Eqs. (|7.6)),
(G.2), item 1 of Thm. and lemma [7.12]

(O(6)(€):7) =) (&,7)) + (&), (6,7)) = (&, <><>>
=p(65(0)) (6,7 + 2 (6(6)) ((6,7)) + (&, 17 B (D)) — (&, 65(L,0)

L)+ <£mm> - p(v)(@% (©),4))
<£9“(¢)§ + Egu(é ¢ —d((&, 0 (¢)>)7’Y>-

7.2 Integrable degree 3 functions on a degree 2 Poisson
manifold

Finally we want to obtain a characterization of the integrability of a degree 3 function
6 € A3 on a Poisson degree 2 manifold (M, {-,-}), where integrability means, as we already
said before, Poisson self-commuting: {0,60} = 0.

Since @ := {0, -} is a l-vector field, by Thm. it defines a preLie 2-algebroid
structure on the dual sequence . On the other hand, by Thm. the Poisson
brackets define a Lie algebroid structure on the involutive bundle F*. Moreover, by Thm.
3.59| 0 induces a vector bundle morphism Gg . E— F*. Therefore, in the spirit of Prop.
G.19, it is natural to expect a characterization of integrability in terms of a (possibly
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twisted) bracket-preserving condition for 9%, which consists in relating the Lie 2-algebroid

brackets on E with the Lie algebroid brackets on F* through 05.

We will proceed in a similar way to what we did for the degree 1 case in Sec. [G.4}
In particular, the calculations will rely strongly in the Vector field and derived bracket
viewpoint, more precisely, in propositions [3.61] and [£.12], keeping in mind that in the
present case @ = {0,-}.

Lemma 7.14. Let (M, {-,-}) be a graded 2-Poisson manifold. A degree 3 function 6 € A3
is integrable, i.e. {0,0} =0 if and only if

a) ~
{97 9}(¢17 ¢2) = L¢>2L¢>1{67 9} = 07 V¢1¢2 € F(E) = :{(M)—l

and

b)
{9,9}(51,52) = L&Lgl{@,@} =0 V{l,fg c F(F) = %(M)fg.

If rankE > 1, then condition b) is not necessary.

Proof. The “only if” part of the lemma is trivial. So let’s prove the “if” part. Choosing
local coordinates {z',e*,a”}, the degree 4 function {6, 6} reads

{0,60} = Aijaiaj + Babjaasbaj + Copeacebee?, (7.35)

where A;j, Bapj, Capea € C°°(U). Then the hypothesis of the lemma imply

o 0
= 507 o (00t = Ay
o 0
0= 6€b6 a{‘g 0} Babj y

0 0
0= Oe b@ d{9 9} Cobbcd6 5

Notice that if rankF = 1 then %% = 0, but in this case we have {0,0} = A,-jaiaj, hence
Cabea = 0 trivially. Therefore, the equations above imply A;; = Bayj = Capeq = 0, that is,
{0,0} = 0.

If rankEZ > 1, we can find local coordinates ele? € F(E*) =~ Al such that ele? # 0.
Then setting ¢1 = ¢! ® 8‘; eN(E)=X(M) and pr=e>® 25 € I'(E) = X(M)_; we
get from condition a) of the lemma

5 0
dad Do

0= tgytp, 10,0} = e'e? { L0} = Ajjele?
from which, since e'e? # 0, it follows Aj; = 0. Therefore, when rankF > 1, we can
conclude that {#,0} = 0 using only condition a) of the lemma.

[
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Lemma 7.15. Let (M, {-,-}) be a graded Poisson degree 2 manifold and 6 € A3 a degree
8 function, to which there corresponds the pair of morphisms (9?, 95), given by Thm. .
Consider the 1-vector field Q := {0, -} and its corresponding preLie 2-algebroid, given by
Thm. @ Also consider the dual bundle E, which is the linear bundle that fits on the
corresponding dual sequence . Then, for every ¢1, 2, ¢3 € F(E), we have

(03, 0,0} (1, 62)) =(03, Q(O5(62))5(d1)) + W(3) ({1, 05(62)))
— (3, QO4(01))5(2)) — (¢3, 04([61, b2))), (7.36)

where {0,0Y(¢1, ¢2) € A2 = T(F*) was defined in lemma |71
Proof. Using propositions and we have
0501, 62]) = — 11,5210 = 01 Q). 162 (0)
=ty Qs (0) + Qg 14 (0) — tgst9, QO) — 14, Qug, (0)
=Q(05(92))5 (1) — Q1. 65(62)))
—{0,0}(1. 62) — Q(6h(1))5(¢2),

from which, using Eq. (4.11)) and rearranging terms we obtain Eq. (7.36]).
[

Lemma 7.16. In the conditions of lemma and with the same notations, we have,

~

for every ¢1,¢2 € T'(E), £ € T'(F),
(62,10,07(01,8)) = {6, (61, QUE©)) ) + 2(02) ({1, 6£(©)))
— (62, Q300 (©) = (1 0(61)(©). 62),  (737)

where, as usual, {0,0}(1,€) := tery, {0,0}, and the bar over a section of I'(E*) means
that it is considered as a core section T cope((Dp+)p+).

Proof. The proof runs in the same way as for lemma [7.15] From Prop. [£.12] we have

—ta(g1)(6)0 = [[tgr, Ql, te](0) = 14, Que(0) + Qug, 1e(0) — Lty Q(O) — LeQug, (0),

therefore, using Prop. and omitting, to simplify the notation, the bar over sections
of F(E*) = Fcore((DF*)E*)a

(62, 05(0(61)(€))) = — (b2, to(py)()0) = —(d2, (b1, Q(O1(E))) + Ble2) ({b1, 65 (€)))
— (2, {0,0}(61,€)) — (62, Q(05(61))} (6)),

from which, rearranging terms, we get ([7.37]).
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Lemma 7.17. Let (M, {-,-}) be a graded Poisson degree 2 manifold and let 0 € A3 be a
degree 3 function, with its associated pair of morphisms (0%, 9%) Consider the dual bundle
E, which is the linear bundle that fits on the corresponding dual sequence M Then,

~

for every ¢1, d2, ¢3 € I'(E), we have

D (L1 0502)) = D7 [ (L o003 0h(02) ) + p(85(01)) (05 (W (0, 62))) |

cyclic cyclic

where the operators L, d and p belong to the metric VB-algebroid structure corresponding
to the Poisson degree 2 manifold (Thm. .

Proof. The proof is just a computation using Cartan’s formula and item & of Thm. [3.59
and then a rearrangement of terms.

D7 (Lgp gy 01:05(02) ) =((05(93), den) 05(62)) + p(05(62)) (61, 05(00)))

cyclic
+ ((05(¢2), dors), 05(01)) + p(05(61)) (b3, 05(2)))
+ ((05(01), da), 05(03)) + p(05(63)) ((¢2, 05(¢1)))
= —((05(¢2), don), 05(03)) — p(05(02)) (D3, 05(61))) + p(B5(2)) (65 (W (1, 3)))
—((05(61), dps), 05(d2)) — p(05(61)) (b2, 05(03))) + p(05(61)) (05 (W (3, ¥2)))
—((05(3), dp), 05(d1)) — p(05(03)) (b1, 05(02))) + p(05(63)) (65 (W (2, 61)))
= 37 [ (g3 B5(02) ) + plBE (1) BV (05, 6)

~ ~

Lemma 7.18. Consider the operator Ry : T'(E) @ T'(E) —)I‘(E) defined in Eq. (7.51)).
We have yet another expression for it:

(Ro(61,62),7) = 0 (W (61,d((62, 7)) + W (@2, (7,d61)) — d((61, (b2, 7)) - (7.38)

Proof. From Cartan’s formula and the bilinearity of the symmetric tensor W it follows

W (L1, p2) — W(d2,d((d1,7))) = W(p2, Lyd1 — d((d1,7))) = W (2, (v, dd1)),

by which Eq. (7.38) follows immediately from the first equation of ([7.51)).
[

Theorem 7.19. Let (M,{-,-}) be a graded Poisson degree 2 manifold, and let § € A3
be a degree 3 function on M, to which there corresponds the pair of morphisms (9%,05),
giwen by Thm. . Consider the 1-vector field Q := {60,-} and its corresponding preLie
2-algebroid, given by Thm. [{.9. Also consider the metric VB-algebroid Dp« corresponding
to the Poisson degree 2 manifold, according to Thm. |6.14. Then
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i) [05(61),05(62)] — 05161, 02]) = } [{0, 0161, 90) + 0§ (Ra(91, 62))| , V1,02 € T(E),

where {0,0}(¢1, ¢2) € A2 = D(F*) was defined in lemma and Ry(p1, p2) was
defined in Fq. .

it) 0 is integrable, i.e. {0,0} =0, if and only if
03(61), 63(62)] — 64([61, 02)) = SOh(Ra(01, 62)  Vongn € T(E)  (1.39)

Proof. Let’s prove the equation of item ) in the theorem. For every ¢i, ¢, p3 € F(E),

taking into account Eqgs. , item 8 of Thm. and Eq. , we have
(63 10,03 (61, 02)) =(d3, Q(5(62))5(61)) + w<¢3><<¢1, 05(92)))
— (03, QUO5(61))5(02)) — (03, 65 ([61, 62]))
=W (1) (b3, 05(62))) — W(h3) ({61, 05(62))) + 05 (d((T (D3, b1), 05(2))))
— ([b1, 03], 05(02)) + W(03) ({61, 05(02)) — V() ({3, 05(¢1)))
+ 0 (93)((92, 05(91)) — 03 (d((T (63, 62), 05(61)))) + ([2, 63], 65 (1))
)
) )

+ ([¢1, 2], 9ﬁ<¢3>> — 6} (W (s, [%@D
=0 (61) (63, 05(2))) — () ({63, 05(61))) + W (3) ({2, 05(61)))
<9ﬁ(¢ 03,05(62)) + (Lys 5, ¢1 05 (02)) — p(05(2)) (61,65 (3)))
(Lot 50 B35 05(61)) = (L4 ) 02, 05(61)) + pl(65(61)) (02, 65 (3)))
+(L gg(m)@, 5(65)) — (Lyg sy, P15 0(63)) + pl05(63)) (61, 05(62)
+6§<d<<T<¢3,¢1>,9§<¢2>>>>—e§<d<<T<¢3 $2),05(61)))) — 67 (W (93, [61, 02]))

+ (Ro(¢1,63), 05(02)) — (Ro(¢2, 63), 05(1)) — (Ro(d1, ba), 05(¢3)).

Now we introduce in the calculations Eqgs. (7.7)), (7.38) and once more item 3 of Thm.

3.59 and Eq. ([7.6), and continuing the calculations above we obtain, after performing
some cancellations,

(63, {0,03 (91, 02)) = = (Lys 5,93, 05(62)) — (L )01, 65(93)) — (L s 1 D2, 05(61))
(L gy B0 06(02)) + (L (13, 05(61)) + (Lys D2, 05(63)

+ p(05(61)) (65 (W (2, 83))) — 05 (W1, d({p3, 05(¢2)))))
— p(05(62)) (05 (W (01, ¢3>>>—0ﬁ<w¢2 d((p3,05(61)))))
+ p(05(63)) (05 (W (61, 62))) — 05 (W 3, ({62, 05(1)))))
+ 0L (W (3, (05(62), d1))) + 05 (W (61, d({ 3, 05(62)))))
— O} (W (63, (05(¢1), dpa))) — 05 (W (2, ({3, 05(1)))))
07 (W (63. Lgg g, 02) ) + 08 (W (03, Lyg,00) ) — 050V (63, (6} (W (61, 62))

)
0L (W (3, Ro(1, 92))) + (63, 05(Ro (1, 92))) — 0 (W (3, Ro (b1, b2)
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Finally we introduce lemma into the calculations, namely we apply it to the second
line of the equation above, and after cancelling some terms, we get

(09,10,0161,02)) = =2 5" (L, 09,65(62)) ) +20(65(61)) (63 (W (6, 65)))

cyclic

+ 20(05(69)) (O (W (61, 62))) — 265 (W (5, Lz, 62))
+ 267 (W (63, (05(62), dd1))) + (@3, 65 (Ro(61, 62))).- (7.40)

On the other hand, let’s compute

(63, 65([61, @a])) — (@3, 165(61), 05(62)])-

Using item & of Thm. Eq. and Cartan’s formula, we have
(63, 65([61, 0a])) = — (65(63), (61, b)) + 65 (W (63, [61, 6]))

— (L () 82 05(93)) + (Lys 5, 61, 05(3)) — p(05(65)) (1, 65(2))

+ {05(05), Rol0n,02)) + 05 (W (03, Lz, 02)) = 0F (W (63, L 161))

+ 05 (W (03, d((1,05(62))) ) = O3 (W (63, Ra(61,92)))

— (Lyz )82, 05(63)) + Ly 61, 65(69)) — p(05(63)) (01, 65(62))

— (¢3, 65(Ro(¢1, 62))) + 05 (W (93, Ro(¢1, 62))) + 6} (W ¢3,£(,g(¢1)¢2)>

— O1(W (g3, (05(62), d1))) + 01 (W (93, d((05(62), é1)))

+0F (W (93, d((61,05(62)))) — 05 (W (63, Ra(01, 62))

The other term we compute using Eq. (G.2)) and item 8 of Thm.

(03, [05(91), 65(2)]) = — p(05(61)) (93, 05(92))) + (Ly 63, 05(62)

=p(05(¢1)) (b2, 05(03))) — p(65(61)) (65 (W (62, ¢3)))
(L (4093 05(62). (7.42)

(7.41)

Before adding up the terms, we need a last formula. Using Cartan’s formula and item &
of Thm. [3.59] we have

(L9092 05(03)) = — (05(03), (65(1), da)) — p(65(63)) (92, 65(1)))

=(05(¢1), (05(83), ddo)) + p(05(63)) ((¢1,05(62)))
— p(05(63)) (05 (W (61, 62))). (7.43)

Now putting (7.43)) into (7.41) and the adding up with (7.42) we get, after cancelling
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terms,

(03,05 (161, 02])) — (63, 163(61), 0502y = D ({Lye ) 00:05(62)))

cyclic

— p(O5(1) (05 (W (62, 63))) — p(05(63)) (05 (W (61, 62)))
03 (W (63, Ly 102)) = LW (95, (65(62), d61)))
— (¢3,05(Ro (61, 62))). (7.44)

Comparing Egs. (7.40) and (7.44), we obtain item 7) of the theorem.
In order to prove item ii), observe that in view of item i) we just proved, Eq. (7.39)
is equivalent to {6, 0}(¢1, ¢2) = 0. Therefore, keeping in mind lemma it is enough to

verify that {6, 0}(&1,&2) = 0, which is what we are going to do now. From Eqgs. (4.38)),(7.2)
and (4.10), we have

0= [[quQ]’ sz](e) =lg QL&z (9) + QL& Lgy (9) — Ll Q(@) - L§2QL§1 (9)
= — (0(&1), 05 (&2)) — {0, 0} (d1, d2) + (D(&2), 0} (1)),

where we used that tg, tg,(0) = 0 since it is a degree -1 function. Therefore,

{0,0}(61,&) = —(9(&1), 05 (&) + (9(&), 05 (&1)).

Now, from lemma, and the symmetry of #§ we have

(0(61), 05 (&2)) = — (805 (1)), 05 (&2)) = —(4(0}(&2)), 6 (&1))
= (0(&),04(61)), VEr, & € T(F*).

Therefore, we conclude that {6,0}(&1,&2) = 0, as we wanted.

[
Corollary 7.20. In the conditions of Thm. if 0 1is integrable, then
p(05(61),65(62))) =p (5001 0))) V1,02 € T(E) (7.45)
2\¥P1 ), Vg P2 b Uy 1, P2 1, P2 ’
where p : F*— F* is the projection of the exact sequence .
Proof. From Thm. [7.19]it follows that
1
p (1300 04(2)]) — p (B10r.02) = (38(Ro(or 000 ) . (1.0)

From Thm. we know that Rg(¢1,¢2) € I'(E* ® F). Then, by item 2 of Thm. [3.59]
it follows that
05(Ro (61, 02)) € T(A’E),

from which, p (%eg(Rg(@, ¢2))> — 0. Putting this in Eq. (7.46), we obtain (7.45).
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Lemma 7.21. In the same conditions of lemma. fm“ every ¢1,¢2 € T'(E ) Eel(F),

(L4300 81:0(©) ) = (L2 ) 05(02) ) + (Lge 2. 05(01) ) = = (Lyp 162, 65(©))
(L )6 05(01) ) = ( Ly 081, 65(02) ) + (O (€D (B (W (01, 62))).

Proof. The proof consists just in a computation using Cartan’s formula and items 1 and

3 of Thm. B.59

(Losan @ 1) = (Logio € 0i(02) + <£9g 02,03(01))
= (15510 161,04(©)) + 01O (01, (62))) = 5,06 65 (02)) — p(OB(82)) (€, G (0))
(

+ (102 05(01) ) + p(85(60)) (62, 6(6)))
= (i) @02 61(6)) = pBF(©)) (02 65(60))) + p(Bh () O} (W (61.62)))
+ iy 46 65(61)) +p<93<¢1 )((6,65(82)))
~ (1o d1, 05(02) ) = p(05(62)) ({61, 63(6)))
:‘< <¢1¢2’ > <£ <¢259¢1> <£9 o0 >
+ B )OI (61,62)))

Proposition 7.22. In the conditions of Thm. and with the same notations,

(92,40 01(61,€)) = 2 [~ (Lgz (5, 02.01(8) ) + (L& 05(01) ) = (L )01, 05(02) )|
(7.47)

Proof. Using lemma-, Eqs - lemmas. -, Thm. _ Prop. -

and items 1 and 8 of Thm. we Wlll compute the left-hand side of - As we did
in the proof of lemma we omit the bar over sections of I'(E*) in order to simplify
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the notation.

(1)) ({62, 65(€))) — p(Ba(02)) (b1, 62())) — ([61, 62, B3 (€))
( >><<¢1,eﬂ<>>> P(5(62)) (€, 65(1))) — p(62(€)) (b2, 05 (61)))
<

B(61))) — p(B3(€)) ({2, 05(61)))
— (&) ({61, 65(82)

d )
— p(05(61)) (€, 65(2)))
p(05(62)) ({05(1), €))

< gﬁ(§)¢l >

5(92 +< 0 (¢) ¢2, >

<9§¢2¢17 ﬁ1£
+ (Lgp )02 05

C
c

(Lo Wﬁ
+ <£
+< 9”(¢> <£

— p(65())( ( (<Z>1,¢2)))

Finally, using lemma [7.21], we arrive to the right-hand side of Eq. (7.47).

E ¢1§9
<Z529

05 (1

[ |
Proposition 7.23. In the conditions of Thm. we have
1
6(61),63(6)] — 05(©(01)(&)) = 510 0}(91,9). (7.48)
In particular, if 0 is integrable, we have
63(01), 65(9)] = 61((61)(£))- (7.49)

Proof. Let’s compute:
(62,61(0(61)(9))) — (92, [05(61), 05 (E)]) = (O(1(€), 05(02)) — (2. [65(01), 65 (€)])
= (Lyp 9016 05(62)) + (L) 01,05(02) ) — p(03(62)) (€, 0h(61)))
= p(05(61)) (62, 66 + { L )62, 61(6))
= 1yt 5086 03(02) ) + p(05(62))(&, 0(61))) + ( Ly )01, 65(02))
— p(05(62)) (€, 05(61))) — p(BE(61)) (02, 05 (D)) + (L 102, 65(6) )
= (Lag0 92 01©)) = (L0 & 04(00) + (L 91, 63(02) )

Therefore, from Prop. we obtain Eq. ([7.48), from which immediately follows Eq.

[39) if {6,6} = o.
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7.2.1 Degenerate Courant algebroids

Let’s summarize the vector bundle information we obtained to characterize
integrable degree 3 functions on a degree 2 Poisson manifold.

1. Associated to any degree 2 manifold M we obtained

a) the involutive vector sequence that characterizes, up to isomorphisms, such
degree 2 manifold,

(E,ﬁ,ﬁ LN A%E), with inclusion ker p =: F N F

to which we have naturally associated

b) the dual sequence E " B, where

E ={¢ € Hom(F*,E*)|3e € E s.t. p(\) = 1A, VA € A2E*};  7(¢) = e,
(7.50)
and we have the natural identification

ker 7 = Hom(F*, E*) = Hom(E, F), ¢ € Hom(E, F)—s(¢)*o.* € Hom(F*, E*).
¢) Amap T: E® E—F, given by
(T(f1,02),C) = (61(C):m(d2)), Vo1, 92 € E, (€ F.
d) A map W : S2E— F, given by
W (g1, ¢2) = T (1, d2) + T(¢2, ¢1).

2. Associated to -2 Poisson brackets {-,-} on M we have the unique involutive
Lie algebroid structure on the transposed involutive sequence (A2E* p—*> 15*), that
characterizes them, and comprises the following maps:

a) A symmetric bilinear form (-,-) on E*;
b) A Lie algebroid structure ([, ], p) on F*;
¢) A Lie algebroid (-, -)-preserving action, ¥ : F* —s CDO(E*), of F* on E*;

such that
— The brackets between a section ~ of F* and a section £ A ey of A2E* & F *
are given by

[v,61 AN ea] = U(y)(e1) Nea +e1 AU(y)(g2).

— The action ¥ of F* on E* restricted to A2E*, which we denote by \Tl, is given
by

U(ey Neg)(e) = (e2,e)e1 — (e1,€)en.
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Out of these structure maps, we get two differential operators:

~

d) d:T(E*)—T(FE), given by

d(e)(v) = ¥(7)(e),
and m(d(e)) = —#(c) Ve € [(E*),y € I(F*);

¢) L£:T(F*) x I'(E)—T(E), given by

Lyd(y) = V() (o(Y)) = (¢, [v:7'])
and  (1(Ly9),e) = p(7)((7(9),€)) — d(¥(7)(e))),

Vy,7 € T(F*), ¢ € T(E),e € D(E*).

3. Associated to a degree 3 function 6 on M, there are two compatible morphisms
which characterize it

a) Hg B Hﬁ*, 6% : F'— E*. The compatibility conditions are
* ((65(9)),€) = (m(9), 6 (€)), Vo€ E, £ € F
x 05(9) = (0} 0 )" — 0} 0 ¢ € A2, V¢ € Hom(E, F) C E;

s GL(05(02)) + P2(05(d1)) = O5(W(d1,62)), Ve, ¢ € E.

Using these maps and the preceding ones, we get two differential operators:

b) Ry :T'(F) x I'(E) — Hom(FE, F), given by

Ry(d1,92)(c* (7)) = L (W (61, d(¢2(7))) — W (2, d(d1(7))) (7.51)
—d((T(d2,¢1),7)) + W(Ly¢1, 02)),

Vo1, o € T(E), v € F*.

¢) [,-]o : T(E) x I'(E) —T'(E), given by

~

(61,62l = Ly (5 82— Lys 5, G171 d(S1(05(62)) = Ro(J1,62),  Vbr, 62 € T(E).

4. Associated to the homological equation {6,60} = 0 we have integrability equa-
tion that characterizes it:

195(61). 65(02)] — 63191, ¢ulo) = 50A(Ro(9n, 62)) € T(NEY), Vg, 0 € T(E).

So now we define the structure which gathers all the vector bundle information that
characterizes integrable degree 3 functions on a degree 2 Poisson manifold, and call it a
degenerate Courant algebroid, since this information is equivalent to a Courant algebroid
when the Poisson brackets are symplectic (see Sec. below).
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Definition 7.24. Given an involutive sequence (F, ﬁ’, J A2E), with kerp = F <y 15,
a degenerate Courant algebroid is given by an involutive Lie algebroid structure on the

transposed sequence A2E* L F *, as described in item 2 above, and a pair of morphisms
0% : F— E*, Gg : E’Hﬁ*, where E is the vector bundle given by , satisfying the
compatibility conditions of item 8.a) above and the integrability equation of item 4, where
[-,-]o and Ry are given in items 3.b) and 3.c).

Therefore, we have obtained the following result.

Theorem 7.25. Given a degree 2 manifold M, consider the involutive sequence F—A’E
we can associate to it. Then -2 Poisson brackets {-,-} together with a degree 3 function 0
on M satisfying {0,0} = 0 are equivalent to a degenerate Courant algebroid on F—A?E.

Remark 7.26. D. Li-Bland [41] introduced the notion of LA-Courant algebroids, which
are VB-Courant algebroids endowed with a metric VB-algebroid structure over the second
fibration (the horizontal one) satisfying a compatibility condition. There he shows that @
structures on a degree 2 Poisson manifold that are derivations of the Poisson bracket, are
in 1:1 correspondence with LA-Courant algebroids on the metric double vector bundle that
corresponds to the degree 2 manifold. See also [29], where the correspondence is proved
in an explicit fashion using splittings, representations up to homotopy and Dorfman 2-
representations compatible in a suitable way. Since @) structures that come from degree 3
functions are automatically derivations of the Poisson bracketﬂ it follows that degenerate
Courant algebroids are examples of LA-Courant algebroids. The correspondences with the
VB-Courant and metric VB-algebroid structures were explained, respectively, in sections

£.2.2] and [6.2.7]

7.2.2 Example: Courant algebroids and quotients

As we saw in Sec. [6.4.2] when the Poisson brackets are symplectic, i.e. non-degenerate,
the whole structure of an integrable degree 3 function on a degree 2 symplectic manifold
is already encoded by its corresponding Courant algebroid. Thus, what we will do in
this section is to recover, in the symplectic case, the whole degenerate Courant structure
through the Courant algebroid structure. To describe it, we will follow the same scheme
given by items 1,2,3 and 4 in Sec.

So let (E,(-,-),[,],a) be a Courant algebroid.

1. The involutive vector sequence is given in this case by transpose of the Atiyah se-
quence associated to the pseudo-euclidean vector bundle (E* = E, (-, -)):

A’E = s50(E) — A — TM,

as seen in Prop. [6.23] where the isomorphism of vector bundle sequences is given
by (6.28)), so that, after identifying E* = E through the metric, we have the vector

I This follows directly from Jacobi identity of the Poisson bracket.
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sequence isomorphism:

A2E* : F* F* .
[ | |
s50(E) 2 Ap P TM

The dual sequence is given by the first jet bundle of E, J'E, which is also naturally
identified with the bundle of linear 1-forms of E*, QL (E*), the identification map
is given by

J'E 5 Qb (EY)
jle—sde, e € I'(E) = C2(E*),

where d is the usual (de Rham) differential applied to the function e of E*. Now, in
order to see an element of Qf as an element of F in 1) we use identification of
covariant differential operators with linear fields (see [46]), and thus, given

X € F*~ Ap C CDO(E) = Xjin(E*),
we set, for e € I'(E) =2 CR2(E¥),
de(X) = X(e), m(de) = —e. (7.52)
With these identifications, the maps 7" and W of items 1.c) and 2.d) are given by
(T'(dey,des), X) = —(X(e1), e2); W (de1,dea) = —d(e1, e2), (7.53)

for every e1,ex € I'(E) =2 CR2(E*), X € Ap C Xiin(E¥).
. The involutive Lie algebroid data is already given by the Atiyah sequence, viewed
as a Lie algebroi sequence:

a) The bilinear form on E = E* is the pseudo-euclidean metric.

b) The Lie bracket is given by the commutator, viewing Ag inside Xj,(E*), and
the anchor is given by the symbol of X, viewed as a covariant differential
operator, or equivalently, the base map, viewing X € X as a vector bundle map
X : By, — TE%,, over some base map X : M — TM, then p(X) = X.

¢) The action of Ag on E can be viewed simply as the action of vector fields as
derivations of functions.

~

d) d:T(E) 2 CR(E*) —T(E) = QL (E*) is just the differential of functions,

restricted to functions linear on the fibers.

e) The operator £ is just the Lie derivative of 1-forms under the identifications
F* > Xy, (E*), E 2 QL (E*), and the formula in this case, for 1-forms of type
de is simply

Lxde =d(X(e)) VX € Ag,e e T'(E).
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3. a) Qg : Qf(E*) — Xyin(E*) is given by
0%(de) = ad,, where ad : T(E) —T'(Ag), e—ad, := [e,].

This defines a section in I'(Ag). In fact, from Leibniz rule for [-, -] it follows that
ad, is a covariant differential operator, with symbol given by a(Gg(de)) = a(e);
that ad. preserves the metric is precisely what property 5 of Def. [5.] says.
9§ :T*M — F is given by

0i(df) = =D(f),  where D: C*(M)—T(E). (D(f),€) := ale)({).
It was shown in the proof of Thm. [6.32] that properties 3, 4 and 5 of Def.

allow to obtain the three compatibility conditions for 9§ and 95.

b) The operator Ry is zero for exact 1-forms, Ry(de1,des) = 0.
For 1-forms ¢; = fide;, i = 1,2, we have

Ry(fidex, fadez) = faRg(fide1, dez) = fa(D(er, e2) @ dft — D(f1) @ dex, e2)).
c¢) The bracket [-,-]g is given by (see Prop. |6.34))

[del,deg]g = Cl[[(il, 62]], Vel, €9 € F(E)

4. Finally, the integrability condition in this case is given by
(05 (dex), 05 (dex)] = 65([de:, dealy),

which is equivalent to the Jacobi identity for [-,-], indeed, for every eq, ez, e3 € T'(E),
we have

([65(der), 05 (des)], des) = [ea, [ea, €3]] — [e2, [e1, eall;
on the other hand,

(05([der, dess), des) = (05 (d[er, e2]), des) = [[e1, ea], es].

The two equalities above show that the integrability equation is equivalent to Jacobi
identity of [-,].

Example 7.27. Courant algebroid with a symmetry group. An example of a
degenerate Courant algebroid which is not the one that corresponds to a Courant algebroid
appears when we have a Lie group G acting on a Courant algebroid E = E*, preserving
everything: the vector bundle structure, the metric, the Courant brackets and the anchor.

We will describe once more the data of the corresponding degenerate Courant algebroid
in the same scheme of items 1,2,3 and 4 of Sec. [7.2.1]

1. The base manifold is the quotient M /G, and the fiber bundles E*, F * F* and E
are also given by the quotients

E*=E/G, F*=Ag/G, F*=TM/G, and E = (E)/G,
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and we have natural identifications of the sections of each quotient, with G-invariant
sections on the original bundle. Likewise, functions on M /G are naturally identified
with G-invariant functions on M. So we use these G-invariant functions and sections
to determine the whole structure in terms of the data we found in the previous
example above, that corresponds to the Courant algebroid. We only need to verify
in each case that the data obtained is again G-invariant, so that it corresponds to
data on the quotient.

— For G-invariant ¢1,¢s € I'(Q} (E))¢ and X € T'(Ag)® C Xjin(E)“, and for
any infinitesimal generator Y € I'(Ag) of the G-action on (E, (-,-)), with sym-
bol oy € I'(T'M), taking into account the equivariance of the projection w :

#
QL (E)—E* 2 E, we have

lin

oy (T(¢1,¢2), X) =0y (X (1), 7(d2))
=(Y (X (1)), 7(¢2)) + (X (1), Y (7(92)))
=0.

Therefore, T'(¢1, ¢2) descends to the quotient, and so does

W(¢17 ¢2) = T(d)l? ¢2) + T(¢27 ¢1)

2. We already have by hypothesis that G preserves (-, -), so it descends to the quotient
to a bilinear symmetric pairing (now possibly degenerate). Let’s see the rest of the
involutive Lie algebroid structure.

— For X1, Xy € T(Ag)%, e e T(E)Y, f € C°(M)Y and Y € I'(Ag) an infinitesimal
generator of the action, we have

Y, [ X1, Xo]] = [[Y, X1], Xo] + [X1,[Y, X2]] = 0;
oy (p(X1)(f)) = oy (ox,(f)) = 0;
Y (¥(X1)(e) = Y(Xi(e)) = 0;
so that the involutive Lie algebroid structure also descends to the quotient.

3. To check that the morphism Gg descends to the quotient, take an invariant 1-form
fder € T(QL )Y, an infinitesimal generator X € I'(Ag) and an arbitrary ez € I'(E),
then we have on one hand, using [Lx,d] = 0, that the invariance of fde;, that is,
Lx(fdey) is equivalent to the equation

fdX(e1) = —ox(f)dex
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Then, using the fact that the action preserves the Courant bracket,

X, 05 (fder)](e2) =X (05(fdex)(e2)) — 05(fder)(X (e2))
=ox(f)ler, e2] + f[X(e1), e2] + fler, X(e2)]
f9§<fdel>< X(e2))
=ox (f)05(der)(e2) + 05(fd(X (e1)))(e2) + 05(fder) (X (e2))
05(fde1)(X (e2))
05(Fd(X (e1)))(e2) + O5(fd(X (e1)))(e2) = 0.

P
2
Y
2

For the equivariance of 0%, take a € T'(T*M)% and extending any e € E to a section
such that X (e) = 0, we have, using the equivariance of a : E—T'M,

(X(0}()), e) = ox((Bi(a), e)) — (0 (o), X (e))
= ox((a(e), )
= ([ox,a(e)],a) + (a(e), Lo ) = 0.

Therefore, 0% and 0§ are equivariant maps, so they descend to the quotient.

Since Ry and [-,-]p are already determined by the structure above, it follows that
these operators are also G-invariant, so they descend to the quotient and satisfy the
integrability equation

03(61). 63(62)] — 65((61, 62l) = 503(Ro(n.02))
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Appendix A

Double vector bundles

In this appendix we develop the basics of double vector bundles, including a detailed
study of their local structure. Since the interest on this subject is increasing, as more
applications to Poisson geometry, Lie theory and mathematical physics appear, we decided
to present the main properties and facts of double vector bundles from scratch, so that
besides facilitating the reading, Ch. together with appendices A-F may serve as a
reference into the field, including some new results and a new approach emphasizing the
point of view of the linear and the core bundles, which in a precise sense (see App. @] and
also the reference [12]) encode the whole structure of a double vector bundle, reducing their
complicated structure to a triple of plain vector bundles, which are much more simpler
to deal with. It is worth remarking that in section we show that every double vector
bundle admits a local decomposition, a result that is regarded as folklore but a proof of
which we weren’t able to find in the literature, in spite that [23] refers to [20] for this
result, we didn’t find it there. The main references we used for this appendix are [32],[46]
and [23]. The concept of double vector bundle was originally introduced by J. Pradines
[56].

A.1 More on double vector bundles and morphisms

Proposition A.1 ([32],[46]). If ® is a morphism of double vector bundles, setting

wA:=qa oD o0y;
op :=qp o Polp;
3y ::quOqA/O(I)OOAOOA:qBIOQB’O®00B00B7

we obtain maps pa : A— A", op : B— B, oy M — M’ such that each of
(P, 0B), (P,04), (pa,or) and (pp, ) is a morphism of the relevant vector bundles.

166
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Also

pA©0qa=qaoP;
¢YBoqp:=qp o P;
proqtoqai=q" oquod;
eroq”oqp:=q" ogqpo®.
Proof. 1t is a direct verification using fiber preserving and linearity of ® with respect
to both fibrations, and the fact that the projections and zero sections are vector bundle

maps. ]
We may denote a morphism by

(®; 04,98, M) : (D; A, B;M)— (D'; A, B'; M").

Proposition A.2 ([32],[46]). The definition of a double vector bundle is symmetric with

respect to A and B. That is, a commutative square like s a double vector bundle if
and only if the square

D——A

M

B——

: (A.1)

1s also a double vector bundle.

Proof. We have to check conditions (a), (b) and (c) from definition 2.1} which are obviously

symmetric with respect to the side bundles A and B.
|

A.2 The core bundle and core sequences

Let’s call g4 and ¢qp, respectively, the projections from D over A and B, and let’s call
g4 and ¢P the projections from A and B, respectively, over M. Then ¢4 is as vector
bundle morphism over ¢Z and ¢p is a vector bundle morphism over ¢4.

We refer to the vector bundle D — A as Dy, and to the vector bundle D — B as
Dp.

Proposition A.3 ([32]). The vector bundle structures on D4 and Dp coincide on the

intersection C := ker g4 Nkerqg. And C is itself a vector bundle over M, with projection
o

¢° = q* o qalo = ¢ o gplc-

Proof. First let’s prove that C'is a vector bundle over M with the structure inherited from
Dy4. Notice that kerga = Dalga(ap), so, after the identification M = 04(M), it follows
that ker g4 is a vector bundle bundle over M with the structure inherited from D,4. Now,
4Blkerq, : kerga — B is a vector bundle morphism over the identity Id : M — M, and
since 0g(B) C ker gy, it follows that ¢B|kerq, has full rank. Then

C = kerga Nkergp = ker (¢B|kerqu) »
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is a vector subbundle of ker g4 over M. Of course, by a completely symmetric argument,
C is also a vector subbundle of ker ¢g, and since ¢ o g4 = ¢¥ o ¢p, it follows that the
projections over M corresponding to both structures coincide, we denote this projection
by ¢ : C— M. Finally we see that if di,dy € C satisfy ¢©(dy) = ¢“(d2) = m, then

di 4 dy = (dy + (0 o 0%(m))) +((0p 07%(m)) + ds)
= (d1+ (040 04(m))) +(d2 4 (0a0 04(m)))
= (dl —g dg).

This shows that the two vector structures on each fiber of C' coincide.
]

Proposition A.4 ([32]). Let (D;A,B;M) be a double vector bundle, and C its core
bundle. Then

1. ker gp with the vector bundle structure induced from Dpg is canonically isomorphic
to the Whitney sum A &® C.

2. ker gqg with the vector bundle structure induced from D 4 is canonically isomorphic
to the vector bundle (¢*)*C.

3. ker ga with the vector bundle structure induced from D 4 is canonically isomorphic
to the Whitney sum B & C.

4. ker qa with the vector bundle structure induced from Dp is canonically isomorphic
to the vector bundle (¢)*C.

Proof.
1. Consider the map p4 : ker gg — ker ¢p given by

pa(d) :=04(qa(d)).

Since gp : D4 — B is a vector bundle morphism, it follows that p4(d) € ker gp, so
p4 is a well defined, linear map. Moreover, it’s a projection, since

Pa(d) = 04(q4(04(ga(d)))) = 04(qa(d)) = pa(d).

Then, defining pc : ker gg — ker gg by
po(d) ==d—pa(d) =d - 04(qa(d))
B B
we have
pe(d) = pe(d) —pa(po(d))
=d— d) — d— d
BPA( )BPA( BPA( )
=d—pa(d) —pa(d) +pi(d
BPA( )BPA( )BPA( )
= dEpA(d) = pc(d).
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Notice that, for d € C, we have pc(d) = d, and for all d € ker g, we have
44(pc(d) = 4a(d) — 4a(04(ga(d))) = ga(d) — qa(d) =0,

hence po(d) € kerqp Nkergq = C. So pc is a projection over C. Identifying
A=04(A), we obtain the map

P :=(pa,pc) :kerqg— A® C

over the identity Idys;. Let d € kergp. If P(d) = 0, then ga(d) = 0, and since we
already have ¢p(d) = 0, it follows that d € C. But, P(d) = 0 implies pc(d) = 0,
whence d = 0. So, P is an isomorphism.

2. Consider the map
TA: (qA)*CHDA

given by 74(a,c) := 04(a) + c¢. Notice that both 04(a) and ¢ project to 07(m)
B
under ¢p, so the addition 04(a) + ¢ is defined and also projects to 0Z(m) under
B

qp. Therefore 74 injects (¢)*C into ker gp. Since, as manifolds, (¢#)*C and ker ¢p
are already isomorphic, it will suffice to show that 74 is linear with respect to the
structure over A.

7a((a, e1) + (a,¢2)) = Ta(a, e + ¢2) = 0a(a) £ (e1 4 e2) = (0a(a) 4 04(a)) + (c1 4 c2)
= (0 +c1)+ (0 +
(04(a) % e1) + (04(0) + c2)
=Ta(a,cr) j‘— TA(a, c2).
Items 3 and 4 are analogous.
]

As a corollary we obtain Mackenzie’s core sequences, which are instrumental to under-
stand the structure of double vector bundles and their decompositions.

Corollary A.5 ([46]). There is an exact sequence
0—(¢")*C—Ds— (¢)*B—0 (A.2)
of vector bundles over A, and an exact sequence

OH(qB)*C—)DB—)(qB)*A—)O, (A.3)

where the injections are the ones considered in the proof of Prop. |A.4: Ta(a,c) = 04(a)+
B

¢; tg(b,c) = 0p(b) 4+ ¢. And the projections are the obvious induced maps (qa,qp) and
A

(gB,qa), respectively.
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Definition A.6. The sequences and are called core sequences over A and over
B, respectively.

The following corollary will be useful in order to understand the relation of a splitting
of the core section and a decomposition of D (see Def. . Further, this corollary,
along with the one that follows it (Cor. , will facilitate the study of duality for double
vector bundles.

Corollary A.7 ([32]). Let v,w € D such that

g(v) = qp(w) = b € B,

ga(v) = qa(w) = a € A.
There exists k € C such that ¢° (k) = ¢B(b) = ¢*(a) and, using the identifications of Prop.
A4

v

(b, k),

w

v w

=4 wt

(a, k).

Proof. Since qa(v — w) = qa(v) — qa(w) = 0, it follows that v — w € ker ga, and from
B

B
Prop. |A.4| there exists a unique k € C such that v — w = (b, k). By the same reasons we
B

have v — w = (a, k'), for a unique k' € C. To conclude the proposition we need to show
A

that k = k. In order to achieve this, recall that the identification from Prop. [A.4] means
that (b, k) = 0p(b) —l‘— k and (a,k’) = 04(a) + k. Then
B

0 E)=v= 0p(b) + k
w (0a(a) £ K) =v=w+ (05(b) 4 k)

+ (®
= (w4-0a(a)) 4 (05(6) £ &
= (w4 05(8)) 4 (0a(e) 4
(a)

qa(v) = ga(w) = a,

qp(v") = qp(w') = d/,

qB(v) = qp(w) = g5 (v) = qp(w') = b,

v+ =w+w. (A.4)
B B

Then

v—w = (a,c) € kerqp
A
/

v/ —w' = (d,—c) € ker ¢p.
A
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Proof. We have v —w € ker qp, then
A

for some ¢ € C. Analogously,

for some ¢ € C".
From Cor. [A.7 we have also

—w=(bc)and v/ —w' = (b,).
vow (b,c) an vow (b,c)
By (A.4) we obtain
ba = - = ' — /: bu_/)
(b,c) vow=w v (b,—c")
thus, ¢ = —c.

Proposition A.9 ([32]). Let ® : (D; A, B; M)—(D'; A', B'; M) be a morphism of double
vector bundles. Then

1. ®(kergp) C kerqpr,
2. ®(kerga) C kerquar,
3. ®(C)cC.
We denote the restriction oo := ®|c: C— C'.

Proof.

1. Recall from Prop. that ® induces vector bundle maps ¢4 : A — A’ and
ep : B— B’. Since ® preserves fibers, it follows that ¢p o qg = qp o @, hence, if
qp(d) =0, g/ (®(d)) = 0.

2. Analogous to 1.

3. From 1 and 2 it follows that

(P(C) = (I)(ker(JB N ker QA) C ker gp' N ker qar = C/,
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A.3 More on core and linear sections

Proposition A.10. Let ® : (D; A,B; M)c — (D"; A, B; M) be a double vector mor-
phism which is the identity on the common side bundle, B. Then the induced map on
sections, which we denote by the same ®, satisfies ®(Leore(DB)) C Teore(Dg)-

Proof. Let & = toaoq® +0p be the core section corresponding to the section o € T'(C).
A

By Prop. and since @ is the identity on M, it follows that ® o 10« is a section of C’.
Then, by the linearity of ® with respect to A and A’, and recalling that ® is the identity
on B,

o(a) :<I>0Loaquj—/OB

is the core section on D'y corresponding to the section ® o co o € T'(C”).
]

Proposition A.11. Let ® : (D; A, B;M)c — (D'; A, B; M), be a double vector mor-
phism which is the identity on the common side bundle, B. Then the induced map on
sections (denoted by the same ®), satisfies ®(T'yin(Dp)) C Tiin(D’).

Proof. Let v € T'in(Dpg). We need to prove that ®(vy) : D— D’,, preserves fibers and the
linear structure.
Let b1,by € By, Then ga(v(b1)) = qa(y(b2)), whence

qa (@) (01)) = qa(®(7(01))) = alga(y(b1))) = qa(2(7(b2))),

and

D(7) (b1 +b2) = ®(y(b1 + ba)) = ®(y(b1) 1 v(b2))

= B(1(01)) + P(1()) = ((b1) £ (o).

It follows that ®(v) is linear, thus ®(I}in(Dg)) C Liin(Dp)-
]

Remark A.12. Actually, the property of preserving core and linear sections allows us
to characterize double vector bundle morphisms which are the identity on B. We will be
able to prove this (Prop. only after studying the local structure of double vector
bundles and their morphisms.

Propositions [A.10] and [A.11] were taken from [23], where the proofs were left as an
exercise.

A.4 Decompositions and local structure

In this section we provide a thorough treatment of decompositions and splittings of
double vector bundles and core sequences, respectively, and exploit the relationship be-
tween them, which will lead in particular to a simple proof of the existence of a local
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decomposition for a double vector bundle. The study presented here of both, decompo-
sitions and the local structure, will be instrumental for the understanding of the linear
bundle in App. [C]

The relationship between decompositions and splittings is also the key to show that a
decomposition of a double vector bundle automatically induces decompositions of its two

duals (Sec. [B.3), and horizontal lifts of each associated linear sequence (Subsec. |C.2)).

A.4.1 Decompositions and splittings of core sections

Recall the definition of decomposition given in Def. 2.7] The following characterization
of a decomposition, although simple, is very useful and we haven’t found it elsewhere.

Proposition A.13. A decomposition of (D; A, B; M )¢ is equivalent to a map qc : D—C'
which is a vector bundle map with respect to both structures Da and Dp, and satisfies
gc ot =1Idg, where v : C—— D is the inclusion. Every decomposition © : D— A& B C
has the form

O = (QA7 QB7QC)'
Proof. Suppose that we have such a map. Define

O0:D—A®BoC
d —(q4,9B,90).

Clearly, © : D4a—(¢)*B®4 (¢*)*C and © : Da—(¢B)*A@p (¢P)*C are vector bundle
morphisms, and © is the identity on A, B and C.
Conversely, suppose that we have a decomposition © : D— A & B & C. Define

qgc : D— C simply by g0 = O¢, where O¢ is the natural projection of ©® on C, D o,
ApBpC—C.

The linearity of go with respect to both structures readily follows form the correspond-
ing linearities of ©, and q¢ o ¢ = Id¢ follows from the fact that © is the identity on C. It
remains to prove that the projections © 4 and ©p on A and B are, respectively, g4 and

4B-
Let’s denote by pa : A® B® C— A and by pp : A® B @ C — B the projections.
Since © : Dy — (¢)*B @4 (¢)*C preserves fibers, we have, for every d € D,

O(d) = ©(04(qa(d))),
and since pa 0 © 004 = Id 4, it follows that
©4(d) = paoO(d) = pa©(04(ga(d))) = ga(d).
Analogously, it is shown that ©p := pg 0 © = ¢5.

Definition A.14. A splitting of the core sequence (A.2)) is a vector bundle map
0:(¢")*B—s Dy

over the identity, such that (g4, gg)of = Idga)-p- Analogously it can be defined a splitting
of the core sequence over B, (A.3]).



A.4. DECOMPOSITIONS AND LOCAL STRUCTURE 174

Remark A.15. A splitting of can always be found by choosing a complement K of
ker(qa, qp) = (¢)*C which can be done, say, by taking the orthogonal complement with
respect to a Riemannian metric on D 4. Then (g4, qB)|x : K—(q)*B is an isomorphism.
The splitting is obtained by setting 0 := ((qa,q5)|x) "

Now we are interested in determine when a splitting of (A.2]) provides a decomposition
of D. We begin with an important step.

Proposition A.16. A splitting of the exact sequence gives a map © : D—ADBOC
inducing the identity on A, B and C, which is a vector bundle isomorphism with respect
to the fibration over A.

Proof. Take d € D and let w = 6((ga,q5)(d)). Then ¢p(w) = ¢p(d) and ga(w) = qa(d).
By Cor. [A.7] there exists a unique k € C such that

d=w+(qa(d), k) = w + (¢5(d), k).
A B
Define go(d) := k. We claim that © : D— A @& B @ C given by

O(d) := (qa(d), q(d), qc(d))

is the desired isomorphism. First we see that go preserves fibers, because if g4(d;) =
qa(da), then ¢*(ga(d1)) = ¢*(qa(d2)) = m, and by definition we must have ¢“(gc(d1)) =
q%(qc(da)) = m. In order to check linearity, observe that

qo(d) = (d " w) p 04(ga(d)) = (d 5 w) " 0B(gB(d)). (A.5)

Let dy,dy € D such that g4(dy) = qa(d2) = a, then qa(d; + d2) = a. By the linearity of
A

gp and 0 with respect to the fibration over A, it follows

qc(dy :|4- dz) = ((dy :|4- dz) - 0(qa(dy ;I; da), qp(d1 ?Z dz))) " 05(gB(d1 X dy))
= [(d + da) . (0(qa(d " da), q(d1)) 1 0(qa(dy + da), qB(dz)))]
" 05(gp(d1)) " 05(qp(d2))
= [(d1 . 0(qa(di), qB(d1))) " (0B(gB(d1))] + [(d2 . 0(qa(d2),qp(d2))) " 05(qp(d2)))]
= qc(dy) j‘- qc(d2).

Thus q¢ is a vector bundle morphism, hence © is a vector bundle morphism. By
Prop. [A4 Dy and A® B @ C, as a vector bundle over A, have the same rank, equal to
rank B + rankC), so it is enough to prove that O is injective. Suppose that O(d) = 0, then
qga(d) = qp(d) =0, so d = k, by the way we defined k. But then d = go(d) = 0.

Finally, it is obvious that © induces the identity on A and B. If d € C' C D, then
qa(d) = qp(d) = 0, so, by the definition of o we have gc(d) = d, so © induces the identity
also on C.

]
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Now we are able to characterize those splittings of (A.2]) that are equivalent to de-
compositions of D. Although simple, this characterization is instrumental for what comes
next, and seems to be new in the literature.

Corollary A.17. A splitting of the exact sequence , which is stmultaneously a split-
ting of the exact sequence , 1s equivalent to a decomposition of D. More specifically,
in order to get a decomposition of D it is necessary and sufficient to get a splitting 6 of
, which preserves the fibration over B and satisfies

0(&1 + as, b) = (9(@1, b) g (9(&2, b) (AG)

for ai,as € Ay, and b € By, where the suffix m stands for the fiber over m.

Proof. From the proof of Prop. it follows that, if §, seen as a map from (¢%)*A—Dp,
is also a vector bundle morphism (over the identity), that is, if 6 satisfies the conditions
of the corollary, then, the induced map g : D—— C will be linear also with respect to the
fibration over B, thus © will be a double vector bundle morphism inducing the identity
on A, B and C, that is, it will be a decomposition of D.

Conversely, suppose we have a decomposition © : D — A& B & C. Then notice that

(g4, qc) o Ta = 1d(gayc,

which is equivalent to have a splitting of (A.2)), since this condition implies that 74((¢)*C)
is complementary to K := ker(qa, qgc), that is,
Dy =K &4 ker(qa,qB).
Explicitly, the splitting 0 : (¢*)* B — D, is obtained by setting

(a,b) =9 (a,b),

where ¥ := (qa,98)| k-
It remains to check that 6 preserves the fibration over B and satisfies (A.6). By

definition, we have
qp(0(a,b)) = qp(d(a,b)) =10, (A.7)

which implies that 6 preserves the fibration over B.
By the same argument of (A.7)), we have g4(¥(a,b)) = a.
Now let a1, as € Ay, then

qa(0(a1 + az, b)) = a1 + az,
and taking into account (A.7)), that go 0o @ = 0 and the linearities of g4 and q¢, we get

O©(0(ar + az,b)) = (a1 + a2,b,0) = ©(6(a1,b) —g 0(az,b)),

which is equivalent to (A.6)).
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A.4.2 The local structure of double vector bundles

The next result establishes the existence of local decompositions for a double vector
bundle. We weren’t able to find a proof of this result elsewhere in the literature, although
it is assumed as known in several placeﬂ

Proposition A.18. There always exists a local decomposition for a double vector bundle.

Proof. Choose a local frame {aj,...,a4} for A over a suitable open set U C M. Taking
any splitting 6 of we obtain, for any b € B|y, elements 6(a1,b),...,0(aa,b). Now,
any (a,b) € (¢*)*B|y can be written in the form (a,b) = Zle a;(a;,b), where a; € R
are unique real numbers (or, in the case b : U — B is a smooth section —and therefore
(a,b) : U—(¢")* By is a smooth section too—, a; : U —R is a smooth function for every
i=1,...,A).

Define

0 (a,b) = a1 éﬁ(al,b) —E e —g ay BO(aA,b).

We claim that ¢’ is a splitting of (A.2]), restricted to U C M, satisfying the conditions of
Cor. First let’s check that 6’ is actually a splitting:

(g4,48)(0'(a. b)) = (g4, 48)(Y_ i - 0(ai,0)) = (Y 0sai,b) = (a,b),  (A8)
B

where the suffix B means that we are using the bundle structure Dp to perform the
addition. The property of preserving fibers and linearity over A is immediate form the
corresponding property for 6.

It follows immediately from that 6’ preserves fibers over B, for qg(6'(a,b)) = b.

Finally, we need to verify linearity. Observe that if a1 = > «a;,a; and as = ) ay,a;,

then
a) +as = Zailai + Zabai = Z(ail + iy )a;.

Therefore

0'(G1 + g, b) = > (ci, + i) - 0(ai,0)
B

E a21 : a’lu +a12 : al) CZ— E al1 : ah + E alz : alu
B

= ¢'(ay,b) + ¢’ (as, b).
Thus, by Cor. ¢ induces a decomposition of D|y.
|
Remark A.19. We shall later see, in Cor. that global decompositions always exist.

As a first consequence of the local decomposition result above, we show the existence
of special coordinates in a DVB, called adapted coordinates.

!See, for example, [23], where they sketch a proof for the global decomposition citing [20] for the local
result, but we haven’t found the proof of this result there.
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Corollary A.20. Given a double vector bundle (D; A, B; M)¢, for each m € M there
exists an open set U C M containing m, such that, on D|y we can find coordinates
zt, a®, b, k¢, simultaneously adapted to both structures D 4 and Dg, that is, the coordinates
x! are constant on each slice

D, :={deD: qA oqa(d) = qB oqp(d) = m},

the coordinates a® are constant on each fiber over A, the coordinates 3° are constant on
each fiber over B and the following equalities hold:

j w) = a*(v) = a®(w) a’(v E
B (v tw) = B (v) + B (w) B (v tw) = B(v) = B (w)
j: w) = kK(v) + kS (w) k(v ;

Proof. Choose an open coordinate neighborhood of m, U C M, such that A, B and C
trivialize over U (for example this can be done by choosing a convex set with respect to
a Riemannian metric on M). Then we have adapted coordinates z?,a®, 8%, k¢ on (A &
B® C)|y. From Prop. and its proof, we get a double vector bundle isomorphism
© : Dy — (A& B & C)|y. The desired coordinates are obtained pulling back the
coordinates z¢, a%, 8%, k¢ by ©, which we denote by the same letters.

|

Definition A.21. A coordinate system for a double vector bundle, which satisfies the
properties of Cor. [A:20] will be called an adapted coordinate system, and it’s coordinates
will be called adapted coordinates.

Remark A.22. Notice that an adapted coordinate system provides simultaneously local
trivializations for both vector bundle structures of a double vector bundle.

A.4.3 Local structure of DVB morphisms

Next proposition gives a very nice characterization of double vector bundle morphisms,
which will allow (see Cor. to encode the data of a DVB morphism between decom-
posed double vector bundles by three linear maps and one bilinear map between vector
bundles. This simplifies significatively the study of double vector bundle morphisms.

Proposition A.23. Let ® : D— D' be a map, and let (2%, %, 5°, k°) and (:Z’Z, a®, BB, k©)
be respective coordinate systems for D and D’ given by Cor. [A.20 Then ® is a double
vector bundle morphism if and only if

Fod =

a% o ® = pla?, A

BBOCI)—CI)BBb (89)
= 0B,

k¢ o ® = ®%kC + 0,030,

where ®1, Pl @2, @, B, are functions on the domain of (x) in M.
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Proof. Suppose that ® is a double vector bundle morphism, and let’s prove (A.9). The
first three equations follow from Prop. So we only need to prove the last equation.
Since ® preserves the vector bundle structures over A and A’, respectively, we have

o @(a,a, B k) = (B)3(a’, a®)r(a’) + (@)5(a, )8 (o). (A.10)
On the other hand, analogously we have
ko d(a',a, B, k) = (®p)c(a’, B7)r‘(a) + (p)g (2", B)a" (a"). (A.11)
Since we must have :, it follows that
(Pa)a(a’,a) = (Pp)ela’, ) =t @L(2"),

for 04(A) N 0p(B) = 0c(M).

(AT0)=(AT) also implies
(Pa)j(a",a)B(z") = (®p)5(a", )’ (a)
Then, taking d = (2,14, 3%, 0), where 1, = (0,...,0,1,0,...,0) € A, the 1 being
exactly in the a*® place, we see that
(Pa)i(a",10)8°(2") = (®B)5(a", B%);
and taking d = (2%, 2%, 13,0), where 1, = (0,...,0,1,0,...,0) € B, it follows
(Pp)g(a', L)a®(z') = (@a)5(z", ).
Thus, for d = (z¢,a®, 8%, k°),
(@a)5(z",a")B(z") = (®p)5(a', 1p)a’B” = (®p)G(a", B%)a® = (®a)j(a', 1a) %",
In particular, o o o
(Pp)a(a’, 1) = (Pa)s(z", 1a) =: Pop(z’),
hence o o
(Pa)j(a", ) = Ogy(a")a”,
and o o
(Pp)g (2", B°) = PGy (a')B".

Therefore, . ' o o
k¢ o ®(z', 0% B k°) = ®%(z") ke + B, (2B

For the converse, suppose that a map ® : D— D’ satisfies (A.9). From those equations
it is immediate that ® preserves both fibrations. Linearity with respect to both structures
also follows from , taking into account the linearity of the coordinates given by Cor.
1A.20)

|
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Corollary A.24. Let
P:AeBaC—A B aC,

be a double vector bundle morphism between two decomposed double vector bundles. Then

®(a,b,¢) = (pala), pp(b), pc(c) + ¥(a, b)),

where the mapping
V:A®B—C

1s bilinear.

Proof. The proof follows easily from Props. and along with Cor.
|

A first application of Cor. [A.24]is the explicit computation of the inverse of a DVB
morphism, which in particular shows that the inverse is automatically a DVB morphism
too.

Proposition A.25. Let ® : (D; A, B; M)c—(D'; A', B'; M) ¢ be a double vector bundle
morphism with inverse ®~1. Then ¢4, ©p and pc are isomorphisms; ®~ ' is also a double
vector bundle morphism, that is ® 1 is an isomorphism of double vector bundles, and

pA = @21%
Yp = <P§1§
por = @51-

If D, D’ are decomposed, then

e (d, V', ) = (95 (), 05 (1), 00" (¢) = w5t 0 U(py' (@), 05 (1))). (A.12)

Proof. That ®~! is also a double vector bundle morphism follows from the corresponding
fact for vector bundles. Now recall that, by definition, p4 = g4 0 ® 004 and pa =
gao®1o0y. Since (®,04): Dy — D'y, is a vector bundle morphism, we have

P00y =040pg=040qga 0Po04y4.
Then,
paopa=qao® o0y 0qroPols=gro® 'oPols=ga004=1Ids.

Interchanging ® with ®~! we get ¢ 4004 = Id 4. Thus @4 is a vector bundle isomorphism
and goATl = p 4. Analogously it is shown that ¢p is a vector bundle isomorphism, with
cpgl = pp. Finally, oo o pc = ! o ®|¢ = Idg, and interchanging ® with ®~! we get

pc o wer = Ider. Thus p¢ is also a vector bundle isomorphism, with goal = pcr.

Now let D =A®B&C and D' = A'® B’ @& C’ be decomposed double vector bundles.
For a € Ay, consider the linear mapping @, : Dy, = B ® C — D) = B’ © ', which is
given by, according to Cor.

By (b, ) = <§B @OC) (i) . (A.13)
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Here ¥, : B— C" is given by W, (b) := ¥(a,b), where ¥ is the bilinear mapping given
in Cor. So, in order to calculate ®~!(a’,t’,c’) we only need to calculate ®,* :
D!, *}D(p;l(a,), which reduces to invert the matrix in li and this is easy:

It
XY
—1 _
"=z )
then, from
X Y\ (e 0) (Id O
Z U)\¥, ¢oc) \0 1d)’
we get the equations
Xopp+YoVU, =1d; Y opc = 0;
Zopp+Uo¥,=0; U opc =1d;
from which we find
Y =0; U =o'
X =Y Z=—pg oVaopy,
obtaining
-1
0
qu:( B > A.14
a _9001 oW, o (1031 ‘Pcl ( )
which gives (A.12)).

|

In particular, we can describe the behaviour of the change of two decompositions, and

obtain an explicit computation of the projection go on the core bundle corresponding to
a decomposition.

Proposition A.26. Let (D; A, B; M)c be a double vector bundle. If ©,0" are two de-
compositions, then

60 (6" a,b,¢) = (@b, + W(a, b)), (A1)
where ¥ : A @ B——C is bilinear (over the identity). In particular,

qc(d) = qo(d) + ¥(ga(d), qp(d)). (A.16)

Proof. Set ® :=00(0')"': Ao B C—A0BaC. By Cor. and since © and ©'
induce the identity on A, B and C, it follows (|A.15)), and denoting by pc : A@ B&C—C
the projection, we get

gc(d) = pcoO(d) = pco© o (0) o0 (d)

=pc 000 (0") (qa(d), q5(d), qc(d))
= qo(d) + Y (qa(d), g5(d)).



Appendix B

More on duality of double vector
bundles

We dedicate a whole appendix to study duality of double vector bundles. Because
of the symmetry with respect to each structure (see Prop. , it suffices to study one
of the duals, and the other one will enjoy the same properties. So we study the dual
with respect to the fibration over A, denoted by D7, providing a thorough construction
of this bundle. In particular we show that it is also a double vector bundle, and exhibit
explicitly its structure. Then we move on to the study of dual morphisms, splittings and
decompositions. We end appendix [B] describing canonical isomorphisms between suitable
duals, which are important to understand the duality of VB-algebroid structures and
involutivity of double vector bundles.

B.1 Construction of the dual of a double vector bundle

In this section we draw on the local structure studied in the previous chapter to describe
the dual of a double vector bundle. We relayed on [32] and [46], although we supply more
details.

Proposition B.1 ([32],[46]). Let (D; A, B; M)c be a double vector bundle. The duals D%
and D% are also double vector bundles:

Dy, —"" 4B Dy —< ¢ (B.1)
WC*‘/ A* qB 7 WA{ B* qc* 9
” qc* !
cr—t M A—L M

with cores A* and B*, respectively.
Observe that we are denoting by the same symbol, o=, different mappings.

Proof. By Prop. it is enough to prove that (D%; A, C*; M)+ is a double vector bun-
dle, with core B*. We already have the dual vector bundle structure over A, D%, so we
need to describe the vector bundle structure over C*, (D% )¢+, and verify the compatibility

181
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between both structures.
The projection mc« : D% — C* is defined by

{mc-(d), ) = (d,04(ma(d)) + c)a, (B.2)

for every ¢ € Cp,, where m = ¢ o m4(d), and (-,-) 4 denotes the duality pairing between
D, and DY.

Recalling that, by Prop. [A.4} kerqs = B @ C, the zero section Oc+ : C* — DY is
defined by observing that

7311 (04 (M)) = (kerga)* = B* @ C*, (B.3)
thus we have a natural inclusion Oc+ : C* — 7,1 (04(M)) C D%
Oc+(k) = (0, k).
To check that actually mo+ o Oc« = Ide+, let k € CF, and ¢ € C),, then by (B.2)

(me-(0c+(K)), ) = (0, £), (0, ¢))a = (K, €),

thence, 7o+ (0c+(k)) = K.

Let’s check that mo« is a vector bundle morphism. First we see that mo« preserves
fibers by definition. Now, let di,dy € D% with m4(d1) = ma(d2) = a, then

(me(dy j; d2),c) = (dq j d2,04(a) -g c)A
= (d1,04(a) —g c)a+ (d2,04(a) —g c)A
= (mo+(d1) + e+ (d2), ©).

Then, mg« : D} — C* is a vector bundle morphism.
Now we want to define an addition structure on the fibers of (D% )c+. Let dq,ds € D%
with 7o+ (dy) = me+(d2). We define dy + dy by the conditions
C*

° ﬂ'A(dl g; dg) = 7TA(d1) +7rA(d2)§

(d1 (:i- da, v1 —g va) 4 = (d1,v1) 4 + (d2,v2) 4, (B.4)

for every vi,ve € D with qa(vi) = ma(d1) and ga(v2) = ma(dz2), and of course
q(v1) = qB(v2).
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Let’s see that dy 4 ds is well defined. First we need to express any v € D with g4(v) =
C*
ma(d1) + wa(d2) in the form v = vy ; vy, with g4(v1) = ma(d1) and ga(ve) = wa(d2). In

order to get such vi,vo € D, we can work locally and thus suppose D = A@® B & C. So
we have

V= (WA(dl) + WA(d2)7QB(U)a QC(U));

Define
vi = (wa(dr),qB(v), go(v)) and vy := (14(d2), g5(v),0).

Now we want to see that the formula (B.4) doesn’t depend on the representation
v = vy +v9, that is, if we also have v = v3+wvy, with ga(vs) = ma(d1) and ga(vs) = w4 (d2),
B B

then we must show that

(dy1,v3) 4 + (d2,v4) a4 = (d1,v1) 4 + (d2,v2) A,

or equivalently
(d1,v1 " v3)a = (da,v4 " V2)A- (B.5)

We have the following

Then, by Cor. it follows that
vi — 3 = (mald), ),

vy V4= (ma(dz), —c),

whence vy V2= (ma(da), ), and thence

which gives (B.5|).

That formula (B.4) really defines a linear functional on the fibers of D4 follows from
the interchange law:
Let w1 = v1 4+ v9 and we = v3 + v4, then
B B
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(d1 + do, w1 +wae)a = (d1 + da, (v1 +v2) + (v3 +v4))a
for A C B A "B
di + da, (v1 +v3) + (v2 +v4)) 4
C A VBT A
di,v1 +v3)a + (do,v2 +va) 4
A A

=
=
= ((d1,v1)a + (d2,v2) 4) + ({d1,v3) 4 + (d2,v4) 4)
= (dy (j; da, wi)a + (dq (—; da, w2) A.

Thus, we have obtained a well defined element dy 4 dy € D7.
C*
The scalar product is defined, for d € D% and ¢ € R, by the conditions

wA(t - d) =tmna(d) and

C*

<tC.'* d,té’l)>A :t<d,’U>A,

for every v € D such that ga(v) = ma(d).

It is easy to check that these operations satisfy the properties of a vector space on
each fiber. In order to see that we actually have a vector bundle structure D% Toy C*, it
remains to show that we can find local trivializations. Use the adapted coordinates given
by Cor. to obtain local frames b, and c; dual, to 8° and . Recall that in the proof
of Cor. we obtained a local decomposition © : D|y — (A @ B & C)|y. We can use
this isomorphism in order to get local frames on (Dy4)|y, which we denote by B and Cy,
which are given by

Bj(a) := 0" (a,bs(¢"(a)),0),

and
Ci(a) := @71(6% 0, Ct(qA(a)))‘

Now we can define coordinates on (D%)y, (2%, a", 58, Kt), given by

TH(d) := ' (¢ o ma(d));

@ (d) := a"(ma(d)); (B.6)
Bs(d) := (d,Bg(ma(d))) a;

Re(d) := (d,C(ma(d)))a

We claim that is an adapted coordinate system for (D% )|y. Indeed, let dy,ds € DY,
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with 7cs (dy) = mo+(dy), and set ay := w4(d1); ag := wa(d2); m := ¢*(a1) = ¢**(az), then
&T(dl (_j‘_* dz) = Oér(’/TA(dl él; d2)) = Ozr(’iTA(dl) + ’R’A(ClQ))

=a(ra(dy)) + ot (ma(dz)) = a"(dy) + a" (da).
Baldy 4 d2) = {dy A d2, Ba(malds + d2)))a
= (d1 4 2,0 a1 + a2, bs(m),0)) 4
={d + d»,© “!(a1,bs(m),0) s O~ (az, bs(m),0))
= <d17 Bs(a1)) + (d2,Bs(az))a
= Bs(d1) + Bs(da).

Now, let di,dy € D with m4(d1) = ma(d2) = a, then

By(cr +dz) = (di 4 d2, Bs(a)) a4 = {d1, Bs(a)) 4 + (d2, Bs(a)) 4

= Bs(dl) + gs(dQ)'
Ri(dy +dp) = (d1 + da, Ce(a))a = (d1, Ce(a))a + (2, Ci(a)) 4

= Ks(d1) + Rs(d2).

Thus, the coordinate system (Z°,a", ES,%t) is an adapted coordinate system, as we
claimed. By remark we have obtained a local trivialization for (D%)cs — C*, thus
we have two vector bundle structures

DYy < o
”l lqc* (B.7)

A
A 2L M.

Also from the coordinate system obtained, we conclude that the core bundle of D7 is
B*, but it can also be proved directly: on one hand we have kermy = B* @& C*; on the
other hand 7o+ |kerr, (k) = &, for every k € C*, and (mc+|kern, (8),¢) = (B,¢)a = 0, for
every B € B*, so it follows that

kermg Nkermes = ker("TC* |ker7rA) = B*.

Let’s see that m4 : (D%)c+ — A is a vector bundle morphism. By the definition of 7c-,
we have ¢©" o o+ (d) = g4 o mo(d), thus w4 preserves fibers. By the definition of + it
C*

follows that 74 preserves addition. Thus 74 is a vector bundle morphism.
Finally, we need to check the interchange law. Let d1, ds,ds, ds € D% with

ma(d1) = ma(d3); ma(da) = wa(da); mo=(di) = me=(da); o= (ds) = me+(da).
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Let v = v1 +v9 € D with ga(v1) = wa(dy) and ga(vy) = wa(dz), then
B

d d d d ={d d d d . B.8
<(1:|4- 3)3;(21; 4)7U1‘]|§U2>A <1:i; 3,1}1>A+<2:|4- 4,V2) A (B.8)
On the other hand
((dq + da2) 4 (ds + da),v1 +v2)a = (d1 + da,v1 +v2)a + (d3 + ds,v1 +v2)a
C* A B C B c B

= (d1,v1)a + (d2,v2) 4 + (d3,v1) 4 + (ds,v2) 4 (B.9)
= (d; jl- ds,v1)a + (da 1— dg,v2) A.

From (B.8]) and it follows the interchange law:

di+d do +ds) = (d d d da).
(1-: 3)(}1—*(2;& 1) (1(:1; 2);&(3(-; 1)

Thus we conclude that (B.7) is a double vector bundle, with core B*.

B.2 Dual morphisms

In this short section we describe the behaviour of transposed DVB morphisms. To
simplify the situation, we only consider isomorphisms, which otherwise suffices for our
purposes.

Proposition B.2 ([32]). If®: (D; A, B; M)—(D'; A', B'; M) is a double vector bundle
isomorphism, then ®% : D', — D% and ® : D}, — D are also double vector bundle
isomorphisms.

Proof. It suffices to prove the statement of the proposition for ®*. This map is already a
vector bundle morphism D'}, — D%, so it remains to prove that it is also a vector bundle
morphism (D'y,)cr+ — (D% )c+. First we see that ®% preserves the fibration:

(mex 0 @ (w'), ) = (P4 (w'), 04 (0" (a)) taa
= (W', 04(d) + pc(e))ar = (mor (w), o (e)), (B.10)
where w' € D'}, with ma(w') = d’.

Now let wi,wy € D'y, with e (w]) = mer(wh), and let di,do € D with ga(d;) =
TA(®%(w))), i = 1,2, and gp(d1) = gp(d2), then

ydi)a + (@ (ws), d2) 4
+ &% (wh), di + da) 4,
£ (wh). di § do)a



B.2. DUAL MORPHISMS 187

thence
Pawy , wp) = Ph(wy) § Pha(wy),

so that ®% is also a vector bundle morphism (D’},)c+ — (D) ¢+
]

Corollary B.3 ([32]). The induced morphisms of ®* on the base manifold, and on the
side and core bundles are given by:

° omr =@y

° Yu =94,

® Yo = 902‘7

® Yprx = SO*B
Proof The first two equalities, about ¢y and @4/, follows directly from the definition of

. The second equality follows from (B.10)).

For the third equahty we rely on Prop. |A.4l Let 8’ € B”* C kermyq = B @ C"™. Then
Q% (B') ekerma 2 B*®C*, s0let d € kerga 2 B® C, thend =b+¢, forbe B,ce C,
and ®(d) = ¢pp(b) + pc(c) € kergar = B' @ C'. Thence

(@a(B),d)a= (B, 2(d)a = (B, 05(b) + ¢c(c)) = (B, ¢B(D)).

Thus, ¢p~(8) = @4 (8') = ¢5(8') € B* C DY

Corollary B.4 ([32]). Let ® : A B C— A" @ B' & C’' be a double vector bundle
isomorphism between decomposed double vector bundles. Then,

P AeC*eB*—AeC* e B
(@, ) — (31 (@), 62 (R), 9B () + W, ()
where

v, :B—(C'
b— V(a,b),

where ¥ : A® B—C" is given by Cor. [A.2]]
Proof. By Cor. we know that
(DZ(CL/’ Hla 6) = ((PA' (a/)> o (’i/)7 ¥YBr* (5,) + \Il/(ala ’%/))'

*

So we need to show that g4 = gozl, wor = (pc)*, ¢~ = (pB)* and ¥/, = <\P¢;1(a/)) )
Now, let (®%)y (K, 8") :== ®%(d/, k', '). By definition,

((I)Z)a, = @:;,1 (a’)
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thus, 4 = gozl follows directly from the definition of ®%. Writing in matrix form, we

see that t
0 to(w g, )
(@) = gy = [ 7 _ ((#5) (“1(‘2)) |
pal@) ¥C 0 (pc)

from which it follows g = (pc)*, pp+ = (pp)* and ¥/, = (\Ilipzl(a,))*.

B.3 Dual splittings and decompositions

In this section we obtain the fundamental results relating the decompositions and
splittings of a DV B to the induced ones on the corresponding duals. Up to our knowledge,

the results presented in this section are new, the only exception being the first part of
Prop. which is hinted in [46].

Proposition B.5. The core sequence of D% (over A) is the result of transposing the core

sequence of Dy:
0—(¢")"(B*) — Dy — (¢*)"(C*) —0 (B.11)
A splitting of the core sequence induces a splitting of the dual core sequence .

Proof. Let c € C, then

((Ta)"(w), (ma(w), ¢)) = (w, Ta(ma(w), c

Then (ma,7c+) = (T4)*.
Now let (a, 8) € (¢*)*(B*). Take any v € D with g4(v) = m4(04(a) (—/i: B) = a and
gp(v) = b. Then

(0a(a) & B,v)a = (0a(a) = B,v + 05(b)) A
= (04(a),v)a + (B,0B(b)) 4

On the other hand,

((ga,48)"(a,8),v) = ((a, B), (a,b)) = (B,b).

Thus,
7p+(a, 3) = 04(a) & B = (qa,q8)"(a,B).

Now let 6 : (¢*)*B—— D4 be a splitting of (A.2)). By transposing, we get a projection
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Since " o g+ = [(qa,qB) © 0]" = (Id(ga)-p)" = Id(gay-(p+), the exactness of (B.11)
implies that (74, 7o+ )|kero+ is invertible. Define 0= [(ma, TC*)|kero+] 71 By definition it

follows that 6 is a splitting of 1)
]

Proposition B.6. If we have a splitting 0 of~ which is simultaneously a splitting

of then the induced splitting of , 0, is simultaneously a splitting of the core
sequence
0— (¢¥)*(B*) — (D})c» — (¢ )*A—0. (B.12)

The induced decompositions by these splittings,

© = (qa,98,9c) : D—A®BoC and © = (ma, e+, mp+) : D3— A®C* @ B*,

preserve the duality pairing:

(v, w)a = (B(v), O(w)) := (¢B(v), T+ (W)) + (g0(v), T~ (W)), (B.13)
forve D, we DYy, with ga(v) = ma(w).

Proof. We already have that ] preserves the fibration over C*, for

me+(0(a, k) = po(ma, me 0 0(a, k)) = pa(a, k) = F,

where ps : (¢4)*(C*) — C* is the natural projection.
Now we need to verify

0(&1 + az,k') = (al,k) él-* 9(&2,]43),

or equivalently

(ma,mee, mpe)(0ar + ag, k) = (74, mew, mp-)(0(ar, k) 4 0(az, k). (B.14)

By definition of 0 and of the addition ék, we have

wa(B(ay + ag, k) = ma(0(ay, k) Ct O(ag,k)) = a1 + az,

and

o= (0(a1 + a2, k)) = e+ (0(a1, k) ct O(az, k)) = k.

Now, recall that the projection over the core bundle induced by a splitting 6 was
defined in the proof of Prop. [A.16} eq. (A.5). That definition implies, in our situation,
that mp- = py 0 0*. Then, again by the definition of 8, 6* o §(a, k) = (a,0) holds, so that

mp+(0(a1 + ag, k)) = 0.

On the other hand, the linearity of 6 with respect to the fibration over B and the
definition of + imply, for every b € B,
C*
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(wp+(0(a1, k) + 0(az, k)),b) = (6*(0(as, k) + 0(az, k)), (a1 + az, b)) 4

= (0(a1, k) + 6(az, k),0(a1,b) + 0(az, b))

< (a’lv )7 (alﬁb)>A+ <§(a27k>70(a2ab)>14
= (6"(0(ax, k), (a1,))) a + (0" (6(a2, k)), (a2, b)) a
=0.

Thus, B ~
7w~ (0(ay, k) (—;t O(as, k)) =0,

and so we have obtained (B.14]).
Now we verify (B.13]). Let’s compute the first term from the right-hand side of (B.13])

(gB(v), = (w)) = (gB(v), p2 0 0% (w))
= ((q4,9B)(v), 0" (w)) A
= (0(qa,4B)(v), w) . (B.15)

In order to compute the second term of the right-hand side of (B.13)), recall the definition
of g given in (A.5)), and the definition of mo+. We get the following

(gc(v), mes (w)) = (0a(ma(w)) t qo(v), w)a
= (v~ 0(¢a,95)(v), w)a- (B.16)

Adding (B.15]) and ( we get (B.13 -

Corollary B.7. Given a double vector bundle D, a decomposition of D induces canonically
decompositions for D% and D%.

If 0 is the splitting corresponding to the decomposition fo D, then the projections mwp« :
D% — B* and my- : Dy — A*, which correspond to the decompositions, are given by

TR = po 0 0% and max = py 0 O*.

Corollary B.8. Given a double vector bundle D and a decomposition ©, with ils corre-
sponding decomposition © on the dual D7,

(:j_l(a, K, B) = 6*(a7 H7l3)7

holds for a € Ap,, k € C}, and B € B},.
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Proof. For any v € D¥ and d € D, with m4(v) = ga(d) = a, we have
(©0"(8(v)),d)a = (B(v), 8(d)) = (v,d)a,
where we used in the last equality. It follows that
0* 00 =1Id;
and since O, O are isomorphisms, we conclude that
o !'=0"
]

Corollary B.9. Let (D; A, B;M)c be a double vector bundle. Let a € Ay, b € By,
ceCy, B€B, ke C* ve Dy with ga(v) = a and qp(v) = b, and w € D%, with
ma(w) = a and o+ (w) = k. Then

(0aa) £ c;wpa = (e, k); (v,04(a) £ Bla= (b, B).

Proof. We can work locally, so that we have a decomposition of D and the induced dual
decomposition on D% given in Prop. and consequently we get maps q¢ : D—C and

g+ : D% — B*. Then, by (B.13)),

(04(a) % ey = (a5(0a(@) £ €), - () + (ac(04(@) £ €)7o () = (e, k).

Analogously it can be shown that (v,04(a) (—/{: B)a = (b, 5).
[

Corollary B.10. Given a double vector bundle D and a decomposition ©, the dual split-
ting _
0: (¢*)*C*— Dy,

of given in Prop. corresponding to the splitting 0 of (A.4), is given by

0(a, k) = (g4, 9c)"(a, k), (B.17)

where qo : D — C' is the projection induced by O, and (qa,qc)* is the transpose of
(4,90) : Da— (¢*)*C.

Proof. In the proof of Prop. we defined, for a € A,, and x € C},,

9(@, K) = [(WAz ﬂ-C*) ker@*]_l(a, K;). (B.18)

So, (B.17) reads
(T4, 70 ) kero+]) ™" = (44, 90)" (@, ). (B.19)

To prove this take any ¢ € Cy,, and let d € D with ga(d) = a and gc(d) = ¢. Then

<(QA7 QC)*(G7 /{)’ d>A = <(a’ K’)v (CL, C)>A = <"'€v C>' (B'QO)
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On the other hand, in order to compute (5(&, K),d) 4, we claim that
(74, 70" |kero+] (@, &) = ©*(a, K, 0). (B.21)
To verify we need to check two things:
1) ©*(a, k,0) € ker 0%, 2) (ma,mc+)(©%(a, k,0)) = (a, k).
So, let’s compute:

(0" 0 ©%(a, £,0), (a,b))a = ((
((
= (k,0

a,k,0),0060(a,b))4
a,k,0),0 00~ (a,b, 0))a
+(0,b) =0,

hence 6*(©*(a, k,0)) = 0, which yields 1). Now, recalling from Cor. that ©* = ©~1,
it follows that

(7TA77TC*) © @*(aa’%a 0) = (pApr*) o (:j © @*(G,Ii, 0) = (pA7pC*)(a7"€70) = (a,/i),

yielding ) Thence is true.
From and we get

(B(a, k), d) 4 = (0*(a, r,0),d) 4 = ((a,5,0), (a,b,c)) 4 = (K, c). (B.22)
From (B.20) and (B.22), follows (B.19).

B.4 Canonical isomorphisms between dual DVB’s

In this section we discuss the isomorphisms mentioned in the introduction of this
chapter, that will enable us, in Sec. [E-3|to understand the relation between a VB-algebroid
structure, and its dual. The material in this section is mainly based on [46] (however, see
also [32]).

We begin exhibiting a duality relation between the two duals of a double vector bundle,
which is natural up to sign (we could choose the opposite signature).

Proposition B.11 ([46]). There is a natural (up to sign) duality between the bundles D%
and Dy over C*, given by
(v|w) = (v,d)a — (w,d) B, (B.23)

where v € D%, w € D} have mo+(v) = mex(w) = k and d is any element of D with
qga(d) = ma(v) and qp(d) = mp(w).

Proof. First we see that (B.23) is well defined, for if d' € D satisfies g4(d’) = qa(d) =
74(v) = a and qp(d’) = qp(d) = mp(w) = b, then, by Cor. there exist ¢ € C' such
that d = d’ :'4_ (a,c), whence

<U, d>A = <U7 d/>A + <k7 C>,
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by (B.2). Also by Cor. |A.7| we have d = d’ —E (b, ¢), whence

(w,dygp = (w,d)g + (k,c).
Thus,
(v,d)a — {(w,d)g = (v,d') 4 — (w,d) B,

and so the pairing is well defined. Now we need to check that this pairing is
bilinear. Let vi,vs € D%, w € Dj, with me«(v1) = mex(v2) = me«(w) = k, and let
d1,d2 € D with qA(dl) = 7TA(U1), qA(dg) = 7TA(’U2) and qB(dl) = qB(dg) = 7TB(’LU). Then,
by we have

(v1 4 v2|lw) = (v1 + vo,d1 +da)a — (w,d1 + da) B
c* c* B B
= (v1,d1)a + (v2,d2) 4 — (w,d1)p — (w,d2) B
= (v1|w) + (v2|w).
Analogously, it is shown that (vjw1 + w2) = (v|wi) + (v|wa), for v € D%, wi,ws € Dy
C*

with mo«(v) = me=(w1) = mex(w2). So indeed (-|-) is bilinear.
It remains to prove that it is non-degenerate. Let v € D% and suppose (v|w) = 0 for
all w € D}, with 7o« (v) = me«(w) = k € Cy,. Then take w = 0¢+ (k) + «, where a € A,
B

is arbitrary. We have 7p(w) = 05(m) and
(vlw) = (v,d) 4 — (0c= (k) —g a,d)p.

Since mp(w) = gp(w), it follows that d € kergp = A @ C, so that d = (a, c), for some
c € C, where a = 7(v), whence

<OC*(k) "E «, d>B = <k7 C) + <Od, (L>.
Taking ¢ = 0, that is, d = 04(a), we get

0= (vlw) = (e, a).

Since « was arbitrary, we conclude that m4(v) = 0, thus v € kerm4 = B* @ C*, so that
v = (B, k), for some € Bj,.

Now take w = 0p(b), with b € By, arbitrary. We have d € kerqq = B ® C. Take
d = (b,0) =0p(b). Then

0= (v|lw) = ((8, k), (b,0))a = (05(b),05(b)) 5 = (5,b),

where we are using the same symbol Op for the zero sections of Dgp — B and Dy — B.
Then, since b was arbitrary,

v =(0,k) = 0c-(k),

so that (|-) is indeed non-degenerate.
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Corollary B.12. If D = A®B®C is a decomposed DVB, then, forv € D} = AC*® B*
and w € Dy = B® C* ® A*, such that v = (a, K, 5) and w = (b, k, ), we have

(olw) = (8,b) — (@, a). (B.24)
Proof. By Prop. choosing d = (a, b, ¢), we have, by Eq. ,
(vjw) = (B,b) + (K, c) = (K, c) — {a,a)
= (8,b) — (. q).

|
Now we get into the matter of exhibiting the isomorphisms mentioned at the beginning
of this section.

Proposition B.13 ([46]). The pairing induces isomorphisms of double vector bun-
dles

Ta:(Da)er — (Dp)c (Ta(),w)er = (v|w)

Tp: (Dp)or — (Da)o (Tp(w),v)cr = (v|w)
with (Y 4)* = Y. Both isomorphisms induce the identity on the sides C* — C*.

T 4 is the identity on the cores B*—— B*, and induces —1Id on the side bundles A— A.
Y g is the identity on the side bundles B— B, and induces —1Id on the cores A*— A*.

Proof. That Y 4 and T are vector bundles (with respect to the vector structure over C*)
inducing the identity on C* follows directly from Prop. Also, by definition, we have
(T4)* = Tp. Let’s prove that Y4 is linear also with respect to the structures over A.
First we check that T 4 preserves the fibration over A. We need to compute m4(Y 4(v)),
so let a € A* C Dp, we have, using Cor. [B.9}

(ma(Ta(v),0) = (Ta(0). 0+ () + a)c- = (vl0c- (k) + )

where k := me« (T a(v)) = mex(v).
Now let d € D with ga(d) = m4(v) = a € A, and ¢p(d) = 7p(0c= (k) —g a) = 0B(m).

Then d = 04(a) + ¢, for some ¢ € Cyy,, so that, using again Cor.
B

(v]0c- (k) +a) = (v,04(a) £+ c)a = (Oc+ (k) + @, 04(a) + )5

= (k,c) = ((k, ) + (o, a))
= —(ma(v),a).

Thus, (mA(YT4(v)),a) = —(ma(v), ), that is
7a(Ta(v)) = —ma(v), (B.25)

in particular Y 4 preserves the fibration over A.
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To check linearity, let vy, vy € D%, with ma(v1) = ma(v2). Any w € D}, with mo«(w) =
o+ (v1) + mo=(v2) can be written in the form w = wy + we, with me+(wy) = me=(v1) and
B

o+ (we) = me=(v2). Then

vilwy) + (v2fws). (B.26)
On the other hand,
(Ta(v1) 4 Ta(vz), wer = (Tavr) + Ta(v2), wit)e

= (Ta(v1),w1)ox + (Ya(vz), wo)c
= (vi|w1) + (v2|w2). (B.27)

From (B:26) and (B:27) we get

TA(Ul —IL— UQ) = TA(UI) j‘- TA(UQ).

Therefore T 4 is a morphism of double vector bundles. It follows from (B.25) that T 4
induces —Id on the side bundles A— A. Now, for 8 € B;,, C D7, we want to compute

T A(B). Since Y4 is a double vector bundle morphism, we have Y 4(3) € B* C (Dj)c+,
so, let’s take b € By, C kermg+ C (D})c+, we have

<TA(B)’b>C* = (B|b) = <Bad>A - <b7 d>B7
for any d € D with ga(d) = ma(8) = 0 and gp(d) = mp(d) = b. In particular, d := 0g(b)
satisfies the requirements, and we get
<TA(/B)7 b>C* = </87 b>7

thence Y 4(8) = 3, that is, T 4 induces the identity on the cores B* — B*.
The corresponding claims for T follow analogously.
|
It will be useful to have formulas for the isomorphisms YT, and Yp in terms of a
decomposition.

Proposition B.14. Let © : D— A ® B @& C be a decomposition ofr a DVB. Then we
have induced decompositions on the duals (Prop.

O4:DY—A®C*®B* and Op:Dy—B&C* G A"
Then, terms of these decompositions, the isomorphisms T 4 and Y g are given by
(égl)’é* OTAOE:);‘1 A C*eB*—C*"® Ad B*
(CL, Kvﬁ)ﬂ('%v —a7ﬁ)7 (B28)
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and
(621)5* OTBO(:)Bl BeC*@ A*—C*"p B A*
(b7 ’%704) — ("f b —Oé). (B29>
Proof. Let v € D% and w € Dy with 7o (v) = mox(w) = k&, such that @A = (a, %, )

and éB(w) = (b, k, ). Then, by the definitions, and using Eqs. and -7
(O3 e 0 Ta 003 a, K, B), (b, k,a))ox = (OF)e o TA(U),@B(UJ»C*
= (Ya(v),w)c+ = (v|w)
= (8,b) — (@, q)
<(H’a —a, B)v (ba K, a)>C*7

which implies that B _
(©5)¢- 0 Tao 04 (a5, 8) = (k, —a, B).
The statement about Y g is proved analogously.
]
We end this section by showing that the dual isomorphisms, with respect to each
fibration of a double vector bundle, are also dual to each other. More precisely we have
the following.

Proposition B.15. Let ® : D —— D’ be an isomorphism of double vector bundles. Then
the dual isomorphisms given in Prop. % : D'}, — D and ®} : DY, — Dy satisfy

(@)em = (27 = (P5) 7, (B.30)

where we are using the identifications (D%)&. = D and (D'f)¢w. = Dy, given by Tp
and Y g, respectively, in Prop. [B.13

Proof. Take w € D};, o € D'}, and compute using (B.23):

((22)Er (w)]a) o = (w] @ () = (P4(a), d)a — (w,d)B
= <O‘lv (I)(d»A/ - <w7d>B7

for any d € D with ga(d) = 7a(®% (/) = o' (rar(e’)) and gp(d) = T5(w).

(B.31)

On the other hand, notice that, by Cor. ®(d) € D’ satisfies
qa/(2(d)) = pa(aa(d) = palpy ' (mar(a') = ma(a),
and, taking also into account Cor.
e (271 p(w) = g (ta(w)) = (¢5") " (15(w)) = ¢p(rs(W)) = ¢r(4(d) = 45 (P(d));

*

then we can use ®(d) in the definition of (:|-)c+ to compute ((®1)%(w)|a/)cr, and we
get the following

(@7 Hp(w)la")or = (o, D(d) 4 — (271 p(w), 2(d) 5 = (&, (d))ar — (w, 27 (®(d)))5

(B.32)

From and we get -
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B.5 The pull-back in the DVB category

Proposition B.16. Let

aB
—_—

D B
CIAJ( C {qB
A

A—L M

be a double vector bundle, and let p : E— A be an isomorphism. Consider the pull-back
bundle
©*D=F x D:={(e,d) € Ex Dl|p(e)=qa(d)} CAxD
(p,A,94)
and the projections p1 : ©*D — E, ps : ©*D — D owver the first and second factor,
respectively, so that the following diagram commutes

oD —"2 D i B . (B.33)
lpl J((IA JqB
A
E L4 A a M

Let pg := p1 and ¢}, := qp © p2, then

af
w'D—" B (B.34)

pE‘/ C J{qB s
E

E—* M

is endowed with a double vector bundle structure such that ps is a DVB isomorphism.

Proof. We need to describe a vector bundle structure ¢* D— B and show its compatibility
with the vector bundle structure p*D——FE. Notice that ps : ¢*D——D is an isomorphism
of vector bundles over ¢, since we can define p, L.D—¢*D by

py ' (d) == (¢~ (qa(d)),d) Vd € D,

which satisfies
P2 opgl(d) =d and p2_1 opa(e,d) = (e,d).
@

q
It follows that ¢*(D) —2, B is a fibration. We define the zero section by
0% = pgl o0p,

so that we have ¢ 0 0% = Idp.
Let (e1,d1), (e2,d2) € *D with qg(el,dl) = qg(eg,dg), then gp(d1) = qp(dz). Define

(el,dl) t (eg,dg) = (61 + eq,d; —g dg). (B.35)

4p
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Then, for any b € B and any (e, d) € ¢*D, with ¢f(e,d) = b,
05(0) + (erd) = (9~ (g1 0 05(8)). 05 (b)) + (e,)

4B 4B

= (0+¢,05(b) + d) = (e.d).

q%’
Therefore, we have obtained a vector bundle structure on ¢*D 2. B, Now,

qe((e1,d1) + (e2,d2)) = qr(e1 + e2,dq -g dy) = e1+ ez = qg(er,di) + qr(e2, d2),
4B

then gp is a vector bundle morphism. ¢} is also a vector bundle morphism, since g% =
qB © p2 is the composition of vector bundle morphisms.
Finally, let (e1,d1), (e2,d2), (e1,ds), (e2,v4) € ©*D, with qp(d1) = qp(dz2) and qp(ds) =
qB(d4), then
qa(di) = p(e1) = qa(ds) and  qa(dz2) = p(e2) = qa(ds),

and we have the following

((e1,d2) + (e2,d2)) + ((e1,d3) + (e2,da)) = (e1 + €2, ds vgd2) ;F (e1 +e2,d3 qu4)
E

qB qE qB

= (e1 + €2, (di + d2) + (d3 + d
<61 eQ(lB Q)A(?)B 4))

= ,(di+d do +d
(e1 + ea, ( lj 3)-}3;( 2~: 1))

= (e1,d1 +d3) + (e2,da + dy)
A P A

B

= ((e1,d1) + (e1,d3)) + ((e2,d2) + (e2,da)).

4B

Thereby, ¢©*D is a double vector bundle. Also we see immediately that
(p2: 0, 1dp; Idnr) = (9" D; B, By M) — (D; A, B; M)

is a morphism of double vector bundles.

Corollary B.17. In the conditions of Prop. there is a canonical isomorphism
(" D) = (D)

Proof. From Prop. we have that py : ¢*D — D is a DVB isomorphism. Then by
Prop. it follows that

© := ((p2)) " : (9" D)p— D}y

is a DVB isomorphism. Again from Prop. we have a DVB isomorphism pf, :
©*(D%) — D¥. Then, setting © := (p})~!, we obtain the canonical isomorphism

b:=0"00:(p"D)y—p(DY).
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Proposition B.18. Let (D; A, B; M)¢c and (D'; A", B'; M')¢r be two DVB’s. Let ¢ :
E— A, ¢ : E' — A" be two vector bundle isomorphisms. Then any DVB morphism
®: D— D' induces a DVB morphism

d: p*D— " (D).
If @ is an isomorphism, then ® is an isomorphism too.

Proof. Define
(e, d) = (pm(e), (d), ¢r(e) = (¢) " opaople),,
which is well-defined since, for (e, d) € ¢*D we have g4(d) = ¢(e), whereby
qar 0 ®(d) = pa(qa(d)) = pa e ple) = ¢’ o pp(e).

Since @ is an isomorphism, it follows that when @ is an isomorphism, ® is an isomorphism
too, with inverse given by

N, d) = (¢ (¢), 7 (d).



Appendix C

The linear bundle and global
structure

In this appendix we study in detail the structure of linear sections of a double vector
bundle. Since we can reduce most of what can be said about double vector bundles to
statements about linear and core sections, it turns out to be a fundamental fact that linear
sections feet into a vector bundle structure, as is the case (in a more trivial way) for core
sections. Therefore we reduce many questions on double vector bundles to questions on
linear and core bundles, which are just vector bundles. This is a powerful viewpoint in
order to tackle global issues related to double vector bundles.

Other highlights in this appendix are

e The proof of Prop. exhibiting a canonical isomorphism between certain two
linear bundles, in which relies the characterization of degree 2 manifolds as involutive

DVB’s (Thm. [3:40).

e The relation of DVB morphisms with pairs of morphisms between the corresponding
linear and core bundles.

e The introduction of the double-linear bundle (see Prop. |C.32)), first studied in [12],
which leads to the equivalence of the category of DVB with that of DVB-sequences
(see Ch. D)), established in [12].

e The construction of the Whitney sum of two DVB’s, sharing a common side bundle.
In particular this is again a DVB. We describe its corresponding linear sequence,
and show how to induce horizontal lifts on it.

We took as a starting point for this appendix the few remarks and hints about the
linear bundle, and its exact sequence, provided in [23]. We also benefited from [12], in
particular the concept of double-linear bundle was taken from there.

C.1 The structure of the module of linear sections

We begin studying the structure of I'jy,(Dp) (the space of linear sections over B)
of a decomposed double vector bundle. Since we already proved the existence of local

200
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decompositions, the result below provides information about the local structure of 'y, (Dp)
for any double vector bundle.
The following proposition is hinted in [23], but we decided to provide here full details.

Proposition C.1. Let D = A®B®C be a decomposed double vector bundle. Consider the
structure over B, Dp = (¢®)*A @p (¢B)*C. Then, the space of linear sections Ty, (Dpg)
is isomorphic to T'(A ® Hom(B, C)), as C*(M)-modules (see remark[2.6).

Proof. Any section v € I'(Dp) is a map v : B— (¢®)*A@p (¢®)*C whose projection on
B yields the identity and therefore consists of two bundle maps over the identity on M:

vy1:=qaov:B—A and Yo :=qooy:B—C,
Now assume that « is linear, then it is a vector bundle morphism v : B — (¢4)*B @4
(¢)*C, which has the form
Y(b) = (71(b), b, 72(b)).

Being v a bundle morphism, it must preserve fibers. This means that
¢%(b1) = ¢" (b2) = m = 71(b1) = M (ba).

This implies that 7 induces a map o : M — A, given by a(m) = 71 (b), for any b € By,
and since y; is a bundle map over the identity, it follows that « is actually a section of A.
Now let’s see what we get from the condition of v preserving the linear structure:

(b1 + b2) = (71(b1 + b2), b1 + b2, 2(b1 + b2))
= (a(m), by + b2, y2(b1 + b2)).

On the other hand,
7<b1> j‘— 7(b2) = (a(m)v b1, ’72(1)1)) j; (a(m), ba, 72(1)2))

= (a(m), b1 + ba, 72(b1) + 72(b2)).

Then, the linearity of + is equivalent to the linearity of 5. So we have established a
map

U : Tyin(Dp) — T(A @ Hom(B, C))
B — (a ) 72)'

It is easy to check that ¥ preserve the C°°(M)-module structure. Also V¥ is invertible,
since given (a,72), we define 71 : B—— A by v1(b) := a o ¢®. It is immediate that v(b) :=
(b,71,72) € (¢®%)*A ®p (¢P)*C is a linear section of Dp, and that the correspondence
(v, v2) — «y preserves the module structure. Thus, ¥ is an isomorphism of modules.
[ ]

Now we are in conditions to give a global description of the space I';,(Dp) as the space
of sections of certain vector bundle, namely, the linear bundle. We also provide a explicit,
useful description for the fibers of the linear bundle (see Eq. ), which is borrowed
from [12].

Although the linear bundle was already introduced in the literature ([23],[12]), we
haven’t found an explicit construction of it, which we provide in the proposition below.
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Proposition C.2. The space D'in(Dp) is locally free as a_C°°(M)-module, with rank
equal to rank A+ rank Brank C, and we have I'in(Dp) = I'(A) for some vector bundle A.
Moreover, A fits in the exact sequence

0—B*®C - AL A—s0. (C.1)
We have an explicit description for the fibers of E, given by

A, = {oc €e Hom(By,,D,) :a € Ay, qgoo =1dp,, }. (C.2)

Proof. For the proof of the first part of the proposition, we work locally. By Prop.
we can find a double vector bundle isomorphism D — D, where D = A® B® (C is a
decomposed double vector bundle. By Prop. it follows that 'y, (Dp) = Flin(f)B)-
Now, by Prop. Din(Dp) = T'(A @ Hom(B, C)), and since I'(A @ Hom(B,(C)) is a
locally free C°°(M)-module whose rank equals to rank A + rank Brank C| it follows the
same assertion for 'y, (Dp).
Now let
A= A
meM

where ﬁm is defined in 1} We claim that A is a vector bundle over M and that
Tin(Dpg) = T(A). Of course, the projection m : A—s M is defined, for o € A,,, 7(c) = m.
Addition in the fibers is also defined in the obvious way (using the Dp structure), observing
that for 01,09 € A\m, by the interchange law,

= (01(b1) j01(52)
= (01(b1) + 02(b1)
)

= (0’1 + UQ)(bl

@

so that we also have 01 +09 € ﬁm, thus addition is well-defined. Also scalar multiplication
is defined using the Dpg structure, and since i is a vector bundle morphism with respect

to the D4 structure,
(t-o)(bi+be): = téo(bl + b2)
=t (o(b1) 4 o(b2))
:téa(bl) —J;t : U(bg)

B

= (t-0)ba) £ (¢ 0)(bo),

we have also that té o€ Em, for o € ﬁm
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Now we need to endow A with a vector bundle atlas, which will show both, that Aisa
differential manifold and that A—— M is locally trivial. We can work locally, so let’s take

a decomposition D = D=A®BaC. By the linearity of qo : D — C' with respect to
the structure over A, we have, for o € A,, and by1,by € B,

qc © U(bl + bg) = q(j(a(bl) j‘- O'(bg)) =qc © U(bl) +qc o U(bg),

thence gc oo € Hom(B, C),,. Since q¢ is linear also with respect to the structure over B,
we have, for 01,09 € A,, and b € B,,,

gc o (o1 + 02)(b) = qc(01(b) t o2(b))
= qc 0 01(b) + qc o o2(b)
= (gc 0 01 + qc 0 02)(b).

Finally observe that, by the definition of A\m, we have a well-defined map

~

A, — A,

o — qaoo0, (C.3)
given by qa 0 0 := g4 o o(b), for any b € B, and that, for 01,09 € Km,
qao (o1 +02) = qa(o1(b) -}3; 02(b)) = qa o o1 +qaoos.

Thus we obtain an isomorphism

fAlm = A, & Hom(B,C)n

o —(qaoo , qcoo),

with inverse

(a,7) € Ay, ® Hom(B, C),, — 0 € Hom(Byy,, D)

o(b) := (a,b,7(b)). (C-4)

Actually, since the preceding isomorphism is valid for every m € U C M over which D is
decomposed, we have obtained a map, for a suitable open neighborhood U of mg € M,

¢ : Aly — (A ® Hom(B, C))|v,

where Aly = Unmer Ay, and such that for each m € U fixed, the map ¢lz is an
isomorphism of vector spaces.

Now suppose that we have such maps corresponding to two different open sets Uy, Us,
o1 and @9, respectively. Let ©1 = (g4, ¢B,q,¢) and ©2 = (q4, ¢B, ¢,c) be the correspond-
ing decompositions of D and let V = Uy N Us, then, by Prop. we have

02007 (a,b,¢) = (a,b,c+ ¥(a,b)), (C.5)
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where ¥ : A ® B—— (' is bilinear, and

%o = q,c +¥(qa,9B).
Therefore, the transition map ¢q 0 7" on V, for (a,7) € (A ® Hom(B, C))|v, is given by

X gpl_l(a, 7) = (a, 7+ U,).

Thus, since ¥ is bilinear, we see that the transition map 9 o 4,01_1 depends linearly, on
each fiber, of (a,7) € Ay, @ Hom(B, C),, and smoothly of m € M.

Hence A is a vector bundle over M. Now, let v € I';;,(Dp), then, by definition, v is a
vector bundle morphism v : B— D4 over a map « : M — A, which is a section, since

qua:quaquoOB:ququ'yoOB:qBquO'yoOB:qBOOB:IdM.
Thus, for each m € M we obtain the data

e a:=a(m)E A,

e 0:=1|p,, € Hom(B,,, D,),

which satisfies gg 0 0 = Idp,,. In this way, we obtain a map n: M — X, given by

n(m) := s,
Since v|g,, € Ap, it follows actually that 7 € I‘(g)

-~

Conversely, given n € I'(A), we define v : B— D by

7(6) = n(g”(6)) (D).

Since ggoy(b) = gz on(q?(b))(b) = b, it follows that ~ is a section of Dp. Let’s show that
actually v € I'jjn(Dp). First of all we have a map a : M — A given by

a(m) := qa on(m).
We have
ga o y(b) = qa on(g” (0))(b) = a0 ¢" (b).

Finally, since n(m) € Hom(Bpm, Do), it follows that v : B—— Dy is a vector bundle
morphism over «, thus v € I';, (Dp). Hence

Tin(Dg) 2 T(A).

To finish the proof, we have to show that there is an inclusion ¢ : B* @ C' — A and
a projection p : A — A such that 1(B* ® C) seats in kerp. The exactness will follow
by rank reasons. The projection p : A—Ais simply p(o) := g4 o 0. The inclusion
t: B*® C— kerp is given by

RS (B* ® C)m, 4)L((ﬁ) € Hom(B,,, DOA(m))
{@)(b) = ¢(b) £ 05 (b) = (b, 4(b)). (C.6)
That actually ¢(¢) € Hom (B, Dyay,) follows from the fact that 0p : B—— D4 is a vector

bundle morphism.
|
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Definition C.3. The vector bundle A from Prop. is called the linear bundle associated
to Dpg.

Remark C.4. Of course there is a second linear bundle, the one associated to D4, which
we denote by B, whose fiber over m € M is given by
By = {w € Hom(A,, Dy) : b € By, gaow =1dy,, },

and fits in the exact sequence

0—A*®C - B2 B—0. (C.7)

C.2 Horizontal lifts and global decompositions

Next we introduce the key concept of horizontal lift, which is instrumental to treat
global questions and explicit calculations. The importance of horizontal lifts lies in that
they allow us to encode the whole data of a decomposition in a single vector bundle map.
This a first benefit of the linear bundle viewpoint, which, as explained in the introduction
to this chapter, reduces many aspects of the study of a double vector bundle to the study
of a plain vector bundle.

Definition C.5. A horizontal lift of A is a section (I A— A of the exact sequence 1)

In the following proposition we prove that once we introduce a horizontal lift of the
linear sequence , corresponding to I';,(Dp), we automatically have an induced hori-
zontal lift for the linear sequence , corresponding to 'y (D4).

Proposition C.6. The correspondence
be B—(b) € B
P(b)(a) =y (a) (D).
associates, canomcally, to each horizontal lift ¢ : A — A of l a horizontal lift
¢:B— B of {C.1).

Proof. Let’s check that 9 is well-defined, that is, for b € B,, we need to verify that
&(b) € By,. For a € A, we have

g5 0 (b)(a) = q(y(a)(b)) = b,

thus 1(b)(a) € Dy for every a € Ap,. Let a1, as € Ay, then, since ¢ : A— A is a vector
bundle morphism,

(C.8)

Y(b)(a1 + az) = Y(a1 + a2)(b) = (Y(a1) + ¥(a2))(b)
= 1(a1)(0) + ¥(a2)(b) = ¥(b)(ar) + ¥ (b)(az).

Finally, since ¢ is a horizontal lift,

ga o P(b)(a) = qa o ¥(a)(b) = a.
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The above shows that 1 (b) € B\@.
It remains to check that poy =1Idg. For b € B,, and any a € A,, we have

poP(b) = qp(¥(b)(a)) = qp(¥(a)(b)) = b.

Therefore ¢ : B — B is a horizontal lift.
]
Of course, if we expect any profit from working with linear sequences and horizontal
lifts, we must have an explicit relation between horizontal lifts and splittings of core
sequences and the corresponding decompositions. This is what we do below.

Proposition C.7. Let (D; A, B; M) be a double vector bundle. Consider the linear
bundle A corresponding to linear sections of Dp.
There is a canonical 1:1 correspondence between horizontal lifts of and decompo-

sitions of D; or equivalently, by Prop. between horizontal lifts of , and decom-
postions of D.

Proof. Let ¢ : B— B be horizontal lift of 1) We will use Cor. m to obtain a
decomposition of D. So we need a splitting 6 of (A.2) which preserves the fibration over
B and satisfies (A.6)). For (a,b) € (¢)* By, define

0(a,b) := ¥ (b)(a).

Let’s verify that 6 is a splitting of (A.2|) satisfying the required conditions. By definition
we have

qa(0(a,b)) = qa(v(b)(a)) = a

and

q8(0(a,b)) = qB(¢(b)(a)) = b.

Thus (ga,q5)(0(a,b)) = (a,b), so 6 is a splitting of (A.2). Also from this, it follows
that 6 preserves the fibration over B. Equation follows from the linearity of ¥ (b) :
Am — Db.

Conversely, suppose we have a decomposition © : D— A® B &® C. By Cor. we
have a map

0:(¢")*B— Dy

which is a splitting of (A.2]), that preserves the fibration over B and satisfies (A.6]).
Define, for a € A,,,

Y :By, — B
b —1p(b);  p(b)(a) := b(a,b). (C.9)

We need to show that ¢ is well defined and that it is in fact a horizontal lift. Since

gao¥(b)(a) =a and gpop(b)(a) =0,
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it follows that 1(b) € By, and that 1(b)(a) € Dy for every a € A,,. To check linearity, let
a1,z € Ap, then, by (A.0)

Y(b)(a1 + az) = 0(a1 + az, b) = (a1, b) + 0(az,b) = 1 (b)(a1) t ¥ (b)(az).

We conclude that ¢(b) € B,
Finally, for b € B,,, and any a € A,

pot(b) =qporp(b)(a) =qpob(a,b) =D,

that is, poy = Idp.
|
An important by-product of the linear bundle viewpoint we obtain below, is the global
decomposition for any double vector bundle, which moreover is explicit as soon as we
have a fibre, non-degenerate metric. Compare for example with [23] where they sketch
an argument based on local existence of decompositions and show indirectly the global
existence through a Cech cohomology argument.

Corollary C.8. Given a double vector bundle (D; A, B; M)c. There always erists a
decompostion D — A® B& C.

Proof. Choosing a Riemannian (fibre) metric on A, we obtain a horizontal lift of (C.1),
and thence by Prop. we get the corresponding decomposition of D.
|

Corollary C.9. Let D be a double vector bundle and © a decomposition. Then the
horizontal lift d) Cc* —>C* corresponding to the dual decomposition 5) of D% given in

Cor. [B.7, is given by

¥(k)(a) = (ga,9c) (a, k). (C.10)
Proof. Tt follows directly from (C.9)) and Cor.

|

In the following proposition we find explicit formulas, in terms of a decomposition of

D, for the decompositions of the linear bundles corresponding I'ii, (Dp) and iy ((D%)c)-

Among other consequences, these identifications enables to establish a somewhat surprising
isomorphism between both linear bundles (see Prop. .

Proposition C.10. Given a double vector bundle D, let © : D— A® B @ C be a
decomposition, then we have isomorphisms

K:A— A®Hom(B,C) and H:A,— A®Hom(C*, B*),

where A, is the linear bundle corresponding to I'yin(C*, (D% )c+). The isomorphisms are
given by
K(o) = (a,01), where o1 :=qc oo, o € Hom(By,, D,),

where qo s the projection D — C' corresponding to ©, and
H(w) = (a,w1), withw :=mp-ow, we€ Hom(C},,(D%)a),

where wp« is the projection D% — B* corresponding to the induced decomposition on D7 .
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Proof. That K and H are vector bundle morphisms follows from the fact that p : A—A
and py : Ay — A are vector bundle morphisms, and from the linearity of ¢o and wp«. So
it will suffice to show inverses for K and H, which are easily seen to be given by

K Ya,01)(b) = ©Y(a,b,0.(D)), (C.11)
for (a,01) € Ay, ® Hom(B,C)y, b € By, and, by Cor.
H™(a,w1)(r) = 0% (a,w(k), k), (C.12)

for (a,w;) € Ay, ® Hom(C*, B*), k € C,.
|
Another important requirement to have any success when working with linear bundles
and horizontal lifts, comprises to have explicit formulas relating the splittings and hori-
zontal lifts induced by two decompositions, in terms of the bilinear mapping ¥ obtained
in Prop. [A:26] This what we address in the following proposition.

Proposition C.11. Let (D; A, B; M)¢ be a double vector bundle, and let ©,0" be two
decompositions of D, which are related by formula in Prop. . Let 0,0 be the

corresponding splittings of (and simultaneously of also), and let ¥, 1" be the
corresponding horizontal lifts of . Then

0(a> b) = (9/(CL, b) Z (CL, \Il(a’7 b))
, (C.13)
=6'(a,b) E (b, ¥(a,b));
and
P(a) =4'(a) — ta(Va), (C.14)

where Vo : B— C' is the vector bundle morphism (over the identity) given by W, (b) =
U(a,b), and 14 : B* @ C— A is the inclusion.

Proof. Recall that 6(a,b) = ©71(a,b,0) and analogously is defined . From (A.15) it
follows that
(©0 (©) Y a,b,¢) = (a,b,c — ¥(a,b)).

Then
0(a,b) = (0") 1 o® 007 (a,b,0)
= () o (©0c(®) ) (a,b,0)
= (©)"Y(a,b,—¥(a,b,))
= (©)"(a,b,0) " (©)(a,0,¥(a,b))
=6'(a,b) — (a,¥(a,b))
=0 (a,b) — (b, ¥(a,b)),
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thus obtaining (C.13)). From this also follows

¥(a)(b) = 0(a,b) = 0'(a,b) — (b, ¥(a, b)) = ' (a)(b) — (b, Wa(b))
= (¥/(a) — ta(Ta))(b),
from which we get .
]

Remark C.12. Analogously it is shown that the corresponding horizontal lifts of (C.7),
Y,y are related by

P(b) = ¢/ (b) — tB(Ws),
where 15 : A* ® C — B is the inclusion, and ¥j, : A—C is given by Uy(a) := ¥(a,b).

Corollary C.13. Given a double vector bundle D, let ©, 0’ be two decompositions and let
TR+, T« be the projections corresponding to the induced decompositions on the dual DY.
Then, for v e D7,

T+ (v) = 7B+ (v) + (V7 s ()" (e (v)), (C.15)
Proof. We can write the first equation in (C.13)) in the following way

0'(a,b) = 0(a,b) + (0a(a) 4 Walb))
where we are considering C' inside D. Then, dualizing with respect to A, it follows that

(67 (v) = () + (1a(v) & (Y w))" (mC (0))),

Cc*
that is
@) =6 —A— (ma, (¥r,)" omes). (C.16)
Recalling that wp« = ps 0 0%, we get
e =7 + (V) oo,

Remark C.14. Analogously it is shown that, if 4+, 7/4. are the projections corresponding
to the induced decompositions on the dual D%, then, for w € D¥,

T (w) = s (w) + (g )" (0= (w)), (C.17)

where Uy(a) := ¥(a,b).

Now that we know how different splittings and horizontal lifts relate (Prop. |C.11)), we
need the same information for the induced splittings and horizontal lifts induced on the
dual of a double vector bundle.
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Proposition C.15. Given a double vector bundle D and two decompositions ©, O’ as in
Prop. . Let 6,0 be the induced splittings of the core sequence corresponding
to the dual D%, as given in Prop. [B.5. Then, for a € Ay, and k € Cy,,

0 (a,r) = 0(a, k) — (@, 05 ()), (C.18)

where, as usual, ¥, : B—C is given by Vo(b) = ¥(a,b), with ¥ given in (A.15).
If Y, : C* — C* are the corresponding horizontal lifts, they are related by

V'(k) = P(k) = ea(¥7), (C.19)
where 14 : A* ® B* —C* is the inclusion, and V. : A— B* is given by
W (a) = ().
Proof. By Cor. (C.18) is equivalent to

(24,9¢)™(a, k) = (g4, 40)"(a, k) 1 (0, We(k)). (C.20)

We will prove (C.20)) computing each side of the equation separately. Let d € D with
qa(d) = a, qp(d) = b and gc(d) = ¢. As for the left-hand side, we have

((g4,490)*(a, 5),d) a = ((a, k), (qa(d), gc(d)))a = (K, c). (C.21)
Now, computing the right-hand side we have the following
((44,40)" (@, 8) + (a, W5 (K)), d)a = {(a, 8), (4a(d), go(d)))a + (0a(a) & Via(k), d)a

=
= (K, — ()>+<‘1’Z( ); >
= (K, ¢) = (r, Wa (b)) + (r, Wa(b)) = (r,0).  (C.22)

From (C.21)) and ((C.22)) we obtain (C.20)).
Finally, the identity (¥ (a),b) = (k, ¥(a,b)), for every a € A,,, b € By, and k € C*,
implies that ¥} € A* ® B*, and we have

U (R)(a) = 0'(a k) = 0(a,) < (a, V3 ()
= (r)(a) -~ (0a(a) + ¥i(a) (C.23)

thus proving (C.19).

Corollary C.16. In the situation of Prop. let A, be the linear bundle of (D%)c+,
corresponding to iy (C*, D%), and let 1,1, be the horizontal lifts corresponding to the
splittings 0, 0', respectively. Then

vi(a)(k) = ¥u(a) (k) — 1o= (T5)(K). (C.24)
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Proof. Follows directly from ((C.23)) and the way v, and ¢, are defined.
|
Finally, we end this section with the important —and surprising— existence of an iso-
morphism between the linear bundle corresponding to Dp and the linear bundle corre-
sponding to (D%)c+, which as already mentioned, is the key for the characterization of
degree 2 manifolds in terms of involutive DVB’s.

Proposition C.17. Given a double vector bundle D, let A be its linear bundle, correspond-
ing to I'in(B, D), and let A, be the linear bundle of (D% )c+, corresponding to I'yin(C*, DY),
as in Prop. [C-10. If © is a decomposition of D, then we obtain a well-defined isomorphism

T : A\H 121\*

given by

T:=H 'oAoK, (C.25)
where H, K are the isomorphisms of Prop. and

A: A®Hom(B,C)— A® Hom(C*, B¥)

18 given by

A(a,01) = (a,—07). (C.26)
Proof. The proof consists in verifying that if ©’ is another decomposition of D, and H', K’
are the corresponding isomorphisms given by Prop. then

H''oAoK=(H)"'oAoK' (C.27)

Let’s begin computing T'. For o € A\m, with p(o) = a and goc 00 = 01 € Hom(B,C) we
have

To=H'oAoK(o)
=H ™" o A(p(0),qc 0 0)
= H_I(CL?_UDa
from which, for k € C};, and d € D with ©(d) = (a,b, ¢),
(To(k),d)a = (O4(a, —01(k), k), d)a
((a,—01(k), k), (a,b,c)a
(=01(K),b) + (K, ¢)
= (k,c—o1(b)).
On the other hand, since g, = gc — ¥(qa,qB), we get 0] = 01 — ¥,, where o] := ¢, 0 0.

So we have, denoting 7" = (H') ' o Ao K’,
(T'o(k),d)a = ((6")a(a, —(01)"(K),K), d)a
= ((a, =(o1 = Wa)"(K), k), (a b,c —¥(a,b)))a

K, —o1(b) + ¥(a, b)) + (k,c — ¥(a,b))
k,c— o1(b)).

Thus, it follows T'o = T"0, which implies that the morphism A—— A, is well defined.

)~
{
{
=
=
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C.3 Global behaviour of DVB morphisms

In this section we explain partially how morphisms of DVB’s relate to morphisms
of the corresponding linear sections. A full understanding will be achieved only after
we introduce the double-linear bundle in next section, and ultimately after the double
realization procedure [12] is understood. This procedure will be reviewed in App. @

Proposition C.18. Let (D; A, B; M)¢c and (D'; A', B; M) ¢ be two double vector bundles
with a common side bundle, B. A morphism of double vector bundles

®:(D;A, B;M)c— (D', A", B; M)

which is the identity over B induces a vector bundle morphism dp: A—s A over oM,
where ®p is given by
q)B(O-) =®o g,

for o € Hom(B,,, D,,), with qg oo =1dp,,.

Proof. We need to check that d B is well-defined and that this mapping is a vector bundle
morphism. Let o € A. Since @ is a vector bundle morphism D4 — D’,,, it follows that
&\)B(a) € Hom(B,,, D;A(a)). For the well-definition, it remains to check that g o ®(0) =
Idp,,. Since pp = Idp, it follows that

qp o Pp(c) =qpo®oo=yppoqpoo =1dp,,

thus ® B Mmaps ;{m into A\’m Linearity on the fibers readily follows from linearity of ® with
respect to the structures over B.
]

Remark C.19. In order to get a vector bundle morphism dp: A—s A for a more general
double vector bundle morphism ® : (D; A, B; M )oc——(D'; A, B'; M), we need the extra
condition requiring ¢p to be an isomorphism. In this case we have

Dp(0) :=Pooopy. (C.28)

Corollary C.20. If®: (D; A, B;M)c—(D'; A/, B, M")¢v is an isomorphism, then ®%

o~

induces a vector bundle morphism (%) pr : Chp — C*p given by
o e (@B/)m—)q)*B oo’ o ©YB € (@B)m

Here (/Z'\*B is the linear vector bundle corresponding to the linear sections of D.

Proof. Follows directly from Rmk. above and Cor. [B.3]
|
Now we want to understand the action of the induced morphism ((f)i) ol ;1\’0/**»10* ,
where 1/4\’0/* is the linear bundle corresponding to Flin(C/*, D;’{,) and Ec* is the linear bun-
dle corresponding to I'yiy(C*, D%). In order to achieve this we first need two results of
interest by their own. The first about the inverse of an induced morphism, and the second
about the expression of the induced morphism when we introduce decompositions.
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Proposition C.21. If @ : (D; A, B; M)c — (D'; A, B'; M) is an isomorphism, then
®p is an isomorphism, with inverse

—

(E)B)_l = (I)_IB/.

Proof. For any o € A we have from Eq. 1} and Prop.

— —

d1lp 0dp(o) = d-lp(Poooopyr)=dlodogopsopp =0

Analogously it is shown that ®5 o o1 (o) =0
[

Proposition C.22. Let ® : (D; A, By M)c—(D'; A’, B'; M") ¢ be a DVB morphism such
that o is an isomorphism. Let’s introduce decompositions on D and D’ so that we obtain
the isomorphisms K : A—» A ® Hom(B,C) and K' : A’ — A’ & Hom(B',C") given in
Prop. . Then the induced morphism ZI;B c A~ AT in terms of the decompositions has
the expression

K'o®poK Y a,7) = (pala), (pcoT+ U)o ¢g5'), Y(a,7) € A®Hom(B,C), (C.29)
with W, : B— C" given by
T, (b) == qgor o ® 0O L (a,b,0), (C.30)

where qcr : D' — C" corresponds to the decomposition of D' and © : D— A® B® C is
the decomposition of D.

Proof. If ©' : D' — A’ ® B’ ® (' is the decomposition of D’, then by Cor. we have
60007 (a,b,¢) = (pala), pu(b), po(c) + W(a,b)), (C.31)

where W : A@® B— (" is bilinear. It is immediate from the equation above that
U(a,b) = gor o ® o O(a,b,0). (C.32)

Let’s take a € Ay,,b € By, 7 € Hom(B,C),,), and for any ¥’ € B,, compute, using
Eqs. (CI1), (C28) and (C31),
K'o®po K Ya,m)(t) = K' (® 00 a,b, (¢35 (t))))
= (qu 0 ® 007 (a,0,7(p' (V') acr 0 ® 0 07 (a, b, 7(05' (V)
= (pala),pcoTopp (V) + Ula, 05 (V)),

hence, by Egs. (C.32) and (C.30),

K'oWgo K '(a,7) = (pala), (pc o7+ Vo) 0 o3").
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Proposition C.23. Let @ : (D; A,B;M)c— (D'; A', B'; M) ¢ be a DVB isomorphism.
Then ((I)A)C A *>A 1. 18 given by

(&%) e =T o (dp) Lo (T, (C.33)

where Ac* A ¢« are the linear bundles correspondmg to I'in(C*, DY) and th(C' DA,)
respectively, and T : AHAC*, T - A’HA’C* are the isomorphisms given by Prop.

[C.17

Proof. Using the isomorphisms K and H of Prop. we see that Eq. (C.33) is equiv-
alent to

Ho (®)ro(H) ' =HoTo(®p) " o () o (H) (C.34)
=HoTo(K 'oK)o (:ISB)fl o(K'Y P oK) o (T Lo (H)!
—(HoToK Mo (Ko(®g)  o(K) o (K o(T) ' o(H)™.

Thereby, we can work only with morphisms between decomposed linear bundles and use
the formula obtained in Prop. above. So let’s take (a/,7') € A’ ® Hom(C'*, B*). On
one hand, by Prop. [B:4] we have

Ho (@) o (H)a,7') = (93'(0), (e o7 + 0 ) 0 (05h)')  (C.35)
On the other hand, by Prop. and formula of Prop. we have
HoTo(®p)  o(T) " o(H)  d,7)=HoTo (@ lp(d,—(r)")
= HoT (¢3(0), (—¢5" o (') = 95" 0 W10y 0 95" 0 95
= (93" (@), 0B 07 0 (93)) + Wiy 0 (951)7) - (C.36)

From ((C.35)) and ((C.36]), we obtain ((C.34)).

In the following proposition we obtain a converse for Prop.

Proposition C.24. Let (D; A, B; M)¢c and (D'; A', B; M) be two double vector bundles
with a common side bundle, B. Then any pair of vector bundle morphisms

oo : C—C' and gag:;l\*n/ﬁl\’
satisfying the compatibility condition
¢4(7) = pc or € Hom(B,C') C A V7 € Hom(B, C) C A, (C.37)

determine a unique DVB morphism ® : D— D’ over the identity on B, such that ®|c =
pc and ® = p3.
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Proof. First of all, observe that because of the compatibility condition (C.37)) we obtain
a well-defined morphism ¢4 : A— A’ by setting

pa(a) :==7" o pz(a),

where @ € A is any horizontal lift of a, and 7’ : A — A is the projection. In order to
define the map @, introduce provisionally a decomposition D =2 A ® B & C, so that we
also obtain the induced decomposition A~ As Hom(B, C), and let’s take any d € D,
then we have d = (a, b, c).

First suppose b # 0. Then pick any 7 € Hom(B, C) with 7(b) = ¢. Thereby we obtain

~

o= (a,7)€A
which satisfies o(b) = d. Then define

®(d) := ¢ z(0)(b). (C.38)

We need to show that @ is well-defined, i.e. the definition above doesn’t depend on the
particular o chosen, and that ® defined in that way actually is DVB morphism. Suppose
that we have also o/ € A with ¢/(b) = d. Then g4 00 = g4 00’ = a (see Eq. ),
whence

7:=0—0 € Hom(B,C),

that is
qa(o(b) Z o' (b)) = qaoo(b) —qaoa'(b)=0.

Then, using Eq. (C.37)),

pa(0 = 0")(b) = ¢z(1)(b) = ¢ o T(b)
= ¢c(o(b) = o'(b) = pc(d —d) =0.
B B
Therefore, ¢ 7(0)(b) = ¢5(c”)(b), which means that Eq. gives us a well-defined
element in D',

Now we can extend ® by a continuity argument, or else in the case that b = 0, that is,
b€ kergqp = A® C, simply define

(d) = B(a,e) = (pala), po(e) € kergp = A& C.

The compatibility condition guarantees that ® is smooth. Let’s prove that &
is a DVB morphism. It is immediate to verify that ® preserves both fibrations, and the
induced maps on the side bundles are ¢4 and Idg, respectively. As for linearity, take
dy,ds € D,, with qp(d1) = by and gp(d2) = be. Again by a continuity argument, we don’t
loose generality if we suppose that b; and by are linearly independent (the set of such
vector is an open dense in By,). Then we can find o € A with (b)) = dy and o(bs) = ds.
Then O’(bl + 52) =d; jl— ds and

®(dy " d2) = ¢ (o) (b1 + b2) = p z(0)(b1) 1 ¢ 7(0)(b2) = ®(d1) % ®(do).
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For dy,dy € Dy, we can find 01,09 € A such that o1(b) = di and o9(b) = da. Then
((71 + O'Q)(b) = Ul(b) —g O'Q(b) =d —g ds, so that

®(dy t d2) = pz(01 + 02)(b) = p7(01)(b) t p1(02)(b) = ©(d1) pa ®(ds).

Remark C.25. We can obtain a more general result than Prop. above, by letting D’
to have a different side bundle B’ and including in the hypothesis one more vector bundle
morphism ¢p : B— B’. Then the compatibility condition must be modified to
the condition

pa(T)opp=pcorT, V7 € B*® C =~ Hom(B,C) C A.

We can prove that there is a unique DVB morphism ® : D — D’ such that the induced
vector bundle morphisms between the side bundles B, B’, the core bundles C,C” and the
linear bundles E, Al are vB,pc and @ 7, respectively. The proof given above to Prop.
works just fine, with the only modification that we define, instead of ,

®(d) := ¢ 3(0)(B(D))-

An important observation, already suggested by the proposition above, is that a DVB
morphism ® that preserves a common side bundle is completely determined by its action
on linear and core sections. This is the content of the following simple, though useful,
lemma.

Lemma C.26. Let
®: (D;A B;M)c— (D'; A", B; M) ¢

be a DVB morphism over the identity on B. Then ® induces maps
&)lin : Flin<DB) Hrlin(DlB> and 6core : I‘core(l)B) Hrcore(DlB) (C39)

which completely determine ®. More precisely, given any d € D, we can find v € T'jin(Dp)
and B € Deore(Dp) such that

®(d) = Pin(7) (q5(d)) + Ceore(B)(g5(d)).

Proof. We have already seen that a DVB morphism preserves core and linear_sections
(Props. MI and [A.11)), therefore we obtain the maps ®j;, and P.ope stated in ||

Now let d € D,,, and choose a decomposition D 2 A @ B ® C, so that d = (a,b, c).
Suppose first that b # 0. Then we can find 75 € I'(Hom(B, C)) such that v2(m)(b) = c.
Also we can find o € I'(A) such that a(m) = a. Then, by Prop. we obtain a linear
section v € T (Dp)

= (a,’yg) € F(A D HOHI(B, C)) = Flin(DB)7
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such that v(b) = (a(m), b, y2(m)(b)) = (a, b, c) = d, which implies that

®(d) = ®(v(q(d)) = Pin(y)(a5(d)).

Now, in the case gg(d) = 0, choose 5 € I'(C) such that 5(m) = ¢, and define B e
Fcore(DB) by

Then, setting v := (a,0) € T'(A ® Hom(B, C)) = 'y (Dp), we obtain

v(g5(d)) + Blgs(d)) = (a,0,0) +(0,0,¢) = (a,0,¢) = d,

oy

whence

[ ]

Next proposition provides a converse for Props. [A.10| and |A.11} thus characterizing,

in terms of core and linear sections, when a vector bundle morphism, which is the identity

on a common side bundle, becomes a DVB morphism. This characterization was stated,
in [23] and its proof left as an exercise.

Proposition C.27. Let (D; A, B; M)¢c and (D'; A', B; M) ¢ be two double vector bundles
with a common side bundle, B. A vector bundle morphism ® : Dp— D'y over the identity
is a double vector bundle morphism, that is, preserves also the structures over A and A’,

respectively, if and only if the induced map on sections over B, also denoted by ®, satisfies
(I)(Flin(DB)) C Flin(l)/B) and (I)(Fcore(DB)) C Fcore(DlB)-

Proof. We have already seen that a double vector bundle morphism preserves linear and
core sections. So let’s prove that this condition suffices in order to ® be a double vector
bundle morphism. We can work locally, and so suppose that D and D’ are decomposed
(Prop. . We need to prove that ® : Dy — D',, preserves fibers and the linear
structure.

Let d € D,,. By lemma we can find v € 'y, (Dp) and E € Leore(Dp) such that

®(d) = Diin(7)(g5(d)) t Deore(B)(a5(d)).
Since &)lin(7) is a linear section on D', it projects over a section o/ € I'(A’), thereby

qar 0 ®(d) = qar 0 Biin(7)(gB(d)) + qar © Beore(B8) (g5(d)) = o/ (m),

where, by definition, o/(m) = g o 7/(0%(m)). Now, by the construction of v (see the
proof of lemma |C.26)), we have (05 (m)) = (a,0,0). Hence,

qar 0 ®(d) = o/ (m) = qu 0 ® 0 (0% (m)) = qar 0 ®(a,0,0) = g 0 P 0 04(qa(d)),
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which means that ® : Dy — D’,, preserves fibers.
Now let’s see linearity. Let dj,ds € D such that ga(di) = ga(d2) = a. Then d; =
(a,b1,c1) and do = (a, ba, c2). Hence

dy jl_ do = (a, b1 + by, c1 + CQ).
Let v € I'in(Dp) such that

(b1 + b2) = v(b1) j}-v(bz) = (a, b1,0) ;’1‘ (a,b2,0) = (a,by + b2,0),

and let E € Deore(Dp) such that

ﬁ(b1 + 52) = (0,b1 + bo,c1 + CQ).

Then (v + B)(b) = dy + da, with b := by + bo; so, using that ® preserves linear and core
B A

sections,

®(di 4 dp) = Oy £ B) =+(b) t B'(b),
where v/ := ®(7) € [jin(D’) and 5 := ®(B) € Teore(D3). Hence
q5(2(d1 4 d)) = a5(v'(0) £ B'(6) = b= b1 +bs. (C.40)

On the other hand, since ® : Dgp — D5 is a bundle map over the identity,

q5(®(d1) + &(dz2)) = q5(2(d1)) + q5(®(d2)) = b1 + ba. (C.41)

Therefore, from (C.40|) and (C.41), it follows

qp(®(d: " dz)) = qB(®(d1) pe ®(dz)). (C.42)

It remains to show ger (P (dy jx_ d2)) = qor (P(dy) ;ll— ®(dy)). To compute g (P(dy j da)),

notice that ®(Teore(DB)) C Teore(D’z) implies, for ¢ € C, after choosing a section 3 :
M — C with B(m) = ¢, and taking its corresponding core section (3,

(c) = 2(B(07(m))) = 5'(0%(m)),

whence ®(C') C C’. So ® induces a vector bundle morphism ¢ := ®|c : C — C’ over
the identity. So we have

qor(®(ds + da)) = qor (7 (b)) + B/ (b)
= qcr (' (1) 1 v (b2)) + wcler + co)

= 75(b1) +75(b2) + @c(e1) + wolca). (C.43)
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_ Now we compute ®(d;) and ®(dz). As we already observed, we can find core sections
p1 and 2 such that £1(b1) = (0,b1,c1), and B2(b2) = (0,b2,c2). Then

di = (a,b1,c1) = ~(b1) Jgﬁl(bl)
and do = (a, bQ,Cg) = "y(bg) —g gg(bg).
So we have B
®(d1) = @(v(b1)) 1 O(B1(b1)),

hence qor (®(d1)) = ¥4 (b1) + ¢c(c1). Analogously we can show that gor (®(dy)) = v4(ba) +
wc(c2). Therefore, taking (C.43]) into account,

g (P(d1) 1 ®(da)) = 15(b1) + pc(e1) +75(b2) + ¢olc2) = gor (®(dy " da)).

C.4 Linear and core sections on the dual
Lemma C.28. A section v € I'(Dy) is linear if and only if
a) (v,0)a is a fiberwise linear function for every ¢ € I'in(D%), and
b) <7,§>A is fiberwise constant for every gE LCeore(DY).
A section B € I'(Dy) is core if and only if
c) <§, @) A is fiberwise constant for every ¢ € I'yin(D%) and
4) (B.8)a = 0 for every £ € Teome( D).
Proof. If v € T'in(D4) and ¢ € T'in (DY), then, for a1,as € A, we have, using Eq. ,
(v(a1 + az), @lar + a2))a = (v(ar) £ v(az), ¢(ar) + Haz))a
= (v(a1), #(a1))a + (v(az), d(a2))a,

which means that the function a — (y(a), #(a))a is linear.
If £ € Teore(DY), with & € I'(B*), then by Cor. and if v € Ty, (D 4) maps over the
section a € I'(B), we have

(7(a),€(a))a = {ap 0 7(a), (" (a))) = (a(m),£(m)),

which means that the function a — (y(a), £(a)) 4 is fiberwise constant. N

Conversely, if v € T'(D4) satisfies items a) and b) of the lemma, then for every £ €
Leore(D%), with £ € I'(B*), item b) implies that the function a—(vy(a), &(a)) 4 is fiberwise
constant. By Cor. we obtain that the function

a— (g5 0 7(a), £(¢"(a)))
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is fiberwise constant, which implies that g4 o~y is fiberwise constant. Thereby, v preserves
fibers and we obtain a section a € I'(B) such that

qp 0 v(a) = a(q”(a)).

Now, item @) implies that, for every ¢ € I';i, (D% ), the map a—(y(a), ¢(a)) 4 is linear,
whereby, for a1, a2 € A with a; 4 a2 # 0, and any v € D}, ,, choosing ¢ € I';j,(D% ) such
that ¢(a; + ag) = v (which is always possible since a; + a2 # 0), and using Eq. (B.4]), we
have

(v(a1 + az2),d)a = (v(a1 + az2), p(a1 + a2))a = (y(a1), ¢(a1))a + (v(az), p(a2))a

By a continuity argument, we conclude that
(a1 +a2),d)a = (y(a1) £ 9(az), d)p

for every d € D} |, with ai,as € A arbitrary (not necessarily satisfying a; + az # 0),
which means v : A— Dp is a vector bundle morphism over «, that is, v € T'jjn(D4).

Now let’s prove the second part of the lemma, the one concerning to the characteriza-
tion of core sections. If 5 € T'core(Da), with f € T'(C) and ¢ € I'y, (D7) which maps over

a € I'(C*), then by Cor.
(B(a), $(a)) 4 = (B(g"* (@), w0+ © $(a)) = (B(m), a(m)),

which means that a— (B3(a), ¢(a)) 4 is fiberwise constant.
If € e Ceore(D%), with £ € T'(B¥), then, for every a € A, £(a) € ker m¢-, whereby Cor.
implies that L
(B(a),&(a))a = 0.
Conversely, let 5 € I'(D4) be any section satisfying items ¢) and d) of the lemma.
Then, using Cor. item d) implies that

(B(a), (@) a = (gp © Bla), (¢ (2)),

which in turn implies that ¢qp og(a) = 0Va € A, that is, E takes values on kerqp =2 A9 C,
so that we can write

B(a) = (a, Bc(a)) = 04(a) t Bel(a),

with EC = po ogz A—C', where po : ker qg =2 A@® C—C is the projection. Now, item
¢) and Cor. implies that, for ¢ € ', (D7) over o € T'(C™),

(B(a), d(a))a = (Be(a), 7o+ © d(a)) = (Bo(a), a(q?(a)))
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is fiberwise constant. Since, for any o € I'(C*) we can find ¢ = & € I'jinear(D?) over o,
we conclude that B¢ is fiberwise constant, which means that

Bo(a) = Bg™(a))
for B € I(C) defined by 8(m) = Bc(04(m)). Therefore,

Ba) = 0a(a) £ 10 B0 0" (@)

that is, B is a core section.
]
Now we use the lemma to prove the characterization of linear sections of a DVB stated
in Cor.

12

Corollary C.29. There is a canonical 1:1 correspondence between sections in I'in (D7)
['(C*g) and pairs of linear maps

fi:A—B* and fc:C—R,
such that the following compatibility condition is satisfied
fa(r) = feor, V7 € Hom(B,C) C A.

Proof. If we take ¢ € I'i,(Dj) = F(@B), then by the easy part of Lem. we obtain
linear functions f3 : A— B* and fo : C — R, by setting
fA\(O-) = <07 ¢>B and fC(C) = <E7 ¢>Ba

where of course we are identifying C30(B) = B*. Since Lem. already tells us that
f3 and fc are linear, we only need to check the compatibility condition, which is just
linearity of (-,-) p with respect to the product of a linear function. Indeed, there is no loss
of generality if we take 7 of the form 8 ® ¢ € Hom(B, C). In this case we have

fa(r)=(8®¢c,é)p=pB(C )5
= fo(e)B = fcor.

Conversely, if we have such f; and fc, arguing similarly as we did, for example, in the

proof of Prop. for every d € D with b = ¢p(d) # 0 we can find o € A such that
o(b) = d. Then we define ¢(b) € (D})s by

<¢(b)7 d>B = fA\(U)(b%
and extend ¢ to the whole bundle B by setting, for d = (a,c) € ker qg = A& C,
(@(05(m)), (a,¢))p = fol(e).
We must check that ¢(b) is well-defined. If 0,0’ € A satisfy o(b) = o’ (b) = d, then

qa((o = 0")(b)) = qa(d 4 =0,
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whence the compatibility condition implies that c—o’ = 7 € Hom(B, C) C A and 7(b) = 0.
Then,
f2(0) () = £2(0")(b) = f2(0 — ') (b) = f3(7)(b) = fe(r(b)) = 0.

Therefore we have a well-defined section ¢ € I'(D7%;), which is smooth as it is easily verified,
for example by using adapted coordinates. Also observe that, by definition, for ¢ € C C D
we have (¢(b),c)p = fo(c). Therefore, ¢ satisfies conditions a) and b) of Lem. from
which we conclude that ¢ is a linear section.
It is clear that the two processes described above are inverses one of the other, so we
have the desired canonical 1:1 correspondence.
]

C.5 The double-linear bundle

In this section we introduce the so-called double-linear functions on a DVB, D, which
are equivalent to linear sections of any of the two duals of D, which therefore also form
a vector bundle structure, which we call the double-linear bundle. This enables a better
understanding of the isomorphism 7' : A Hﬁ*, allowing to arrive to it without resorting
to decompositions (see Rmk. . Most important, Prop. is instrumental to show
the duality between representations up to homotopy corresponding a VB-algebroid and to
the VB-algebroid structure induced on one of its duals, c¢f. Thm. [E.32]

Finally we show how, for any DVB morphism, the double-linear bundle enables to
associate a morphism between duals of certain linear vector bundles (isomorphic to the
corresponding double-linear bundle, see Prop. , which is actually a morphism of
exact sequences. For more details see Prop. Moreover, in the next chapter we
will see that the double-linear bundle is the bridge between the category of double vector
bundles and the category of double vector sequences, cf. Thm.

Definition C.30. Let (D; A, B; M )¢ be a double vector bundle. A function p € C*°(D)
is called double-linear if it is linear with respect to both vector bundle structures:

p(da + do) = p(dy) + p(dz),
for dy,dy € D with ga(d1) = ga(d2); and
p(ds t dy) = p(ds) + p(da),

for ds,ds € D with qB(dg) = qB(d4).
The set of double-linear functions is called double-linear bundle, and is denoted by
Ce(D).

Remark C.31. It is immediate that C3S(D) is a vector subspace of C*°(D).

Proposition C.32. C:2(D) admits a vector bundle structure over M, whose fiber over
m € M is given by
Cin(D)m = {ulp,, : p € CiL(D)},
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where Dy, is the slice of D over m:

D, :={deD: qA oqa(d) = qB oqp(d) =m}.

We have
Cin (D), ={v € C°°(Dyy,) : v is double — linear}. (C.44)
Ce(D) fits in the exact sequence
0— A* @ B* - (D) 2 ¢* —0, (C.45)
and . .
C*a=C*p = Ch(D) (C.46)

holds, where é:A is the linear vector bundle corresponding to the linear sections of D7,

and @B the linear vector bundle corresponding to the linear sections of D7.

lin
for each m € M. We need to prove that C30 (D) has a differential manifold structure and

that it is locally trivial. Let’s take adapted local coordinates on an open set D|y, U C M,
with mg € M C D (see Def. [A.21)). For f € C*°(D) apply Hadamard’s lemma fiberwise
twice, we get,

f@',a, B k5) = f(m) + o fa(d) + B°fo(d) + K fe(d)
= f(m) + a®(fa(m) + a®ga(d) + Bgs(d) + K ge(d))
+ Bb( fo(m) + a®ha(d) + BPhy(d) + £°ge(d))
KE(fe(m) + a®la(d) + 8Ly (d) + K°le(d)),

Proof. By remark we have naturally defined vector space structures on C5°(D)y,

where d = (2%, 0%, 8% k°) and m = ¢* o qa(d). Now, if f = p is double-linear, we get
pu(m) = 0, and applying again Hadamard’s lemma, now to each function go,ha, ga, for
a = a, b, ¢, the double-linearity leads us to conclude that

fa(m) = fo(m) = fe(m) = 0;
9ga(d) = 0; g6(d) = gp(m); ge(d) = 0;
ha(d) = ha(m); hy(d) = 0; he(d) = 0;
a(d) =0; lb(d) =0; hc(d = hc(m)
Therefore,
p(zt, 0, B2 k) = a®BP gy (m) + K pe(m), (C.47)

where pgp(m) = gp(m) + he(m) and pe(m) = he(m). Of course any collection of functions
Haby e € C°(U) furnishes a double-linear function given by formula (C.47). Thus, we
have obtained a bijection

Cin(D)lv — (A" @ B* & C7)|y.
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We use this bijection to endow Cf2(D)|y with a vector bundle structure. If we use another
adapted coordinate system, then using formulas (A.9) we get

Hab = DG®Ypuz; + Doy pe = Popg,
so that {pqep, tc} transform linearly. Therefore, C3° (D) is a vector bundle over M with
rank Cty (D) = rank A rank B + rankC. (C.48)

Also, from we see that, given a double-linear function v on D,,, we can extend
it to a double-linear function p on D]y, by setting jq, and . constants on U. Now take
a bump-function on U, and extend it to a function ¢ on D, constant on the slices D,;.
Then it is immediate to see that

fi(d) = (C.49)

¢(d)u(d) if d € Dly
0 ifdé¢D|y

defines a double-linear function on D. This proves ((C.44)).

Now let A € Ay, ® B, then we define ¢(\) € C52(D)m, by
() = (A qa(d) ® gp(d), (C.50)
which is obviously double-linear. Thus we have an injective map
t: A" ® B*— Cpo (D).
Let this time v € C32 (D), then we define p(v) € C* by
{p(v), ) = v(c)

for every ¢ € C,,, where, in the right-hand side we are considering C,, embedded into
D,,,. Using a decompositon of D we see that p is surjective, with left-inverse ¢,. Since
C = ker g4 Nker gp it follows that p o = 0. By rank reasons (see eq. ), we obtain
the exact sequence ((C.45)).

To prove C* 5 = 2o(D) let’s take v € CL2(D),, and associate o € C*p by setting

lin
(0%(b),d)p :==v(d), b€ By,,d€ Dy. (C.51)

We need to check that o is indeed an element in ((/7\* B)m- Because of the linearity of
v with respect to the structure over B, it follows that actually o%(b) € (D%)p. Now, for
any ¢ € Cyy,,

(mc-(0p(b)), ) = {o5(0), 05(b) + c)p = v(05(b) 1 ¢) = v(c),

which implies that o%(b) € (D})x, with x € C}, defined by (k,c) = v(c). Now let
b1, b0 € By, then, for di,ds € D, with qB(dl) = by and qB(dQ) = bo,

(o5(b1 + b2),dy —‘l‘— do)p = v(dy —X dy) = V(dl) + I/(dg) = <0’%(b1)7d1>3 + <O’%(b2),d2>3

— (6% (b Y (by), dy + ds) .
(o(b1) (:l;UB( 2), d1 j 2)B
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Thus, o}, € Hom(By,, (Dj)x), and since o'5(b) € Dy, it follows that ol € (@B)m. Hence,
we have obtained a map

—

Zp:Ci(D)— C*p

) (C.52)
v HO—B?

which is linear in the fibers as follows directly from the definition, so that Zp is a vector
bundle morphism. It is actually an isomorphism, for, if o € Hom(B,,, (D%)x), define

Ve(d) :=(o(b),d)p, b=qp(d).
Let dy,d> € Dy, then
Vo (di t da) = (o(b), dy + da)p = (0(b),d1)p + (0(b),da) B
= Vo (d1) + Vo (d2).
Now let di,dy € Dy, a € Ay, then gp(d; jx_ dy) = by + be, where by = ¢p(dy) and
by = qp(d2). So we have the following
+(d do) = b bs),d d = b bs),d d
Vo ( 1:1; 2) = (o(b1 + b2) 11; 2)B = (o 1)(-;0( 2) 11- 2)B
= (o(b1),d1)B + (0(b2),da) B = Vo (d1) + V5 (d2).

Therefore v, € C32 (D), and, for b € By, and d € Dy,
(ZB(vo)(b),d)p = vo(d) = (0(b),d) B;

that is, Zp(v,) = o, which shows that Zp is an isomorphism. Hence Crp 2o(D) as

we wanted. .
Analogously it is shown that C* 4 = C2(D), with the isomorphism

lin

—

Za:Cin(D)—C*4

5 (C.53)
14 —_— OAs
where
(ch(a),dys :==v(d), dE€ D,. (C.54)
[

Proposition C.33. Let Z := Zpg o Zgl, where Z4 and Zp where given in and
, respectively. The following diagram commutes

A@Br— A O, P o (C.55)

| L

BroA*— B L Cxp—— PP,

where x : A* @ B* — B* ® A* is the transpose: x(¢) = ¢*.
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Proof. pp o Z = py follows directly from the definitions of Z4 and Zp. So it remains to
prove only that
Zoua(¢) = 5(97), (C.56)

for every ¢ € (A* ® B*),,. Solet a € Ay, b € By, and d € D, with ga(d) = a and
qp(d) = b. Let’s compute:

(g 0 #(0)(0), d)p = (08 (b) 4 &7 (b),d) = (¢7(0), @) (from (B.9))
= (¢(a), b). (C.57)
On the other hand, by the definitions of Z4 and Zp, we obtain

(Zo1a(@)(b),d)p = (Zp o Z1" 014()(b),d)
= (Zpou(p)(b),d)p = t(¢)(d), where ¢ : A* ® B* — Cjin (D) is the inclusion

= (¢, a®b) = (¢(a),b). (C.58)
From (C.57)) and (/C.58) it follows .

Proposition C.34. Let (D; A, B; M )¢ be a double vector bundle. Consider its flip (D; B, A; M) ¢
(see Def. . Let’s denote the first DVB by D and the second by Dp. Then we have
the exact sequences

A" @ B 4 02(Da) - ¢ and B A* 2 02(Dp) - O,
which are related by

LA

A* @B — 02 (D)) —— CF (C.59)

BroA oDy P

where Flip : Dp — Dy is the canonical identification of a double vector bundle with its
flip, and Flip* is the restriction of the pull-back map to the set of double linear functions.

Proof. We have already introduced ¢4, which is given, for A € A* ® B*, by
ta(A)(d) = (A, qa(d) ® qB(d)).

Analogously, we can define, for n € B* ® A*,
t(n)(d) = (n,q5(d) ® qa(d)).

For any A € A* ® B* and 7 € B® A we have

(A5, 7) = (A, 77).
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This can be verified taking A and 7 of the form a ® 8 and b ® a, respectively. The general
case follows by linearity. Then we have, for any A € A* ® B*,

ta(A*)(d) = (X, qB(d) @ qa(d))
= (A, qa(d) ® gp(d))
= 1a(A)(d),

where we are omitting the identification Flip and denoting indistinctly d € Dg and d € D 4.

From this follows ((C.59)).

Remark C.35. With the identification given in Prop. we see that it is more

accurate to see the isomorphisms Z4 and Zp defined in (C.53) and (C.52)), respectively,
as mappings

Z4:C02(Da)—C*4  and  Zp: C2(Dg)— C*p,

so that the isomorphism Z : C~ A —C* p fits in the diagram

A*® B* A C* 4 A c* . (C.60)
Id zy! Id

A@B A L om(Dy)\ — P
* Flip* z Id

B @ A*—2 . Co(Dg)) —L— C*
Id ZB Id

B*® A* = C*p i C*

Proposition C.36. Consider the isomorphism Y 4 : D% — (D})5« given in Prop. .
Let Y 4 : C*4— C*p, be the induced isomorphism between the linear bundles, given by

Remark[C19 Then,
Z=T"'o7,. (C.61)

Here Z : @A —)@B 18 the morphism given in Prop. and T~1: @B* —)@B 18
the isomorphism given in Prop. with (Dg)é&w playing the role of D and we identify
Dy, with (Dg) s ) e -

Proof. Pick a decomposition for D, which, as we have already seen, induces decompositions
for the duals and horizontal lifts for the several linear bundles involved. In particular, we
have (non-canonical) isomorphisms CHy *®Hom(A, B*) and C*p = *®Hom(B, A*).
It follows from diagram and Eqgs. (C.54) and (C.51)) that, in terms of these decom-
positions, the isomorphism Z is given by, for (k,01) € C* @ Hom(A, B*),

Z(k,01) = (K, 07). (C.62)
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On the other hand, since v4 = —Id, where v 4 is the vector bundle morphism induced on
the side bundle A by T 4, we get

~

Ya((o1))(a) =T a0(or)0 vgl(a) =T ouo1)(—a)
= T4(04(~a) 1 01(~)) = 0a(a) + (~01)(a).

whence, in terms of the decomposition,

o~

Ya(k,01) = (K, —01).
From ((C.25)) it follows that, in terms of the decomposition,
T~ oY a(k,01) = Ak, —01) = (k, 7). (C.63)

From (C.62)) and (C.63)) it follows (C.61])).

Remark C.37. In particular we obtained the formula
T=YTpro0Z !

which expresses T without the need of an auxiliary decomposition. Of course in order to
obtain T corresponding to the linear bundle A as in Prop. |C - we must begin with the
right double vector bundle, namely, D}, and C* playing the role of A. Applying Prop.
to this DVB instead of D, we obtain the formula, this time for 7T : A—s A\*, the

precise map of Prop. R
Z=T"0(Yc+),

where Z is the isomorphism given in Prop. |C.33 -, but this time D7 is playing the role of
D, so that now Z is an isomorphism between Ac-, the linear bundle of (D%)%., and A B,

the linear bundle of (D%)5 = D. Thus, the formula for T is

T=Yc0Z L (C.64)

We saw in Prop. and Rmk. that under certain circumstances, a DVB
morphism induces a vector bundle morphism on the corresponding linear bundles. The
process described there requires that the base morphism is a bijection. The problem is
that we are inducing the morphism on the “functorialy wrong” linear bundle. The double-
linear bundle enables to establish an induced morphism on the “right” linear bundle, for
any given DVB morphism. This is what we address in the following proposition.

Proposition C.38. Let ®: (D; A, B; M)c— (D'; A', B'; M’)C/ be a double vector mor-
phism. Then, ® induces a vector bundle morphism ® : (C'* )* (C’*B/)*, over -
Explicitly, using the identification , let n € C(D)y,, then we define ®(n) €
Clm( )GDM( )by

(@(n), V) = (n, @), (C.65)
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where V' € C2(D') and ®*V' € C2(D)y, is defined as usual by ®*v'(d) := v/ (®(d)).

enr(m)s lin

The following diagram commutes:

*

C—p>(6\*3)* E— Y , (C.66)
Jsoc JEIS JSDA@‘PB
o —>p* (C/'EB/)* —)Ll* A'® B
where we are identifying C = C**, ¢! =2 C™**, (A*®@B*)* =2 A®B and (A*@B"™)* =2 A/®B’
in the canonical way.

Proof. 1t is evident that 1D determines a well-defined vector bundle morphism d
(C*p)*——=(C"™ r)* over . So we only need to check that the diagram (C.66) commutes,
which consists, under the identification ((C.46)), of straightforward computations:

e for ce Cp, and 0 € C2(D')*

I ori(m) W€ have

(@ op™(c),n') = (p"(c), @) = 2™/ (c) =1 (2(c)) = ' (¢c(c))
= (0" (pc(e),n'),
thence, ® o p* (¢) = p™*(vc(c)).
o for n € Cg5(D);, and X' € (A™ @ B™),, (m) We have
("o ®(n), X) = (/(N),2(n) = (n, @/ (X)).
On the other hand,
(pa®pp o (n),N) = (n, (¢4 ® £B)m(N))).
Thus, in order to show that /* o </IS(77) = @A ® @po*(n) it suffices to show
O/ (N) = u((¥h @ ¢B)m(X)). (C.67)

So let d € D,,, we have

/(N)(d) = ' (X)(2(d) = (N, qa(®(d)) ® ¢5(2(d)))
= (X, alga(d) @ ¢5(g5(d))) = (¥4 @ PB)m(X), qa(d) ® ¢5(d))
= (4 @ e)m(X))(d),

which gives (C.67)).
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Remark C.39. If ®; : D — D’ and ®, : D' — D" are DVB morphisms, then the
corresponding induced morphisms given by Prop. satisfy

By 0By = Dyo dy.

Indeed, let n € CR°(D)* and v € C2(D”), then

lin lin
(@0 D1(n), ") = (1, (@20 1)* (V"))
= (1, ®}(@5("))
= (@1(n), ®3(")
= (Bo(D1(n)), V")

When ® : D —— D’ is an isomorphism, there rises the natural question about the
relation of the induced morphism of Prop. [C.3§ and the induced morphism given in Cor.
We answer this in the next proposition.

Proposition C.40. If ® : (D; A, B; M)c — (D'; A/, B'; M')¢r is an isomorphism, then
the following diagram commutes

P*

Cin(D") ——— (D) , (C.68)
J/ZA, JZA
~ %, g
C/*A’ A C*A

where <I/>§l : @‘A/ — 6'\*,4 is the vector bundle isomorphism induced by ® that was given
in Cor. but here we are choosing the side bundle A instead of B.

Proof. On one hand, by Cor. [C.20] we have
(o)) =00’ opa, Vo €CHu,
whereby, for every d € D
(% 0 Zu(V)(ga(d)),d) 4 = (0% © @a(ga(d)), B(d)) = V'(B(d)).
On the other hand,
(Za o @ (V)(qa(d)),d)a = @*(V'(d)) = V'(®(d)),

thus we conclude that Cfi o Zpr=Zp0d*(V).
[

Proposition C.41. If, in the situation of Prop. we choose decompositions D =
A®B®C and D' =2 A'@B'®C’, which in turn induce decompositions C2(D)* = AQ B&C

lin
and C2(D')* = A" ® B'® C’, then the induced morphism ® has the expression
B(n,¢) = ((pa®@ pp)(n),0c(c) + ¥(n),  neA®B,ceC, (C.69)

where U : A® B— (', is given in the expression of ® in Cor. .
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Proof. First notice that, from Eqgs. (C.46)), (C.10) and (C.54)), we have that the horizontal
lift of (C.45)), induced by the decomposition, is given by

b CF— C(D)
K —qo(k), ac(k)(d) = (K, qo(d)).

Analogously, ¢ : (C")* — C72(D') is given by ¢

lin

Now, given (X, ) € (A')*® (B')*& (C’)*, on one hand, by Cor. [A.24|and Eq. (C.50),

we have

*(/(N)(d) = /(N)(®(a,b,¢)) = ' (N)(pala), (D), pc(c) + ¥(a,b))
= (N, pa(a) ® pp(b))
=N, 04 ®pp(a®b))
= (pa @ pp)*(X)(d).

On the other hand

" (¥ (r')) = ' (K)(2(a, b, ¢)) = 9'()(pa(a), p5 (D), pc(c) + ¥(a, b))
= (v, pc(c) + ¥(a,b))
= ¢0(5)(qc(d)) + ¥ (k) (a @ b)
= Y(po(r)(d) + ¥ (x)(d),

where we are identifying ¥ € Hom(4A ® B,C’) & A* @ B* ® (C')* = Hom(C’, A* ® B*).
Therefore from the two equations above we obtain

(N +K') = (pa @ @) (X) + U(K) + 0 (K),

whereby, for n € A ® B and ¢ € C, and denoting the induced horizontal lift by 1; :
A® B— C2(D)*, we get

lin

(B(p*(c) +9(n)), ' N) + ' (&) = (p*(c) + (), ' (pa ® op)* (X) + U(K) + ¢ (05 (r)))
= ((pa @), N) + (¥(n),s") + (pc(c), w')
= (p*(pc(c) + () + ¥((pa @ oB) (1)), ' () + ' (K)).

Thus, (¢, ) = ((pa @ )(1), po(c) + ¥ (n)).

C.6 The Whitney sum in the DVB category

In this section we briefly discuss the Whitney sum of two DVB’s over a common side
bundle. We describe its second side bundle, the core and linear bundles, and the induced
horizontal lifts. The main reason we introduce this material is to understand the main
example that prompts the main aspects of the theory developed in this work: T A QE T*A.
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Proposition C.42. Let (D; A, B; M)¢ and (D'; A, B'; M) ¢ be double vector bundles with
one side bundle in common, A. Then the pull-back bundle

D x D,
(qa,A,q"y)

denoted simply by D ?2 D’ is again a double vector bundle with side bundles A and

B X B’ = B® B’, and core bundle C X C'=CaqcC.
(¢%,M¢B") (¢°,M,q°")

Proof. We need to describe the vector bundle structure over B & B’. The projection is
qBap = (4B,9B'),
and the zero section is given by
Opap = (08,0p),
where
0s:BaB 2% B2 D,
g :BaoB "5 B % D
Now, for (dy,d}), (d2,d}), with qpgp/(di,d)) = qpep(da, dy), addition is given by

(dl,dll) BG—IB-B/ (dg,dé) = (dl -g dg,dll ;—/ d/2)

It is easy to verify that adapted coordinate systems for D and D’ provide an adapted

coordinate system for D x D’. From this observation follows the rest of the statement. m
A

Proposition C.43. Let D, D’ be double vector bundles with a common side bundle, A.
Then there is a natural isomorphism

F]in((D i D/)B@B’) = Flin(DB) ﬁ th(DlB/), (070)
where

Tiin(Dp) X Diin(Dpr) == {(0,0") € Tin(Dp) x Tin(Dp/)|gaco =gy o0’}

Consider the linear bundles corresponding to I'in(Dp) and Tin(D'), respectively, fitting
i the exact sequences

BoC 5 A4 BYedo - A LA
Then the pull-back bundle

A x A,
(p,Ap")
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which we will denote simply by ﬁi A\’, fits in the exact sequence

o)

B*eC)e(B)YeC) -5 A x A - A4,

(p,Ap)
where ~
T=1opr: (B*®C) 6 (B) ®C)—A
J=1opry: (B*®C) @ ((B) ®C)— A
and

™ =popry =p opre.

Finally, there is a canonical 1:1 correspondence between pairs of horizontal lifts 1,1 of
A and A’, respectively, and horizontal lifts

(') : A—s A x A
A
Proof. The proof consists in very simple verifications that we leave as an exercise.
|

The following corollary is an immediate consequence of Prop. and its proof again
we leave as a simple verification exercise.

Corollary C.44. The linear bundle corresponding to T, ((D x D')gapr) is given by
A

(B*0C)® (B ®C)® (A
the corresponding linear sequence is

(BeB )@ ((Cal)—(B*@C)a (B)Y o0C)o (A

and a horizontal lift of this sequence is equivalent to a pair of horizontal lifts (1, ") off/l\
and A’, respectively.



Appendix D

Double Realization

In Prop. we saw that the right vector bundle which “reads” the information of a
double vector bundle is the dual of the double-linear bundle:

CR(D)* = (CFa)* = (C*p)",

since it is in this bundle that we can naturally induce a vector bundle morphism from a
DVB morphism. This motivates the introduction of the concept of a DVB-sequence. The
material on this appendix is based, up to some changes on the emphasis and the approach,
on [12].

D.1 Double vector sequences and the double realization pro-
cess

Definition D.1. An exact sequence of vector bundles over M,
0—C -0 A0 B—0 (D.1)

over the identity map Id;s is called a double vector sequence, or briefly a DVB sequence,
and will be denoted by (2— A ® B; M)¢.
We refer to A, B as side bundles, and C' the core. We usually identify C' with +(C).

Definition D.2. A morphism of DVB sequences, or simply a DVS morphism
(®; pa, 051 00) : (225 A® B M)e— (@ 25 A @ B, M),

consists of maps ® : Q— Q') oa: A— A’ pp: B— B’ and pp; : M — M’ each of
(P, 001), (va,em), (¢B,@ar) is a morphism of the relevant vector bundles, such that the
diagram

Q - A®B

q{ l%@% (D.2)

O L5 AeB
comimutes.

234
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Remark D.3. In the definition above, pc := ®|¢ is also a morphism of vector bundles
over .
DVB sequences together with the above morphisms form a category.

Proposition D.4 ([12]). Given a double vector sequence (Q =+ A® B; M)¢, there is an
associated double vector bundle

D) —% B
QAJV C ‘/qB
qA
A—L1 M

Here D(Q) is given by
D(Q) = {(w,a,b) € Q® A Blp(w) = a® b}.
The projections are given by
ga(w,a,b) = a; gB(w,a,b) =b.

Proof. First let’s show that D(2) — A is a vector bundle. Consider the vector bundle
over A: QP A® B— A, and the map

pP:Q®A®B—(¢M)*(A® B),
(w,a,b) — (a,p(w) —a®Db). (D.4)

—
o
N

N—

p is a vector bundle map over Id 4, since

p((wi,a,b1) j (w2, a,b2)) = p(wr + w2, a,br + ba)

= (a,p(w1 + w2) —a® (by + b2))
= (a,p(wl) + p(WQ) — (a Kb +a® bg))
= (a,p(w1) —a®by) ‘E (a,p(wz) —a @ bs)

= ﬁ(wla a, bl) jﬁ(w% a, b2)

Also, since p is surjective, it follows that im(ploga) = (¢*)*(A ® B), and
kerp = D(Q),

which implies that D(£2)— A is a vector bundle. Analogously it is shown that D(Q2)— B
is a vector bundle.
The zero sections are

04(a) = (0,a,0); 0p(b) = (0,0,0).



D.1. DVB-SEQUENCES AND DOUBLE REALIZATION 236

The compatibility of the projections is easily verified:
qa((w1,a1,b) t (w2, a2,b)) = qa(wi + w2, a1 + az,b) = a1 + az
= qa(w1,a1,b) + qa(w2, az, b).
Finally, the interchange law again is easy:
(w1, 01,b1) 4 (w2, a1, 82)) + (w3, a2, b1) + (wa, a2, b2)) =
w1 +wz, a1, by +b2) ~BF (w3 + wa, az, by + b2)

=(
= (w1 + w2 + w3 + w4, a1 + ag, by + ba)

= (w1 + w3, a1 + az,by) jl- (w2 + w4, a1 + ag, ba)
=(

(w1,a1,b1) -g (ws3,a2,b1)) j; (w2, a1,b2) —g (wa, az, ba)).

It remains to show that the core bundle is C, which follows from observing that
(w,a,b) € kerqqa N gp if and only if @ = b = 0 and p(w) = 0, that is, if and only if
(w,a,b) = (t(c),0,0) for some c € C.

]

Proposition D.5 ([12]). For any morphism of double vector sequences
(®: 04, 5i00) + (225 A B M)o— (@ 25 A @ B M)r,
define D(®) : D(Q2) — D(Q) by
D(®)(w,a,b) = (2(w), pa(a), pp(b)),
for any (w,a,b) € D(2). Then
(D(®); 04,83 ¢M)

18 a morphism of double vector bundles.

Proof. First we need to check that D(®) is well-defined. Let (w,a,b) € D(f2), then
p(w) = a ®b. Since the diagram (D.2)) commutes, we have

P (®(w)) = (pa ® eB)(p(W)) = (va @ ¢B)(a @ b)
= pa(a) ® pp(b).

Thus (®(w),a(a), pp(b)) € D(Q), and so D(®) is well-defined indeed.
The verifications that D(®) is a vector bundle morphism with respect to both struc-

tures follow directly from the definitions.
[ ]
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D.2 The inverse process

Recall that we have a process to pass from a double vector bundle (D; A, B; M )¢ to a
DVB sequence, namely considering the transpose of the sequence ((C.45):

0—C—Cp(D)— A® B—0,

On the other hand, we saw in the previous section a process to pass from a DVB sequence

(Q P4 B; M)¢ to a double vector bundle, given by Prop. m D(Q). In the next
proposition we show that these two processes are mutually inverse.

Proposition D.6. Let (2 LA ® B; M)¢ be a double vector sequence. Then there is a
canonical isomorphism

(CX(D(Q) —5 A B)=(Q — A® B). (D.5)

Conversely, if (D; A, B; M)¢ is a double vector bundle, then there is a canonical double
vector bundle isomorphism

D(Ci(D)*) = D. (D.6)
Proof. In order to prove (D.5)), we will build a map ® : Q* — C2(D(£2)) and verify that
it is a vector bundle isomorphism over the identity, which induces a DVS isomorphism

(@*;1d4, Idp; Idyy) : (C2(D(Q))* — A® B) — (@ —» A® B). (D.7)

Given £ € QF ) m € M, define

D) = ve € CR(D)ms  ve(w,a,b) = €(w), V(w,a,b) € D@
Let’s check that v¢ is actually a double linear function in D(),,.
ve((wr, a1, b) + (wa, a2,0)) = ve(wi + wp, a1 + a2, b) = §(wn + wn)
= &(wr) + &(w2) = ve(wr, a1, b) + ve(wo, az, b).

Linearity with respect to the structure over A is analogous.
Hence the map & is well-defined. To verify that it is a vector bundle morphism, we
compute

Vei1+& (wv a, b) = (61 + fg)(&)) = él(w) + 52("‘)) = Vg (wv a, b) + Vﬁz(w’ a, b)

Thus @ is a vector bundle morphism over Idys. Since Q* and CL2(D(12)) have the same
rank, in order to check that ® is an isomorphism, it remains to check only injectivity.
For this purpose, let’s take bases {a;} and {b;} for A,, and B,,, for some m € M. Since
p: Q— A® B is surjective, we can find also find w;; € €2, such that p(w;;) = a; ®b;. We
complete to a base {w;j, cx} for Q,,, where {c;} is a base for ker p,,,. Then, if ®(§) = v =0
for some & € 0, we get

&(wij) = ve(wij, ai,b;) =0 and  &(cx) = ve(cx,0,0) =0,
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which implies £ = 0.
Thus, @ is a vector bundle isomorphism. To check that (®*,1d4,Idp,Idss) in (D.7) is
a DVS isomorphism, we need to check commutativity of the diagram

C2(D(Q)) ——— A®B

lin
@*l lld
Q — A®B.
For n € C2(D(Q))* and A € A* ® B* we have
{(po @ (n),\) = (n,®op™ (V). (D.8)
On the other hand
(" (), A) = (n,¢(N))- (D.9)

Then we need to show that ® o p*(A) = ¢t(\) VA € A* ® B*. Now,

P op"(A)(w,a,b) = (P (Mw) = (A, p(w))
=(\a®b) = (\qga(w,a,b) ®qp(w,a,b))
=1(N\)(w,a,b),

as we wanted.
Now, given a double vector bundle (D; A, B; M), we want to show . So, now we
need a map ® : D — D(CR(D)*). Recall that

D(Cia(D)*) ={(n,a,b) € Cin(D)* & A& Blt*(n) = a ® b}.

For m € M, let d € D,, with ga(d) = a and ¢g(d) = b. Define n € C2(D)},,
depending on d € D,,, by

(M, p) == p(d),  Vu € CRa(D)m.

We claim that (n,a,b) € D(CE(D)*)m. We need to verify *(n) = a ® b. So let
A € A* ® B*, and compute

(), A) = ((A),m) = e(M)(d) = (ga(d) ® g(d), A) = (a @b, A).

Hence, we have a well-defined map ® : D— D(C:2(D)*). Directly from the definition we

lin
see that ® preserves both fibrations. It also preserves the linear structures, since

@(dl —J; d2) = (n’ a, bl + b2)a
where n(u) = u(d; —l‘— d2) = p(dy) + p(d2) =: 1 + n2. Then
o (dy ;l‘- d2) = (m +n2,a,b1 + b2) = (1, a,b1) + (92, a,b2) = (dy) jx_ O (da).

Analogously, we have ®(d; ; dy) = ®(dy) —g D(ds).
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Now, since, by definition of ®, o4 = Id4 and ¢p = Idp, in order to show that ® is an
isomorphism, it suffices to show that ¢ = Idg. Let ¢ € Gy, C Dy, then ga(c) = 04(m)
and qp(c) = 08(m). Define n € C2(D);, by (n,pn) = u(c), for every pu € C2(D)y,.
Since ¢*(n) = 0, it follows that n € ker.* = p*(C**) = C. Under this identification, the
definition of 1 shows that n = ¢. Thus, taking that identification into account, we have
®(c) = (¢,0,0), which means that po = Idc. Therefore @ is a double vector bundle
isomorphism.

[ |

Corollary D.7. Given an exact sequence of vector bundles
0—B* ®C—A—A—0, (D.10)

there is a unique, up to canonical isomorphisms, DVB

B
M

such that its linear bundle corresponding to Ty (Dp) is (canonically isomorphic to) A.

D(A) 2
qA C
qA
A—T

Proof. Consider the transpose of (D.10))
0— A*— A*— B C*.
Then, by Prop. [D.4] we obtain a double vector bundle

D(A*) 2=, o

qB A* qC*

B—* M

By Prop. we have Cﬁfl(D(;l\*))* =~ A* thus C’ﬁf’l(D(A\*)) =~ A. Then, by Prop.
the linear bundle corresponding to th(D(E*)*B) is isomorphic to A. Therefore,
D(A) := D(;ﬁ)}} satisfies the requirements of the statement.

|

With the above material at hand (Props. and , the following proposition,
which establishes the equivalence of categories between double vector bundles and DVB
sequences, becomes an exercise in category theory. A proof can be found in [I2]. This

result will allow to obtain the equivalence between the category of degree 2 manifolds and
the category of involutive DVB’s in Sec.
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Theorem D.8 ([12]). The correspondence

D: Q- A@B;M)g ~ (D(Q); A, B; M)c
D: (®;04,0850m)  ~ (D(®);0a,0B50M)

s a covariant functor from the category of double vector sequences to the category of double
vector bundles.

The correspondence given in Prop. [C.38,

S:(D;A,B;M)c ~ (CR(D)* 2 A® B;M)c

S : (P04, 0B50M) ~ (P50, 9B 0M)

1 a covariant functor from the category of double vector bundles to the category of double
vector sequences.

These functors give an equivalence of categories, that is, there are natural transforma-
tions
5:IdDVB—>©OG and 6:60@%1(311)\/5,

where Idpyp is the identity functor on the category of double vector bundles, and Idpyg
1s the identity functor on the category of double vector sequences.

Definition D.9. The functor © is called double realization.



Appendix E

More on VB-algebroids and
representations up to homotopy

In this appendix we expand, providing full details, the recent theory of VB-algebroids
and (2-term) representations up to homotopy (see Sec. [2.2), developed in [23]. The
characterization of VB-algebroids in terms of data on a linear bundle and its core bundle
(Prop. , is the inspiration, and guide, to characterize NQ degree 2 manifolds in terms
of geometric data in Ch. [ Also the duality theory, which we develop thoroughly in Sec.
will enable us to characterize degree —2 Poisson brackets on a degree 2 manifold, in
terms of the so-called metric VB-algebroid introduced in D. Li-Bland’s thesis [41], and
treated through splittings by M. Jotz in [29], where they actually receive this name.

E.1 Structure of VB-algebroids

In view of Thm. it is natural to have a characterization of VB-algebroids in terms
of the exact sequence (C.1)). In the next proposition we give the first step towards such
characterization, which will be given in Prop.

Proposition E.1 ([23]). Consider a VB-algebroid, and its linear bundle A. Under the
isomorphism Ty, (Dp) = T'(A), given in Prop. we can endow A with a natural Lie
algebroid structure, with bracket [-,-] z and anchor pz given by

[X,Y]3:=[X,Y]p,
pz(X) = pa(a), (E.1)

where X projects over o € I'(A).
Moreover, since [X,Y] is a linear section over p(|X,Y]) € T'(A) we can endow A with
a natural Lie algebroid structure with anchor pa and brackets given by

[, an) 4 = p([ag, a2] ), (E.2)

where a; € T'(Dp) is any horizontal lift of ;.
In particular, the map p : A— A is a Lie algebroid morphism, and the exact sequence
becomes a Lie algebroid sequence.

241
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Proof. The proof consists of simple verifications. Here we carry out only the less obvious
ones. Let f € C°°(M), then, since pp : D — T'B is a vector bundle morphism over

pa : A—TM, and committing some abuse of notation because of the identification
Din(Dp) 2 T(A), we have

(X, fY]; = [X, ((¢®) )Y b = (") NIX, Y]p + pp(X)(a®) )Y
= [IX, Y] 34+ pa(@) ()Y
= [IX Y] 3+ pa(X) (/)Y

Hence ([-,-] 5, p7) actually provides a Lie algebroid structure on A

We claim that t4(B* ® C) C A is a Lie algebroid ideal. By linearity and Leibniz
rule of [-,] 7, it is enough to show the assertion for elements of the form t4(8 ® c), with
B € I'(B*) and ¢ € I'(C). But in this situation, by definition it follows that t4(8 ® c)
is just the product - ¢, where 3 is seen as a linear function on B and ¢ is the core

section corresponding to c. Then we can apply the Leibniz rule to get, for X € I'(A) with
p(X) =a el (A4),

[(X,ea(B@c)lz = pp(X)(B) - ¢+ 5 [X,¢]p. (E.3)

Now, since pp is a double vector bundle morphism, it takes linear sections of Dp to linear
sections of T'B, which implies that pp(X) € I'(T'B) is a linear tangent field, which means
that preserves linear functions. Then pp(X)(5) is again a linear function on B. Thus,

pp(X)(B) - € € T(ta(B" @ O));

also 5-[X,¢|p € T'(ta(B*®(C)), since [Tin(DB), Leore(DB)]D C Teore(Dp). Hence 14 (B*®
() is an ideal of A, as we had asserted.
Noticing that, by , ta(B*®C) C ker py, it follows that A = Alkerp=A/iA(B*®
(') inherits a natural Lie algebroid structure characterized by the condition that p : A—A
is a Lie algebroid morphism, which implies in particular that the Lie brackets on A are
given by and the anchor is given by p4.
|

Definition E.2. The vector bundle A endowed with its Lie algebroid structure is called
the fat algebroid.

Corollary E.3. The vector bundle B* ® C inherits a Lie algebroid structure with zero
anchor map, and brackets given by

[0, ¢'] = [a(9),1a(d)] 5.

Definition E.4. Recall, from remark 2.11] that pp : D — T B is a double vector bundle
morphism. Then by Prop. we have a vector bundle map pp|c : C — B, where
B C TB is seen as the “vertical bundle”, which is precisely the core bundle of TB. We
define the core-anchor by 0 := —pplc.
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Proposition E.5 ([23]). The core-anchor 0 : C — B is given by

(a”)"(0(c), B) = —pp(€)(B), (E4)

for ¢ € T'(C) and B € T'(B*), where the sections of B* are identified with the linear
functions on B.
The brackets on B* @ C' (see Cor. are given explicitly by

(6, ¢') = 408 — ¢'06. (E.5)

Proof. Equation (E.4)) follows directly from the definition and the way vertical tangent
vectors act. In order to prove (E.5|), we observe, as we did in the proof of Prop. that
it is enough to prove it for elements of the form 8 ® ¢ € B* ® C, because of linearity and
Leibniz rule of the brackets. Now, by Eq. (E.3)), and since [Tcore(DR), core(Dg)] = 0, for
p=pF®c, ¢ =p @c, we have
6.0 =[B®c,B @] =ppla(B@c)(B) ¢ +p  [ta(B®c),Ip

=B pp(€)(B)c' = 8" pp(c/)(B)e

= —(0(c),f)B® ' +(0(c),B)f ®c

= ¢3¢’ — ¢/ 09,

as we wanted.

E.1.1 Lie algebroid representations; A-connections.

Definition E.6. Let A be a Lie algebroid over M. An A-connection on a vector bundle
E over M is an R-bilinear map V : I'(A) x I'(E) —I'(E), (a,e) — V4e such that:

Viag = fVae, Vafe = fVac+ p(a)(f)e,

for all f € C*°(M), e € I'(E) and o € T'(A). The A-curvature of V is the tensor given by
Ry(a,B)(e) :==VaVge = V5Vae — V(a8

for all a, 8 € T'(A), € € I'(E). The A-connection V is called flat if Ry = 0. A represen-

tation of A is a vector bundle F together with a flat A-connection V on F.

Proposition E.7 ([23]). The fat algebroid has natural representations (flat connections)
¢ and CB" on C and B*, respectively, given by

P

¢$(e) = [X,€lp, (E.6)
X (B) = pp(X)(8), (B.7)
for X € T(A),c € T(C) and B € T(B*), where, for ¢ € T(C), € € Teore(Dp) is the

corresponding core section.
Dualizing the representation (B to a representation ¢® on B by
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(CE (D), B) == pz(X)(b, B) — (b, ¢ (8)), (E.8)

we obtain the following relations between ¢¢ and (B:
a¢§ = (R0; (E.9)
$CxX — ¢Ko = [0, X5, (E.10)

-~

for all X € T'(A) and ¢ € Hom(B,C) = B* ® C.

Proof. For f € C>(M), note that fX € I'(A) corresponds, under the isomorphism I'(A) 2
Tin(Dp), to ((¢B)*f)X € T'yu(Dp). Similarly, under the isomorphism I'(C) 2 T'eore(C),
fc € T(C) corresponds to ((¢P)*f)€ € Teore(Dp). Then, using Leibniz rule we have

¢fx(e) =[((¢")" /)X, elp = ((a")" NX,€lp — pp(€)((¢")" /)X = ((¢")" f)IX. €],
for pp(c) is a vertical field on TB, and (¢®)*f is constant on fibers. Thus CJQX = f¢§.

Again by Leibniz rule,

(§(fe) = [X. ((¢°) N)elp = pp(X)((¢") /e + ((a) X, ]

e~ —

= pa(X)(fle+ fX,c].
Hence, ({(fc) = pg(X)(f)c%—fC)(’;(c). Finally, from the Jacobi property for [-, -] p it follows

~

that ¢¢ is actually a Lie algebroid representation of AonC , that is, a flat A-connection
on C.

Now, let’s see that the equation for (B also defines a flat g—connection, this time on
B*. We already observed in the proof of Prop. that since pp(X) is a linear vector
field for X € I'y,(Dp), it preserves linear functions. Now let’s compute

¢Fx(B) = pp(((@") HX)(B) = ((¢")"(F)pp(X)(B) = FCX (),
where the last equality needs to be well understood, since we are committing an abuse of

notation, that comes from the identification of sections of B* with linear functions on B.
Next we verify Leibniz rule, where we will commit the same abuse of notation

X (fB) = pp(X)(((¢°) /)B) = pp(X)((¢°)* /)B+ ((¢°) F)pp(X)(B)
= pa(X)()B+ F¢F(B)-
Since pp : Dp——T B preserves Lie brackets, it also follows that ¢Z” is a flat A-connection

on B*.

Finally let’s prove (E.9)) and (E.10).

(9¢§(e), B) = (01X, %p. B) = —pp(IX,€]p)(B)
= —[pp(X), pp(©))(B) = —pp(X)pp(€)(B) + pp(€)pp(X)(B)
= pp(X)(0(c), B) — (9(c),CX (B))
= (¢R(0(c)), B),
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thence follows (E.9).

Next, in order to avoid confusion due to our abuse of denoting by the same symbol a
section X € I‘(g) and its corresponding induced linear section of Dpg, we will introduce
the distinction similar to the one we have been making between sections of C' and the
corresponding induced core section of Dp. Namely, for X € F(A\) we denote by X e
I'in(Dp) the corresponding linear section. Analogously, we will denote by f := (¢®)*f
the function on B which corresponds to f € C°°(M). With this arrangement, we are in
conditions to perform the necessary calculations which will lead to with, hopefully,
reasonable clarity.

By linearity, it is enough to prove for ¢ = fB ® ¢, with, as usual, f € C*°(M),
B eI'(B*) and ¢ € I'(C). First, observe that is equivalent to

¢ (b) — C5o(b) = [¢, X] 5(b). (E.11)

So, we begin computing the left hand-side of the equation above.

—_—~—

_ ~ ~

oCR(b) — ¢{o(b) =f(¢B(b). B)T — [X, F(B,b)elp = fpp(X)(b, B)E — f(b, pp(X)(B))E

e —~——

— pp(X)(H){B,b)E — Fon(X)((8,b))E — F(B,b)[X,Ep

P
PO N P

= —f{b,pp(X)(9)€ ~ pp(X)(/)(8.b)E ~ f{5. b)[X,ep.
Now, computing the right hand-side of we have

—_—

[¢7X],Z = [LA(f5®C)ﬂ)?]D
= —pp(X)(N)B-€— fpp(X)(B)e - f5-[X,€p,

hence

—_—

e~

(6, X] 7(b) = —pp(X)(F)(8,b)E — Flpp(X)(8), b)E — f(8,b)[X,€|p.

Comparing both sides we obtain (E.11)).
[

Proposition E.8 ([23]). The representations ofg introduced on Prop. can be pulled
back to representations of B* @ C = Hom(B,C), 95, Gf, on C and B, respectively.
Eaxplicitly, these representations are given by

05 (c) = ¢ 0 9(c);

05 (b) = 00 ¢(b),
for ¢ € Hom(B,C), c € I'(C), and b € I'(B).

Proof. By C*°(M)-linearity, it is enough to proof the proposition for ¢ = 1 ® ¢;. We
have

65 (c) = ¢C () = [14(9).€lp = (61 - &1.€p

)
= —pp(€)(B1) - &1 = (9(c), Br)e1

P

= ¢od(c).
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Thus follows HS(C) = ¢ o J(c).
To compute 65 recall that 14(B* ® C) C ker p 7> S0 we have

(05 (b), 8) = (¢5 (5 (b), B) = —(b, pp(B1 - €1)(B))
= —(b, B1)pp(c1)(B)
= <b7 61><8(C1)7 B)
Hence, Qf(b) = 0o ¢(b).
]

Finally we are able to give the announced characterization of a VB-algebroid structure
in terms of data on the exact sequence (C.1)) and the core bundle.

Proposition E.9. There is a canonical 1:1 correspondence between V B-algebroids struc-
tures on the double vector bundle (D; A, B; M)¢ (over B) and the following structure on

the exact sequence :

e an anchor map p: A—TM,
e a Lie algebroid structure ([-,-],p) on A,
e g coremap 0:C— B,
e and two Lie algebroid representations
¢¢:A—CDO(C) and ¢%:A— CDO(B)
X— C)C( xX— (&
These structure data are related by:

1. p=popa, where py : A— A is the projection,

2. oc§ = ¢80,
3. [X,¢] = {o— oCk,
4. g{;‘:ma and Cf:@ogi),

-~

for all X € T(A) and ¢ € T(B* ® C) = I'(Hom(B, C)) C T'(A).

Proof. If Dp is endowed with a V B-algebroid structure, we have already obtained the
structure data of the statement, and showed that relations 1, 2, & and / are satisfied. So
let’s see that we can build the inverse process.

Given a sequence like , by the double realization process we can find the corre-
sponding double vector bundle (D; A, B; M )¢ such that T'(A) = Ty, (D).

In order to define the anchor map pp : Dp — T'B, it is enough to set its action on
core and linear sections (cf. lemma [C.26). Define

pp(©) i= —c € T(B) = Teore(TB); and pp(X) = ¢§ € T(CDO(B)) = 'y (T'B),
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for all ¢ € T(C) = Teore(Dp) and X € T(A) = Tyn(Dp).

Also the brackets [+, -] on T'(Dpg) will be completely determined by their action on core
and linear sections (see Rmk. . Because of the identification T'(A) = Iy, (Dp) we
have already defined the brackets for linear sections. For the other cases define

[c1,ca]:=0 and [X,c]:=¢5(c),

forall c,cq1,c2 € I'(C) 2 Teore(Dp), X € F(f/l\) = I'in(Dp). It is easy to see that conditions
1, 2, 8 and 4 imply the Lie algebroid structure conditions for ([, ]p, pp)-
[ |

E.2 Horizontal lifts and Representations up to homotopy

The aim of this section is to show how 2-term representations up to homotopy come
into scene after introducing a decomposition on a VB-algebroid, and moreover, we show
that once we fix a decomposition, there is a canonical 1:1 correspondence between VB-
algebrmd structures on D = A @ B @ C and representations up to homotopy of A on

o2 B[1], c¢f. Thm. [E.21

In the end we construct the Whitney sum of two VB-algebroids and describe its corre-
sponding representation up to homotopy after introducing decompositions on the respec-
tive VB-algebroids.

E.2.1 Horizontal lifts

Definition E.10. Let (D, [,,‘]p,pp) be a VB-algebroid. Consider the fat bundle A and
a horizontal lift ¢ : A — A. We can pull-back the A-connections ¢¢ and (B by ¢ to
induced A-connections V¢ and VP on C and B, respectively. If we denote ¥(X) = X,
for X € T'(A), we have

v§=¢% VY= (2 (E.12)

Remark E.11. The induced connections V¢ and VZ depend on the choice of the hori-
zontal lift.

Corollary E.12 ([23]). The following equations hold
doVG=VEoo (E.13)
$poVE —~ Voo =[pX], (E.14)
for X € I'(A) and ¢ € Hom(B,C).

Proof. Follows directly from Egs. and ( -

Proposition E.13 ([23]). Define K € Q%(A; Hom(B,C)) by

—

K(X,Y):=[X,Y]a—[X,Y]5 (E.15)
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for X, Y € T'(A). Then

Rye(X,Y) = 0% (xy) = —K(X,Y) 00, (E.16)
Rys(X,Y) = —0% xy) = =00 K(X,Y), (E.17)
Y (X, K(Y,Z)] - K([X,Y],2)) =0, (E.18)

cyclic

for XY, Z € T'(A), where Ryc and Rys are, respectively, the curvatures of the connec-

tions VC and VB, and we are omitting the suffizes for the brackets in for sake of
clearness.

Proof. First notice that K indeed takes values on Hom(B, ('), since, by the definition of
[-,]a we have

p(K(X,Y)) = [X,Y]a - [X,Y]4 = 0.
Next,
Rye(X,Y)(€) = V§V§e — VEVSE — Vixye
= [X,[V,q]] - [V, [X.q] - [[X,Y],¢
= [[X.7],¢ - [X.Y].¢]
= [FK(XY),8 = 0% x v (@).

Now, to prove , recall that 14(B* ® C) C kerp;. In order to perform the
calculations in a reasonably clean way, the linear sections corresponding to sections of the
form X € F(K) will be denoted the same, being clear from the context that the section is
actually a section in Ty, (Dp) instead of T'(A).

—

= —(b, pp(X)(pp(Y)(8))) + (b, pp(Y)(pn(X)(8))) + (b, pp([[X, Y])(8))
= (VXb.pp(V)(8)) = (V¥b, pp(X)(8)) = (Vi yb. B)
—(V¥VZDb, 8) + (VEVYD, B) = (Vixy b, B)
= (Rys (X, Y)(b), 5).
Finally, by Jacobi identity for both [-,-] 3 and [, -] 4, and taking into account that

(=02 () (b), B) = —(b, —pp(K (X, Y))(8)) = —(b, pp(IX, V] — [X. V])(8))
(v
) -

YR .Z)= Y 12X,

cyclic cyclic
we have
N (R KY,2)] - K(X.Y].2) = Y (R, . 2] - [V, 2] - [[X.Y]. Z] + [[X.Y]. Z))
cyclic cyclic

-SRIV Z - Y X2+ S X, 20+

cyclic cyclic cyclic

=- Y [X,7.2]- Y ([XY],z]=0.

cyclic cyclic

>

cyclic

XY

)
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Definition E.14. We refer to the 2-form K € Q%(A; Hom(B,C)) as the curvature form
corresponding to the V B-algebroid Dp.
E.2.2 Representations up to homotopy

Now we will introduce the concept of a representation up to homotopy. We need some
preliminary remarks.
Let

E:@E”
n

be a graded vector bundle and A a Lie algebroid. Then the space of E-valued A-differential
forms, Q(A; E), is graded by total degree:

QA E) = @ Q(4;E). (E.19)
i+j=p

The space Q(A; E) is naturally endowed with a Q(A)-module structure, given by

wn(at, ..., Qppq) = Z sgn(0)w(Qp(1)s - -+ > U (p) )N Qo (ps1)s - - s Va(ptgq)) s (E.20)

for w e QP(A), n € QI(A; E), where the sum is over all (p, g)-shuffles.

Let E, F be graded vector bundles. We can form the new graded space Hom(F, F')
of degree-preserving morphisms, whose degree k part, denoted by Hom" (E, F), consists
of vector bundle maps which increase the degree by k. Then Q(A;Hom(E, F)) is also
endowed with the graded structure given by , with Hom(E, F') instead of E.

There is another natural wedge product type map
A QA ENd(R)) @ QA E) — QA E),
which, for T' € QP(A; End®(E)), n € Q(A; E), is given by
TAn(as,. . aprg) = Y _(=1)%sg0(0) T, ). crn i) M Crpi1)s -+ > Yo (prg)))s

where, again, the sum is over all (p, ¢)-shuffles.

Lemma E.15 ([2]). There is a canonical 1:1 correspondence between degree n elements
of Q(A;End(E)) and operators F' on Q(A; E) which increase the degree by n and which
are Q(A)-linear in the graded sense:

FlwAn) = (=1)"WwA F(n), Vw e QA),n € QA; E).
Explicitly, T € Q(A,End(E)) induces the operator T' given by

T(n)=TAn.
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Proof. 1t is a routine to see that the operator T actually defines a degree n, Q(A)-linear
operator on Q(A; E), for T € Q(A; End(E))". Let’s prove the converse. Since F is 2(A)-
linear, its action is completely determined by what it does on Q°(A; E) = I'(E). Because
F has degree n, it sends each T'(E¥) into the sum

T(EM™) @ QYA EF Y @ Q%A B 2) oL

Denote by Fy, Fi, Fy, ... the components of F|rg. Then we define, for each k, T} €
OF(A; End"*(E)), by

(Tk)an,....a (€) == Fr(e)(aa, ..., ar) € T'(E),

for e € I'(F) and aq,...,a € T'(A). By the way we defined Fj, it follows that F' = T,
where
T =) F, € QA;End(E))"
k
[

Lemma E.16 ([2]). Given a Lie algebroid A and a vector bundle E over M, there is a
canonical 1:1 correspondence between A-connections V on E and degree +1 operators dy

on Q(A; E) which satisfy the derivation rule. Moreover, (E,V) is a representation if and
only if d% = 0.

Proof. The operator dy is defined, for n € Q*(A; E) by

dyn(on, ... aee1) = Y (=1 n(lai, g, diy o6y o)
1<j

E i+1 s
+ l vana17"‘7ai7"'7ak+l)'

With respect to the product by functions f € C°°(M) the derivation rule reads

dv(fn) = (daf)n+ fdvn,

which follows directly from the derivation rule of V. For 1-forms w € Q!(A), the derivation
rule reads

dv(wn) = (daw)n — wdyn,
which follows from the definitions of d4, dy and the wedge product , after a cum-
bersome calculation.
The derivation rule for the general case follows from an inductive argument.
Of course, given dy, we recover V simply by restriction to 0-forms ¢ € Q°(A; E) =
I'(E).
Now, if al2V = 0, then, for ¢ € I'(E), we have

0= dye(ar, az) = dy(V.e)(ar, )
= ~Via,a0€ + Vay Ve — Vo, Va6 = Ry (g, ag)e.
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Thus, Ry = 0. It follows from the same equation above, that if V is flat, then d%a =0, for
e € T(E) = Q%A; E). By the derivation rule, it follows that for w € Q¥(A) and € € T'(E),

d% (we) = dy((daw)e + (1) wdye))
= (d4w)e + (1) (dgw)dve + (—1)F(daw)dye + (—1)*wdie = 0.
Since Q(4; E) is generated, as an Q(A)-module, by I'(E), it follows that d% = 0.
[

Remark E.17. We will need to recall how to extend dy to an operator on Q(A; End(E)),
where F is a graded vector bundle, in which case, as we already saw, End(E) acquires a
natural grading. This is done demanding the following Leibniz type rule:

dy (T (e)) = (dvT)(e) + (-1)Tdge,

where T' € Q(A; End(F)) and ¢ € I'(E), and thus T'(¢) € Q(A; E).

Definition E.18. Let A be a Lie algebroid over M. A representation up to homotopy of
A, also called a degree 1 A-superconnection, consists of a graded vector bundle E over M
and an operator, called the structure operator,

D:QAE)— QA E)

which increases the total degree by one and satisfies D? = 0 and the graded derivation
rule:

D(wn) = da(w)n + (=1)*wD(n)

for all w € QF(A) and n € Q(A; E), where d4 is the associated De-Rham operator on
Q(A) =T (A A*). The cohomology of the resulting complex is denoted by H®(A4; E).

Definition E.19. A morphism & : E—— F between two representations up to homotopy
of A is a degree zero linear map

D QA E)— QA F)

which is Q(A)-linear and commutes with the structure differentials D and Dp-.

Proposition E.20 ([23],[2]). There is a canonical 1:1 correspondence between represen-
tations up to homotopy (E, D) of A concentrated in two consecutive degrees, say 0 and 1
(so that E is zero in all the other degrees), and the following data

1. Two vector bundles C and B and a vector bundle map 0 : C — B

2. A-connections on C and B, V¢ and VB, compatible with 0, which means that VB =
ove.

3. A 2-form K € Q?(A;Hom(B,C)), called the curvature form such that

va:—KO& RvB:—aOK,
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and
dvK =0,

where we are considering V := V¢ + VB as an A-connection on E := C & B, and
viewing Hom(B, C) naturally seated in End(E), so that we consider the extension
dy to Q(A;End(E)), and view K as an element in Q?(A; End(E)).

Proof. We have E = E° @ E'. Denote EY = C and E' = B. Due to the derivation rule
and the fact that Q(A; E) is generated as an Q(A)-module by I'(E), the operator D will
be uniquely determined by what it does on I'(E'), or more precisely, by what it does on C
and B. Since D has total degree 1, we have

D(I(C)) cI(B)®Q(A;C) and D(I(B)) C Q(A; B) ® Q%(4;0),
hence
D(QP(A;0)) C QP(A; B)oQPTH(A;C) and  D(QP(A; B)) C QPT(A; B)@QPT2(4;0).

Thus, we obtain a decomposition D = Dy+ D1+ D, such that D;(QP(A; E)) C QPT(A; E).
From the derivation rule for D, we deduce that D; for i # 1 is a (graded) €2(A)-linear
map, for, if wn € QP(A; E¥), then da(w)n € QP1(A; EF), so that this term corresponds
to the image of D;. By Lemma it follows that Dy and Do are given by the wedge
product with an element in Q(A; End(E)). More precisely, Dy is given by Ty € End!(E)
and Dy is given by Ty € Q%(A; End 1 (E)).

Now, since T is of degree 1, it follows that Ty(C) € B and Ty(B) = 0, thence Ty
is completely determined by the vector bundle morphism 0 := Tp|c : C — B. Analo-
gously, we have a canonical isomorphism End ! (E) = Hom(B, C), so that T5 is completely
determined by an element K € Q?(A; Hom(B,C)).

On the other hand, D; satisfies the derivation rule on each of the vector bundles C'
and B, then by Lemma it comes from A-connections on these bundles, V¢ and V5,
which put together give an A-connection V := V¢ + VP on F := C @ B, which can be
extended to Q(A4; End(FE)).

Conversely, given 9, VY, VB and K, we can form the operator degree 1 operator on
Q(A;E), D := 0 + dy + K, where 0 is seen as an element in Q°(A; End!(E)), K is seen
as an element in Q?(A4; End~!(F)) and dy is the extension of V := V¢ 4 V5 to a degree
1 operator on Q(A; E). By what we already saw, D defined in this way is a degree 1
operator that satisfies the derivation rule.

Now let’s compute D?c and D?b for ¢ € I'(C) and b € I'(B).

D?c = D(dc + dyc)
= dy(9c) + déc + K A (dc)
= (dy0) Ac — O A (dvc) + Ry(c) + (K 0 0)(c).

Thus, D?c =0 <= VP00 =00V and Rgc = —K 00.
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Analogously,

D?b = D(dyb+ K Ab)
=dib+ (dyK)Ab— K A (dyb) + (A K) Ab+ K A (dyb)
= Ry(b) + (90 K)(b) + (dvK)(b),

so that D?b =0 <= Rys = —0o K and dyK = 0.

So far we have D2 = 0 for every ¢ € I'(E) if and only if D = 0 + dy + K satisfies the
equations in the statement. Now, for w € QF(A) and e € I'(E) we have by the derivation
rule

D?(we) = D(da(w)e + (—1)FwDe)
= d%(w)e + (—=1)*td wDe + (—1)*dqwDe + (—=1)**wD? = 0.

Since Q(4; E) is generated, as an Q(A)-module by T'(E) it follows that D? = 0. There-
fore, D? = 0 if and only if 9,V and K satisfy the equations in the statement.
]

E.2.3 VB-algebroids «~ 2-term representations up to homotopy

Theorem E.21 ([23]). There is a canonical 1:1 correspondence between V B-algebroid
structures on the decomposed double vector bundle A® B®C, or equivalently between V B-

algebroids D with a splitting, and representations up to homotopy of A on E = Eg® Ey =
C @ B[1].

Proof. Given a V B-algebroid with a splitting, we saw in Prop. Cor. and Prop.
[E.13]that we obtain the data of the statement in Prop. so that we get a representation
up to homotopy of A on C & BI1].

Conversely, given a representation up to homotopy of A on C' @ BJ[1], then we need
to build a V B-algebroid structure on D = (¢%)*A % (¢P)*C. We will use the data in the

statement of Prop. to define this structure. Let’s define the anchor map. For a core
section € € Ieore(Dp), which corresponds to a section ¢ € T'(C'), we define

pp(€) = ~0¢ € Dyert(TB) = Leore(TB).

We saw in Prop. (with a different notation there) that a linear section on D has the
form L
X(b) = (X(¢”(B)),b,6(b)), that is X = X +u(¢),

B

where X € I'(A) and ¢ € I'(Hom(B, C)). We define

pp(X) = VE - 9% 0 ¢* € Tyin(TB),

where V7" is the dual A-connection of V# (with respect to p4). By lemma PD
is completely determined by knowing its action on core and linear sections. Namely, let
d = (a,b,c) € D, then consider a linear section X € T'y,(Dp) with X(b) = (a,b,0),
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which is the horizontal lift of a section X € I'(A), and a core section € € T'¢ore(Dp) with
c(b) = (0,b,c), coming from a section ¢ € I'(C'), then

pp(d) = Ea(c) 1 v

Also from Prop. [C:27] it follows that pp is a double vector bundle morphism.
Now we define [-, -] p satisfying the conditions of Def. From remark it suffices
to define it for core and linear sections. For ¢1,ca € [eore(Dp) we define

[c1,¢c2]p :=0;

for X = X + 1(p) € Tin(Dp) and € € Teore(Dp), we define
B
X &p = Ve + 6o 0(c)

Next, for )A(Jl = )/(\1,)72 = )/(\2 € I'in(Dp), we define

(X1, Xa]p = [X1, Xa]a ~K(X,Y);

for X; = X and X, = (), we define

(X1, Xo]p = «(V§ 0 ¢) — (¢ 0 VE);

-t
B
finally, for X; = 1(¢1) and X3 = 1(¢3), we define

[ X1, Xa]p == t(¢p1 080 ¢s — ¢3000 ).

As we already saw, the equations above are satisfied when the structure data 9, V¢, V5
and K come from a V B-algebroid. It follows that the structure defined by them satisfy
the axioms of a Lie algebroid, and of course, the conditions of a V B-algebroid.

|

E.2.4 The Whitney sum of two VB-algebroids

Proposition E.22. Let (D, [, |p,pp) and (D',[-,"]pr, ppr) be two VB-algebroids, such
that the induced Lie algebroid on the side bundle is the same for both VB-algebroids,
(A,[-,-],p). Then there is a natural VB-algebroid structure on the pull-back bundle (see
Prop.

D % D,

such that for any horizontal lift (v,v") of the corresponding linear sequence (see Cor.
, the induced representation up to homotopy is the sum of the corresponding repre-
sentations induced by (D, ) and (D',4') (in the proof it is made precise what we mean
with the sum of the two representations).
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Proof. We will use Prop. to define a VB-algebroid structure on D EE D’. We already

have, by hypothesis, the anchor map p: A—TM.
The core map 9 : C & C'— B & B’ we define by

d(c,c’) = (0p(c),d0p(c)), (E.21)

where dp,0ps are the core maps of D and D', respectively.
Now we need to define brackets on the linear bundle, which, by Cor. is given by

(B*®C)® (B ®C)d (A X AN.

~

By definition, a section of Ax Ais a pair of sections (X,Y’) of A and A’ , respectively,
A

such that
poX =poY.

We define, for sections (X1,Y7), (X2,Ys) € A ﬁ A,
(X1, Y1), (Xa, Y2)] == ([X1, Xa]p, V1, V2| pr). (E.22)
For ¢1,¢92 € (B*®@ C') @ ((B')* ® C) C Hom((B @ B")*, (C @ C")) we define
[$1, 2] := 1000 d2 — p2000 ¢1.

It remains to define [(X,Y), ¢] for (X,Y) € ﬁj A'and ¢ € (B*® C') & (B')* & C).
First we need to define Lie algebroid representations (C®¢" : A i A —s CDO(C ¢ )
and (B®B' . A x A'— CDO(B & B'). Set

A

(v (e, e) = (5, ¢ )(e)  and  (BEP (b, 1) = (&, () (D). (E.23)
Now we define /
(X, Y), 0] = (&%) 0 — 6B (E.24)

The last ingredient to have the data required by Prop. is to define CBGBB/ and
¢¢®¢ on (B* ® C) @ ((B')* ® C). We do it in the natural way:

CC@C :=¢od and gB@B = o . (E.25)

By construction, and because D and D’ are already VB-algebroids, it follows that the
data defined above satisfy conditions 1., 2., 3. and 4. of Prop. and thus we have a
VB-algebroid structure on D & D’.

A

Now let v, %' be horizontal lifts for A and A’, respectively. Then, by Thm. we
obtain two representations up to homotopy, corresponding to the VB-algebroid structures
on D and D', respectively, which are given by, according to Prop

0+ V+K and partia’ +V' + K, (E.26)
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respectively. N
Let’s denote by A the linear bundle corresponding to (D & D’)pgpr, so that
A

A=BeC)a(B)eC)® (A

By Cor. (16, 4") provides a horizontal lift for A, and the VB-algebroid structure we

just obtained on D @ D’ thereby induces a representation up to homotopy of A on
A

(CoC)e (Ba B)[1] = (Ce B)]) e (C'® B'1)),
denoted by 5, which can be seen therefore as an operator on
Q(4; (C e B[1)) & (C' & B'[1]),

so that D decomposes in to components

D = (D1, D),

with D; taking values on C' @ B[1] and D taking values on C’ & B'[1].
We claim that D; and D are the representations up to homotopy corrsponding to the
VB-algebroids on D and D', respectively, that is, we have

D=30+V+K
=(0,9) +(V,V') + (K, K').
We already obtained d= (0,0") in Eq. (E.21). Also, V= (V, V') follows immediately

from the fact that the horizontal lift is given by (¢,7) and from Eq. (E.23). So it remains
to check that K = (K, K’). We have

K(X,Y) = (X, Y]), ¢'([X,Y]) = [((X),¥"(X)), (#(Y), 9 (V)]
= (Y([X, Y]), ¥/ ([X, Y])) = ([(X), ¥ (Y)]p, [#"(X), %' (V)] pr
= (X, Y]) = [(X),»(Y)]p, ¥'([X, Y]) — [¥'(X), ' (Y)]pr)
= (K(X,Y),K'(X,Y))

E.3 Duality

E.3.1 The dual VB-algebroid

In this subsection we show characterize a VB-algebroid structure in terms of its dual
Poisson structure, which leads to the discovery of a second VB-algebroid structure on the
dual with respect to the second fibration of the VB-algebroid. We describe in some detail
this structure, which is dual to the first in a sense that we will make precise in terms of
the corresponding representation up to homotopy in the next subsection. Finally we are
able to characterize a VB-algebroid isomorphism in terms of its transpose.
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Definition E.23. A Poisson structure on a double vector bundle (D; A, B; M) is called
double-linear Poisson structure if it is linear with respect to both fibrations: the one over
A and the one over B.

The following characterization of a VB-algebroid structure in terms of a double-linear
Poisson structure on the dual provides a great insight. We take it from [23], although we
provide more details in the proof.

Proposition E.24 ([23]). A double vector bundle (D; A, B; M) ¢, such that Dp is equipped
with a Lie algebroid structure, satisfies the VB-algebroid compatibility conditions if and
only if the induced Poisson structure on D% is linear over C*. Therefore, there is a canon-
tcal 1:1 correspondence between VB-algebroid structures on D and double-linear Poisson
structures on DF.

Proof. We can work locally. Take an adapted coordinate system, given by Cor.
{2%, 8%, a®, Kk} in Dy=BpA @ C*.

The functions a® are double-linear, then we can identify them with linear sections of
Dpg, whence, if Dp is equipped with a Lie algebroid structure, {a® o} is also a linear
section of Dp, thus a double-linear function on D%, in particular linear over C*.

Next, we claim that the functions ¢, restricted to a slice (D})., are identified with
elements in C' C Dpg. Recall that, for d € (Dj)m, with mo«(d) = &,

(e,d)p = {(c, K).

We define cic € D, by
(Cke,d) g = K°(d).

In order to verify that this equation actually defines an element in C' C D, we need to
check

o £(d1 1 d2) = K(d1) + £(d)

o Tt mo-(d1) = 7 (da), then £(dy) = K°(dy).

Both conditions are satisfied since k¢ are adapted coordinates. Hence, the functions k¢ are
canonically identified with core sections in Dp, and actually, any core section is a linear

combination of the x°’s. Then
C

{a® K} = pe(z)KE.
The remaining cases are easy to compute:
{a®, B} = p(a®)(B?) = BPup(x), for the anchor is a double vector bundle morphism

and so p(«) is a linear tangent field on B;

{5, 5%} = 0; {0, 2"} = pf(a); {v,a"} = {8, 8"} = {B", 2"} = {&',27} = 0.

Hence, the induced Poisson brackets {-, -} from the Lie algebroid structure on Dp are
linear over C*. We also see that, conversely, if the Poisson brackets {-,-} induced from
a Lie algebroid structure on Dp are linear over C*, then they must satisfy the equations
above and therefore the Lie algebroid structure is actually a VB-algebroid structure.
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]

A first —and perhaps the most important— by-product of the above characterization is

the occurrence of a dual (in a sense clarified later, cf. Thm. [E.32) VB-algebroid structure
associated to a given VB-algebroid.

Corollary E.25 ([23]). A VB-algebroid structure on Dp induces a dual VB-algebroid
structure on (D)., which in turn induces an isomorphic VB-algebroid structure on D%
over C* wvia the isomorphism Ycox, given in Prop. with Dy playing the role of D

(see Rmk. [C.37).

Proof. Since the induced Poisson structure on D7 is linear with respect to the vector
bundle structure over C*, it induces a Lie algebroid structure on (D%)f., and since the
Poisson structure is double-linear, the Lie algebroid structure is actually a VB-algebroid
structure.

Remark E.26. It is useful to write down the explicit formulas for the VB-algebroid
structure on (D%)f. and on D% in terms of the VB-algebroid structure on D. We will use
the isomorphisms Zp and Z4 introduced in (C.52) and (C.53), respectively, but in this
case D% plays the role of D, in particular C* plays the role of A and B plays the role of
A.

a) Let X € Dy ((D%)5.) = T(Ag-) and f € C®(M), then
Py (X)) = {25+ (X), [} = pp(ZB 0 Zg:(X))(f) = pp(Z(X))(]).
b) Let g € I'(B*) and ¢ € I'(C), then
(D3, (B)(€) = {B, e} = —pp(€)(B).

&) P, (XN©) = {ZH(X), ¢} = [Zs 0 Z51(X), &b = [271(X), Ep.

d) [X,Bl(ps)s,. = {Z2cH(X), B} = pp(Zp 0 ZoH(X))(B) = pp(Z~1(X))(B).
e) Finally, for X,V € F(Ec*),
(X, Y(ps)z. = Zo-({26H(X), Z5H(Y)}) = Zo= 0 Z5 ((Zp 0 Z5H(X), Zp 0 Z5: (Y)))
= Z(Z271(X), 271 (V))).

From the expressions above, we readily obtain the description of the VB-algebroid
structure on D% obtained from (D7%)#. by the isomorphism Yc«. We just need to keep in
mind that Yo« is the identity on A and B* and it is —Id on C*, and also recall Eq.
from Rmk. Identifying I'(C) with Teore(Dp) and T'(B*) with eore(D%) in order to
avoid writing annoying long bars as the ones that appear in items c¢) and d) above, we
have the following:

po (X)(f) = pp(T~HX))(f); pp+ (B)(c) = pp(c)(B); pp+ (X)(c) = [T7H(X),c|p;

(X, By, = pp(T~H(X))(B); [X,Y]py = T[T1(X), T~ (Y)]p.
(E.27)
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Definition E.27. Let D, D’ be two VB-algebroids. A VB-algebroid morphism from D to
D’ is a DVB morphism ® : D — D’ that is also a Lie algebroid morphism.

Remark E.28. See [47] for the definition of Lie algebroid morphism. In the case that we
have a Lie algebroid isomorphism (®,¢) : A— A’

A2 a
1
M—M
we can talk about the push forward @, : T'(A)—T'(A’) on sections and @, : X(M)—X(M')
on vector fields, given by
©.(X)(m') = (X (¢~ (m"))) and @ (V)(m') = dp(V)(p ™" (m")),

for every X € I'(A), V € X(M) and m’ € M’. In this situation, ® is a Lie algebroid
morphism if and only if

P (pa(X))(f) = par(®:+(X))(f), VX eT(A),feC™(M) (E.28)
and
D, ([X,Y]4a) = [P4(X), Pu(Y)] 4, VX, Y eT(A). (E.29)

In the case of VB-algebroids, by Rmk. we can spell out the condition of being a
Lie algebroid isomorphism by the following equations, which involve only linear and core
sections and fiberwise linear and constant functions:

~

a) (pa0)«(p0s (X)) = por, (2RO (9B)«(pDs(X))(B) = ppy, (P5(X))(B);
(#B)+(pD5(€))(B') = pp1, (c(€)(B);

b) pc([X,€lpy) = [&\)B(X)a@C(é)]D;B,Q Op([X,Y]p,) = [&\)B(X)aq)B(Y)]D;B,-

Observe that we are identifying a fiberwise constant function on Dp with a function f €
C°°(M). For such functions we have pp,(X)(f) = pa(qa(X))(f), where ps : A—TM
is the base morphism corresponding to pp, : Da—T Bras given in Def. Therefore,
it makes sense the expression

(ear)«(ppy (X))
on the first equation of item a) above, and it reads (par)«(pa(ga(X))).
Proposition E.29. A map ® : D — D’ between two VB-algebroids is a VB-algebroid
isomorphism if and only if ®% : (D')%, — D% is a VB-algebroid isomorphism.
Proof. By the the involutivity of dualization, it is enough to prove one way of the state-

ment, that is, to prove that if ® : D — D’ is a VB-algebroid isomorphism, then

% . (D) — DY
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is a VB-algebroid isomorphism, that is, ®* satisfies satisfies the equations of items a) and
b) of Rmk. above. We will use repeatedly those equations applied to ®, Egs. [E.27
Eq. of Prop. [C.22] Cor. [B.3| and the following identity for the push-forward of
vector fields:

Pe(X)(f) = ()" (X (" (),

which follows immediately from the definitions. So let’s begin the computations.

— pp (T 0 ®5" o (T) (X)) (c)
= pps, (25(X))(c).
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& (1X, Y Ny, ) = @ 0T (1)), (1) (Yo, )
= 0T 0 g ([85' o (T)7H(X'), 85« (1) (Y)]bs)
=7 (85 o (1) (X), 851(T) (V)] )
= [T o &t o (T)7H(X"), T o &1 (T') 7 ("),
= [®5(X"), @40y
Therefore ®% satisfies the equations of items a) and b) of Rmk. and thus we conclude

that it is a VB-algebroid isomorphism.
[ |

E.3.2 The dual representation up to homotopy

In this subsection we introduce the notion of duality between to representations up to
homotopy. The main result (Thm. we show is that, given a VB-algebroid structure
on Dp, the representation up to homotopy corresponding to the dual VB-algebroid (D% )c-
(see Cor. is dual to the representation corresponding to Dg. This result does not
appear in [23], and is instrumental for the geometric characterization of -2 Poisson brackets
we provide in terms of metric VB-algebroids (Thm. . After we obtained this result,
we learned that it was independently obtained by T. Drummond, M. Jotz and C. Ortiz,
[18].

Definition E.30. Let (F, D) be a representation up to homotopy of a Lie algebroid A.
We define the dual representation (E*, D*), where E* is simply the dual (graded) vector
bundle, and D* is characterized by the condition

da(v A) = D*() A+ (~1)"w A D(), (E.30)
for all n € Q(A; E) and v € Q(A; E*), where A is the operation
QA E") @ QA E)—Q(A)

such that, for v € QP(A; (E*)7), n € QI(A; EF), v An € QPH9(A) is given by

(Oél, ) ap+q) — Z(—l)qugH(U)<V(O[U(1), SRR aa(p))a n(ao(p—i-l)a cee 7a0'(p+q))>’

where (-,-) is the duality pairing between E* and E, and the sum is taken, as usual, over
all (p, q)-shuffles.

Proposition E.31. Let (E, D) be a representation up to homotopy of A, concentrated in
degrees 0 and 1. We saw in Prop. that E = C @ B[l] and D = 0+ V + K, where
V = VY + VB. Now Consider the dual representation D* on E* = B*[-1] @ C*. Then

D*=90"+V* - K"
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Proof. By Prop. we have D* = &' + V' + K'. We will use Eq. (E.30) to compute
0, V' and K'. Let ¢ € I'(F) and £* € I'(E*), then

dale*,e) = D*(e") Ae+ (1) le* A D(e) (E.31)
— pa(X)(e",€) = (Vixe*,e) + (1)1 (1)1 (e*, V xe)
= <VIX5*75> + <5*7 VX5>7

thence, V/ = V*. From Eq. (E.31]) we also obtain, for ¢ € I'(C) and b* € T'(B*[-1])

0= (9 (b%),c) + (=1 (b, 0(c))
= (9'(b"),c) — (b*,0(c)),

thence, 0’ = 0*.
Finally, to compute K’ we use again Eq. (E.31) with ¢* € I'(C*) and b € I'(BJ[1]). We
have, for X, Xs € I'(A),

0=K'(c) Ab+ (=1)¢le* A K(b)
= 0= (K'(X1,X2)(c"),b) + (", K(X1, X2)(b)),

whence K' = —K*.

The

Theorem E.32. Let D be a V B-algebroid. If we choose a splitting (or equivalently a
horizontal lift) 0, then by Theorem @l we obtain a representation up to homotopy of A
on E=C & B[1]. By Comllary@ we have an induced V B-algebroid structure on DA
By Cor. 6 induces a splitting 6 4 for the corresponding dual D% (and also a splitting 93
for Dy ). In this way, again by Theorem we obtain a representation up to homotopy
of A on E* = B*[—1] ® C*. We assert that the Lie algebroid structure on A induced by
the V B-algebroid structure on D% coincides with the Lie algebroid structure induced by
the V B-algebroid structure on D, and the representation up to homotopy obtained on E*
coincides with the representation dual to the representation D on E.

Remark E.33. Be careful, we are using the same symbol D to denote in one occasion
a double vector bundle and in another a representation up to homotopy. However, the
context makes it clear which object we are referring to in each situation.

Proof. The induced VB-algebroid structure is obtained from the isomorphism
Yo 1 (Dp)e= —> DY,

which corresponds to the isomorphism T 4, given in Prop. being that in our situation
D7, plays the role of D. This isomorphism is the identity on the sides A—— A and on the
cores B* — B*, while it is —Id on the side bundles C* — C*.

We need to prove two things: that the Lie algebroid structures induced on A by Dp
and (D})5« coincide, and that the assertion in the statement about the duality relation
between the corresponding representations up to homotopy holds.
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Let’s begin proving the equality of the Lie algebroid structures on A.

If we denote by Ac- the linear bundle correspondlng to (D B) 6w, from with Dp
playing the role of D, so that A plays the role of % 4 and AC* plays the role of C+ B, We
obtain

pgc* = Xk OpA\ O Zﬁl,
thence, denoting by A 4 the linear bundle corresponding to (D% )¢+

Pi, = Yo o>|<opgoZ_1 = — *opgoZ_l.
Now, identifying, as usual, sections of the linear bundle with linear sections of the corre-
sponding double vector bundle, and also sections of A with the corresponding horizontal
lifts, we have, directly from the definitions, the identity

(X1, Xa]p, = 2! ([Xl, Xol (s, )C*> (E.32)

in particular we obtain that the Lie algebroid structures induced on A by Dp and (D})¢.
coincide, since, by , paoZo =1Idy.

Now Let’s prove the duality relation between the corresponding representations up
to homotopy. Consider the splitting 6, which induces the splitting 64 on D%. By Thm.
these splittings yield representations up to homotopy corresponding to the respective
V B-algebroid structures on Dp and D%. The representation up to homotopy D of A on
C @ B]1], corresponding to the VB-algebroid Dp is comprised by the data D = 0+ V + K
given in Prop. Correspondingly, we denote by D’ = &' + V' 4+ K’ the representation
up to homotopy raised by the V B-algebroid D%. By Prop. we need to show that

J = 0" V' =V* and K =-K*

Consider sections ¢ € I'(C) = T'eore(Dp) and § € I'(B*) = Ci2(B). Then, denoting
by pp.. the anchor map of the V B-algebroid (D%)f., and taking into account also the
identification I'(C) = CR(C*),

poe- (B)(c) = {B,c} = —pp(c)(B).

Now, since, T¢« is —Id on C¥, denoting by pps the anchor map of the VB-algebroid D}
it follows that,

(0'(8),¢) = —pp3 (B)(c) = ppc. (B)(c) = —pp(c)(B) = (d(c), B),

whence 0’ = 0*.

Next, let X € I'(A), and ¢ € I'(C). As above, we make several identifications without
changing notation, for sake of readability. Namely, we identify I'(A) with I'(¢)(A)), where
Y(A) C A is the image of the horizontal lift in the linear bundle; viewing X as a section
of Dp we can also identify it, through the isomorphism Zpg , with a double-linear
function on D%, also, through the isomorphism Z (Prop , with a linear section
of (D})&, and also, through the isomorphism T' (Prop. [C.17)), with a linear section of
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(D*%)c+. Again, we also identify I'(C) = I'core(Dp) and I'(C) = C2(C*). We have the
following

pp (X)(€) = (T poe. (X)(TE () = —ppe. (X)(—¢€) = pp. (X)(c),

then
(V)9 xe = ppy (X)(€) = ppe. (X)(c) = {X, ¢} = [X,c]p = Ve, (E.33)

whence (V)¢ = (VY)*. Analogously, since Y¢~ is the identity on the sides A — A and
on the cores B* — B*, we have

(V)x(B) = pp(X)(B) = {X, 8} = [X, Blp. = Yo ([Tor X, YetBlpe. )
that is (V)2 = (VB)*. Thence V' = V*.

Finally, we compute K’. Observe that, if we denote by p i A—B*®C the projection
induced by the horizontal lift 1, then

K (X1, X2) = —p7([X1, X2)),

where, again, we are identifying A with ¢¥(A) C A.
On the other hand, denoting by K= the curvature form corresponding to the V B-
algebroid (D}) ¢, we get, using Eq. (E.32)),

Ko (X1, Xp) = —pg ([XlaXQ](D*B)*C*) = —ps.. (Z([X1,X2]Dp))
= —*opz ([X1, Xo]py) = K(X1, X2)",

thence,

K'(X1, X2) = Yo (Ko (Yo (X1), Yo (X)) = Tor (Kex (X1, X2))
= Ko+ (X1, X2) = —K (X1, X2)",

that is, K/ = —K*.

E.3.3 The de Rham operator as a representation up to homotopy

In this subsection we want to explore the relation between the de Rham operator
dp of a VB-algebroid and its corresponding representation up to homotopy operator D.
Basically what we do is to fill-in the details of what is said to this regard in Sec. 4.6 of
[23]. The results of this subsection are not needed in the rest of this work, we present
them just for completeness and illustrative purposes.

Lemma E.34. Let D be a double vector bundle. There is a subalgebra C* (D) of C*°(D),
the bi-graded functions, which allow a bi-graded structure, that is, each function f €
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C (D) can be endowed with a well-defined bi-degree (p,q), which is compatible with the
algebra structure, in the sense that if f € CP1(D) and g € C™*(D), then fg € CPT"4T5(D).

Locally, given an adapted coordinate system (x', a®, %, k%), the algebra C (D) is
C>=(M)—spanned by o, with degree (1,0); B°, with degree (0,1); and k¢, with degree
(1,1).

Proof. First locally, given adapted coordinates (x?, a®, 3%, k¢), we assign to these coordi-
nate functions the following bi-degrees:

e 2’ are assigned bi-degree (0,0);
e o are assigned bi-degree (1,0);
e (% are assigned bi-degree (0,1);
e k¢ are assigned bi-degree (1,1).

It follows from Prop. [A:23|that this bi-grading is well defined globally, and can be extended
to the polynomial algebra generated locally by these coordinate functions, which yields
the sub-algebra C~'(D).

[

Remark E.35. Notice that the bi-degree (1, 1) functions coincide with the double-linear
functions, introduced in Def.

Lemma E.36. Consider a double vector bundle D. There is a subalgebra ¥ (Dpg) of
Q(Dp) =I'(A'Dy) which allows a bi-grading.

Proof. We may identify I'(D7) with the space of functions on D that are linear over B.
This space of linear functions contains a subspace, formed by the bi-graded functions of
bi-degree (1,¢q), ¢ > 0. Denote this subspace by I',o1(D7%). This space is single-graded,
and the grading can be extended to A"(I'p01(D7;)), which is a subalgebra of Q(Dp). Since
the exterior algebra also has a natural grading, we obtain a bi-graded structure in the
subalgebra

Definition E.37. The space of cochains linear over A is formed by the elements of
Q' (Dp) of bi-degree (p, 1), and is denoted by Qy;,(Dp).

Lemma E.38. By a choice of a decomposition of D, the exterior algebra of its dual D7,
I'(A'D3;), can be decomposed as

A Dy) =T (ANA") @ C®(B) @ T'(A'CY). (E.35)
Using this decomposition, we may describe the subspace Qun(Dpg) as

Qin(Dp) = AT(A) @ (G (B) @ A'T(C7)) = Q(A) @ (T(B*) ® T(CY)). (E.36)
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Proof. The decomposition of Eq. (E.35) is immediate from D% 2 (¢P)*(A*) & (¢P)*(C*).
B

Now from this decomposition we obtain
Q(Dp) 2T (A A*) @ CP°(B) @ T(A'CY),

where CP°!(B) is the subalgebra of C*°(B) of polynomial functions, which are described
locally by the algebra of polynomials in the linear coordinates 5°. By the way the grading
(over A) of I'poi(D3) is extended to Q' (Dp), it follows that the product by a linear
function of B or the wedge product by a section of C* contribute to the bi-grading (p, q)
by increasing g. Thus, it follows that the elements of bi-degree (p,1) are necessarily the
elements in

APT(A%) ® (CR2(B) @ A'T(C™)),
space which equals to
OP(A) @ (I(B*) @ T(CY)).
[ ]

Proposition E.39. Let Dp be a decomposed V B-algebroid. Consider the induced de
Rham differential dp on T'(A'D3};). Then the space hin(Dp) C T'(A'D3}) is invariant
under dp, and the restriction of dp to this subspace is a representation up to homotopy
of A on E' = B*[—1] @ C*, which we denote by

D' :=dploy, (D)
Under the identification
E' = B*[-1]® C* 2 ker(ma : (Dp)&s — A),
we get a duality pairing between E' and
E =C & B[1] Zker(qa : D— A),

namely, the pairing (-|-) over A given by Prop. between D and (D}) 5, where Dy
is playing the role of D in Prop. [B.11]

With respect to this pairing, D' coincides with the representation dual to D = 0+V+K,
given in Prop. [E.21]

Proof. We need to verify that dp|q, (p,) = D*, which, by Prop. amounts to show
that dplo,,(py) = 0" + V — K*, where the adjoints are with respect to the pairing (-|)
over A —this is important in order to get the right signs, the difference being that the
pairing between C' and C* using (+|-) has the opposite sign. Let’s compute.

For § € T'(B*) and c € I'(C) we have

(dp(B)le) = —(dp(B),¢)s = —pp(c)(B) = (d(c), B) = (9(c)[B),

thus, if dpla,,(pg) = 0 + V' + K', we have so far 0’ = 9*.
For p € I'(B*),b € I'(B) and X € I'(A), we have

(dp(B)[b)(X) = ((dp(B), X) 5, b) = (pn(X)(B),b) = (Vi (8),b) = (V¥ (8)[b);
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for k € I'(C*),c € I'(C) and X € T'(A),

(dp(K)]e)(X) = —1gLgdp(R) = —pp(X)(%, €)p + pp(€)(%, X) + (, [X,<])p
= —p(X)(k,c) + (r, Vxc) = —(V ¥k, c) = (Vi)
where V*¢ is denoting the connection dual with respect to the usual pairing between C

and C*. Thus, V' = V*.
Finally, for k € I'(C*), X, Y € I'(A) and b € I'(B),

(dp(k)(X,Y)b) = ({dp(R), X A
u?)(@ Y)5),b) — (pp(V)((R, X)5),b) — (&, [X,Y]p)p,b)
Y)(b), k) = —(K(X,Y)(b)|x)
|

/\

hence, K/ = —K*.



Appendix F

The main examples: TA and T*A

F.1 The double vector bundle structure on 7T'A and its duals

A
Consider a vector bundle A —— M , then its tangent bundle comes with a double

vector bundle structure

TA— A (F.1)
QTJ\/I‘/ A lqA
qT]\/I
™™ — M
where gras = dg?, where d is the differential. Addition with respect to the vertical

d A
structure (T'A NV ) is again given by a differential:

d4+ :T(Ax A)=2TAXxTA—TA,

A
where +: A x A— A is the addition in A q—) M.
Finally, the zero section Opjs is once more given by a differential: Opp; := d(OA) :
TM —TA.

The two duals corresponding to T'A are

T*A—"2 4 A TA* —"2 5 A% (F.2)
WA*‘ T* M JqA ' WT]LII/ A* JqA
qA* ’ qTM
Af mo— s M T™T™M —— M

with cores T*M and A*, respectively.

268
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Dualizing T'A* with respect to A*, we obtain the double vector bundle

TrAr — 1, A (F.3)
qA T*M qA*
N )

A— M

which is identified with T*A through the isomorphism Y 4+ given in Prop. This

isomorphism

~

Yae: THA* — T*A (F.4)

is called Legendre transform.

F.2 The linear bundles: jets and covariant differential op-
erators

The linear bundle corresponding to TA — A is the bundle of linear vector fields.
The linear vector fields, which by definition are the linear sections of TA— A, can be
characterized by the property of living invariant the linear functions of A, when acting on
functions as vector fields. This fact allows us to identify linear vector fields with covariant
differential operators of A*, since C12(A) = T'(A*), and fits in the exact sequence

A® A*—CDO(A*) -2 TM, (F.5)

which in turn is canonically identified with the bundle of covariant differential operators
of A

A*® A— CDO(A) —TM, (F.6)
through the map

T : CDO(A*) — CDO(A)
¢ — ¢

where ( is defined by
(C(a),a) == p(C7)((a, @) = {("(e), a), (F.7)
for a € T'(A) and o € T'(A¥).
Notice that, because of what we observed above, CDO(A) is identified with the linear

bundle of TA* — A*, which is the T'M-dual of TA. With this considerations, it is easily
seen that the map T', defined above, coincides with the map, also denoted by T, given by

Prop.
The linear bundle corresponding to TA——TM is C°° (M )-spanned by sections of the
form

Ta:TM—TA, acl'(A), (F.8)

where T a is the differential of a, viewed as a map a : M — A. Under the correspondence

Ta«w jla, VaecT(A), (F.9)
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where j'a is the first jet prolongation of a, the linear bundle corresponding to I'yi, (T A—T M)
can be identified with the first jet bundle associated to A, and fits in the exact sequence

0—T"M@A— J'A— A—0, (F.10)

where the inclusion T*M ® A — J'A is given by

Wdf @ a) :=j'(fa) — fj'(a). (F.11)

We use the notation T for the differential, to distinguish it from the differential da &
['(T*A*), where we see a as a linear function on A* thanks to the identification I'(4) =
Co(A*). Actually, if we denote by Apps the linear bundle corresponding to TA — T'M

lin
(which is isomorphic to J'A, as we just saw), and if we denote by A4« the linear bundle
corresponding to T*A* — A*, then the assignment
P . A\T M— A\ A*
Ta — da (F.12)
determines, extending by C°°(M)-linearity, a vector bundle morphism, that coincides

exactly with the isomorphism Z of Prop. To verify this we first need the following
lemma.

Lemma F.1. Let A— M be a vector bundle. Take v € TA* with ga~(v) = o € A}, and
gryv(v) =z € T,,M. Let a € T'(A), then

(v,da(a)) ax = (v, Ta(z))rm- (F.13)

Proof. After introducing a decomposition for T'A* through a connection (see Sec.
below), let gz+(v) = o, where A* is the core bundle of T'A*, which is isomorphic to A*.

Then, from Eq. (B.13) we obtain
(v,da(a)) 4+ = (v, (da(a) — (V.a,a)) + (V.a,a))a+ = (o/,;a(m)) + (Vza,a).  (F.14)
Similarly,

(v, Ta(z))rp = (v, (Ta(z) — Vza) + Vea)ry = (o a(m)) + (V,a, a). (F.15)

From (F.14) and (F.15) we obtain (F.13).

|
Corollary F.2. The map & : A\TM —)A\A*, defined by , coincides with the isomor-
phism Z given in Prop. . Its inverse is given by ®~1(da) = Ta.

Proof. Let’s revisit Prop. If we take into account the definitions of Zp (Eq. (C.52))
and Z4 (Eq. (C.53)), given by Egs. (C.51) and (C.54)), respectively, then we see that

Z = Zpo Z" is determined by the equation, for o € (C* 4)m,

(Z(o)(b),v)p = (o(a),v)a, Va€ Apm,b€ Bn,v & DygN Dy.
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In our case, where D = T'A*, 6\*,4 = Ary and (/7\*3 = EA*, the equation above, for a
section o € I'(Arpar) = Din(T Arar) reads

(Z(o)(@),v)a+ = (o(2), V)T, (F.16)

where x € T'(TM),a € T'(A*), and v € T'(T'A*) is such that ¢ras(v) = z and ga+ = a.
Now, if we take o of the form ¢ = Ta, the equation (F.13|) shows precisely that

(®(Ta)(a),v)a = (Ta(x),v)rm,

which, in view of Eq. (F.16]), shows that Z = ®.
Since, by what we discussed above, Z71 = Z4 o Zél is determined by the equation

(Z7Y1)(a),v) 4 = (1(b),v) B, Va € Ap,b € Byy,v € Dy N Dy,
it follows that ®~!(da) = Ta.
[
F.3 The VB-algebroid structures
Given a Lie algebroid structure on A, ([-,-],p), we can construct canonically a VB-
algebroid structure on TA—— T M by the following formulas
A7) =0 Ga)(1) = pla)() a0
A =0 o Bl o Bl =B (F17)
p@)(df) = p(a)(f);  p(j a)(df) := d(p(a)(f)); 1 4
[7°a,5°b] = j'[a, b];

where, for example, a is the core section corresponding to a € I'(A).
The linear bundle corresponding to T*A — A* is denoted by J'A,, which fits in the
exact sequence
AQT M — J A, — A,

and we have a canonical isomorphism
T:J'A — J'A,,

given by Prop. [C.17]

By Cor. we have a VB-algebroid structure on T* A, which comes from T*A* by
the Legendre transform T 4+, see Eq. , where the VB-algebroid structure on T*A* is
induced from the VB-algebroid structure of TA—T M, since the T'M-dual of T'A, namely
T A*, has an induced Poisson structure which is linear with respect to both fibrations (this

is the content of Prop. and its corollary [E.25)).
From Eq. (E.27)) and Cor. we get the following formulas

p(df)(g) = 0; p(da)(f) = p(a)(f); [[ZZ Zﬁ z Z;p(a)(f). (F.18)
p(df)(a) = —p(a)(f);  plda)(b) = [a,b]; (da, db] = dja, b,
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where, as usual, we are identifying fiberwise linear functions on a vector bundle with
sections of its dual. Thus, we see that the VB-algebroid structure on T*A* is given by
the cotangent Lie algebroid structure corresponding to the linear Poisson structure on A*,
induced by the Lie algebroid structure on A.

F.4 Natural horizontal lifts induced from a connection

We know that a decomposition of T'A is equivalent to a horizontal lift of (F.5) and
also equivalent to a horizontal lift of (F.10)). Now, a horizontal lift of (F.5]), or of (F.10]),

is equivalent to the choice of a connection on A. Indeed, the correspondence is as follows:
given a connection V of A, the horizontal lift of (F.5) is given by

Y : TM — CDO(AY), P(z) = Vi, (F.19)
where V* is the connection dual to V, while the horizontal lift of (F.10) is given by
i A—J'A,  W(a) :=j(a) — V.a, (F.20)

where j!: T'(A)——T(J1A) is the map that assigns to a section of A its first jet prolonga-
tion. A natural question is whether this horizontal lift is the one that corresponds to v,
according to Prop. The answer is affirmative, and we give it in the next proposition.
First we need a lemma.

Lemma F.3. Let v € TA and w € TA* with qppy(v) = nryp(w) = x, so that v =
%g(t)\tzo and w = %T(t)’t:(), where ¢ and T are curves in A and A*, respectively, such
that ¢*(s(t)) = ¢ (7(t)) = m(t) and Lq* o s(t)|t=0 = Lq*" o 7(t)|t=0 = x. Then

d

(v,wyrp = z({s(t), 7(t))) = pn

(c(t), 7(1)). (F.21)

t=0

Proof. We can work locally, and suppose that A = M x V and A* = M x V*, where
V is a vector space. Then TA = TM x V x V and TA* = TM x V* x V*, so that
v=(x,a1,a2) € T,, M xV xV and w = (z,a1,a2) € T,, M x V* x V*. Then

d d

V= - (m(t), a1 + taz), w= i (m(t), aq + tag). (F.22)
Now, on one hand, by Eq. , from Prop. we have
(v, w)yrm = (a1, az2) + (az, a1). (F.23)
On the other hand, by ,
z({c(t),7(1))) (a1 + tag, oy + tao) = (a1, a2) + (az, ). (F.24)

e

Comparing (F.23)) and (F.24]), we get (F.21]).
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Proposition F.4. The horizontal lift 1 given in Eq. 1s precisely the one given by
Prop. [C.6, that is, B
Y(a)(z) =P (z)(a), (F.25)

holds for every a € Ay, © € T,, M, where 1) is given in Eq. .
Proof. On one hand we have, for a € T'(4*),
(¢(x)(a),da(a))a = (Via,a) = 2(a, a)) = (Vea, ), (F.26)

where a € T'(A) is an extension of a, that is, a(m) = a.
On the other hand, by lemma [F.1I] with A* playing the role of A, and taking into
account the correspondence given in ([F.9)),

(¥(a)(z),da(a))a = (¥(a)(2), Ta(z))ry = (Ta(z) — Vea, To(z))rm
=z((a,a)) — (Vza, a), (F.27)

where we used in the last line
(Ta(z), Ta(z)) = z({(a, a)),

which follows from (F.21]) of lemma
Comparing (F.26) and (F.27) we get

(¥(a)(z),da)a = (¥(z)(a), da)a- (F.28)

Now, using Eq. (B.13) and the fact that ) and i are horizontal lifts, we have, for
@ € Teore(TAY),

(¥(a)(z),a(m))rar = {a,a(m)) = ((a)(x),a(m))ar- (F.29)
From ([F.28) and (F.29)), we conclude .

F.5 The representations up to homotopy

Proposition F.5. Let (A,[-,-],p) be a Lie algebroid. Consider the prolonged tangent
Lie V B-algebroid TA— TM, defined by Fgs. . Let’s introduce a connection V

on A, which provides a horizontal lift for , given by . By Thm. there
corresponds a representation up to homotopy of A on E = A@T[1|M. This representation

is encoded by the data D = 0+ V + K, given by Prop. where V = VA + VTM We
claim that

1. 0= —p,
2. Vﬁlag = [al,ag] + 6,2(32)8.1,

3. VIMx = [p(a),x] + p(Vxa),
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4. K(a1,a2)(x) = [Vxai, ag] + [a1, Vxaz] — Vx[ay, as] + %Van‘/’xaQ - %VZQMXB.I,
fora,aj,as € I'(A),x e T'(T'M).
Proof. From p(a)(df) = p(a)(f) and Eq. (E.4)), it follows 9 = —p.
&i

From Eq. (E.12) and [j'a;,a3] = [a1, as] it follows

Viay =[a,®m] = [jla; — V.ay, &3]
= [a17a2] - [val)a72]

= [ag, ag] + 6p(a2)a17

where, for the last line, we used Prop. [E.8
From Eq. (E.12) and p(j'a)(df) = dp(a)(f) it follows, for any n € T'(T*M),

Va M= p@)n) = p(j'a - V.a)n)
= d((p(a),m) — (p(V.a),n),
where, for the last line, we used Prop. Therefore
(VaMm) = p(a)((x,m) = (x,Va *n)
p(a)((x,n)) = x({p(a),n)) + (p(Vxa),n). (¥.30)

Now, from Cartan’s calculus we have

p(a)({x,n)) = ([p(a), x],n) + (x, Ly@)n)
([p(2), x],m) + x({p(a), m) + dn(p(a),x). (F.31)

Observe that, in order to compute (VZM x,n) we are interested only in the value of n at
one point m € M. Given any w € T, M we can always find n € I'(T*M) with n(m) = w
and dn = 0, whence, from (F.30) and (F.31])) we obtain

VIMx = [p(a),x] + p(Via).

Finally, from Eq. (E.15) and [jla;, jlas] = j'[a;, as] we have

K(aj,a2) = [a1,a] — [a1,ay]

= j'la,a3] — V.[a, a5] — [j'a; — V.ay,j'ay — V.ay)

= —V.[a1, 2] + [j'ar, V.as] + [V.ay, j'ag] — [V.a1, V.ag]. (F.32)
Now, using Eq. (E.14)), we compute, for a € I'(A) and ¢ € I'(T*M ® A),

j'a,¢] = [@+ V.a,¢|
= [@,¢] +[V.a,g
=Vid0p—¢oVIM 4 [V.a, gl
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Then

[i'a1, V.as(x) + [V.ai, jlas)(x) =Vi Vyay — %ngfxal + [V.ay, V.ag](x)

_ Vﬁﬁxal + ﬁvg‘yxal — [%.ag, %.al](x).

Now, from items 1. and 3. of the statement,

A
Vaianj = [ai, anj] + vp(%xaj)ai'

From (E.5) and item 1. of the statement, we have

[6.211, 6'3'2]()() = Vp(exal)aQ B vp(%xag)al‘

Therefore, from (F.32)), (F.33)), (F.34]) and (F.35)), we obtain

K(al, ag)(x) = [al, ang] — [ag, anl] — Vx[a1, ag] + ﬁvlexaa — 6V£2anl’
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(F.33)

(F.34)

(F.35)

(F.36)

Corollary F.6. In the conditions of Prop. [F.5, consider the cotangent Lie V B-algebroid
T*A— A, defined by FEqgs. . The_corresponding representation up to homotopy,
raised by the horizontal lift induced by V, of A on E* = T*[—-1|M & A* is given by

D =9+ V' + K, with V' =VT'™M £ VA such that
1. &' = —p*,
2. VZ*MU = £p(a)77 - <%-av p*(n»z
3. V&a = Laa — p*((V.a,a)),
4. K'(a1,a)(a) = —K(a1,a2)* (), with K given in Eq. (F.56).

Proof. 1t is a direct consequence of Prop. Thm. and Prop.



Appendix G

The degree 1 case: the geometry
of Lie algebroids

In this appendix we work out some of the geometric structures that will guide us when
we treat degree 2 manifolds, the main subject of this work. We benefited from [48] and
137].

G.1 Degree -1 Poisson brackets

Proposition G.1. Given a Poisson 1-manifold (M,{.,.}), consider the corresponding
vector bundle A— M, so that M = A[1] and A' = T'(A*). Then {.,.} induces a Lie
algebroid structure on A* by the following data:

o {s,f}=p(s)(f), for f,s € T(AA*) with |f| =0, |s| =1
o {51,852} = [s1, S2]ax, for s1,s2 € T'(A*A*) with |s1] = |s2| = 1.

Conversely, starting with a Lie algebroid (A*, p,|.,.]) over M, consider the degree 1 man-
ifold A[1], so that C*°(A[l]) = T'(A"A*), and set

o {f.g} =0, for f,g € C*(A[1]) with |f| = |g| =0
o {s,f}=p(s)(f), for f,s € C(A[L]) with [f| =0, [s| =1
o {s1,52} = [s1, 82, for 51,82 € O(A[l]) with |s1| = |s2| = 1.

Eztending this product to any s, sy € C*°(A[l]) via linearity and (graded) Leibniz’s rule,
we obtain a degree 1 Poisson structure on A[l].

Proof. Let (M,{.,.}) be a degree 1 Poisson manifold. Note that the first equation in the
theorem determines the value of p(s) for every s € T'(A*). So, the first two equations in
the theorem determine p and [.,.],+, which we will denote simply by [.,.]. Now we will
check that p is a morphism of vector bundles and that [.,.] is a Lie bracket. The first is
a direct consequence of the Leibniz’s rule of {.,.}. (Since {.,.} has degree -1, it follows
that {f,g} = 0 when |f| = |g| = 0.) To see that [.,.] is in fact a Lie bracket notice that

276
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R-bilinearity follows immediately from R-bilinearity of the Poisson bracket. The graded
anti-commutativity and graded identity of the Poisson bracket implies, respectively, that
[.,.] is anti-symmetric and satisfies Jacobi identity.

Now we check compatibility of the brackets with the anchor. In fact, it’s a consequence
of the graded Leibniz’s rule:

[s1, [s2] = f{s1,82} + {51, f}s2 = f[s1,82] + p(s1)(f)s2.

For the converse, first observe that we have two different ways to define {s1, fsa2}:
o {s1,fsa} = f{s1,s2} + {51, f}s2 or, since |fs3| =1, we could define directly
o {s1,fs2} = [s1, fs2]

By the compatibility of the brackets with the anchor, we see immediately that this two
ways give the same result. Similarly, since X (-) is a derivation for any vector field,

{s,fa} = p(s)(fg) = gp(s)(f) + fr(s)(g) = {s, [}g + f{s, g}

Thus {.,.} is well defined, and satisfies the graded anti-commutativity and Leibniz’s
rule by definition. So, it only remains to prove that graded Jacobi’s identity holds for
{.,.}. First, we see that it is valid for functions of degree 0 or 1, the only case which is
not trivial being when we take {f, {s1,s2}}. In this case it follows from the well known
fact that the anchor is a morphism of Lie algebras. For functions of degree greater than 1,
Jacobi identity follows combining the graded anti-commutativity and Leibniz’s rule with
an induction argument.

|

We end this section mentioning some concepts and results which are related to the

(super) geometry of 1-manifolds.

Definition G.2. A Lie bialgebroid is a pair (A, A*) of Lie algebroids in duality, where
the Lie brackets satisfy the compatibility condition

d.[X,Y] = [d.X,Y] + [X,d,Y],

for all X, Y € I'(A), where d, is the de Rham differential on I'(A"A) defined by the Lie
algebroid structure of A*, and [, -] is the Schouten bracket on I'(A’A) coming from the
Lie algebroid bracket on I'(A).

Proposition G.3. On a degree k symplectic manifold a Q-structure is equivalent to a
degree (k + 1) integrable hamiltonian.

Proof. This is found in lemma 2.2 of [59]. See our Prop. where the k = 2 case is
worked out in detail.
[

Proposition G.4. There is a canonical 1:1 correspondence between Q-structures on a
degree 1 Poisson manifold and bialgebroids.
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Proof. This is basically the content of Prop. 3.3 of [33].
]

Proposition G.5. There is a canonical 1:1 correspondence between degree 2 integrable
hamiltonians on a degree 1 symplectic manifold and Poisson brackets on the body of the
manifold.

Proof. This is the classical characterization of Poisson brackets in terms of self-commuting
bivectors with respect to the Schouten bracket. See for example [43].
]
For what’s next, we introduce some very useful notions from the so-called Schouten
calculus.

G.2 Cartan-Schouten calculus

In the rest of this appendix, we work out calculations on the exterior algebra of a
Lie algebroid (A4, [+, -], p) and its dual A*, exploiting the de Rham differential and the Lie
derivative, that will serve as guidance for the degree 2 case.

Definition G.6. Let A be a Lie algebroid. Then, for any X € I'(A) we define the Lie
derivative on I'(A"A & A" A*) as the unique degree 0 differential operator such that

) Lxf = p(X)(f), LxY=[X,Y],  V[eC¥(M)Y eT(4),

i) (Lxw,Y) :=Lx(w, X)— (w,LxY), Vwel(A*),Y e '(4),

ili) Lx(VAW) = (LxV)AW +V A(LxW), VV,WeIl(AA), or V,IW e T'(A"A¥).
Definition G.7. For any vector bundle A— M we define a C°°(M)-bilinear, symmetric
pairing

() TINAGANA) X T(NAGNA") —T(ANAd AN AY)
by
i) (P,Q) = (w,n) :=0 for every P,Q € I'(A"A) and w,n € I'(A"A*).
i) f P=P A--- AP, € T(A*A) and w = w1 A --- Awy € T(AFA*), then
(P,w) € T(A°A) =T(A"A*) = C°(M), (P,w) := det(w;(P;)).

Observe that the pairing in this case is non-degenerate, therefore induces isomor-
phisms
AFA = (AFA%)*  and  AFA* = (AFA)* (G.1)

iii) If P € T'(A¥A) and w € T'(A'A*), with k < I, then we define (P,w) € T'(A"=*A*) by
((P,w),Q) = (P A Q,w), VQeATFA
iv) If P € T(A¥A) and w € T(A'A*), with k > I, then we define (P,w) € T'(A*¥~'A) by
((P,w),n) := (P,wAn) Ve AFTlAx,
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Notice that in items iii) and iv) we are using the canonical isomorphisms (G.1)).
Proposition G.8 (For example [48]). Let A be a Lie algebroid. For any X € T'(A),
PeT(NA) and w e T(AA*)

£X<P7w>: <£XP7W>+<P7£XW>a (GQ)

holds, where the Lie derivative Lx and the pairing (-,-) are understood according to Defs.

[G-0 and[G7, respectively.

Proof. By item ii) of Def. |G.6| we have already (G.2) for P € T'(A) and w € T'(A*).
Next, assuming that (G.2) is already true when P € T'(AFA) and w € T'(A¥A*), we will

prove for P € T(A¥A) and T'(A'A*) when k > [ and when k < I. Since the argument
is completely symmetric for both cases, we will only work out here the case k > [. Take
n € T(A*~'A*) arbitrary, then, on one hand, using (G.2) for (P,w) € T'(A¥~'A and 7, we
have

£X<P>w Am) = £X<<P?w>777> = <£X<P7w>>77> + <<va>7 Lxn). (G.3)

On the other hand, using (G.2) for P and w A n € T'(AFA*), we have

Lx(P,wAn) =(LxP,wAn) + (P, Lx(wAn))
:<<£XP7W>777>+<<P7LXW>777>+<<P7w>’£X77>‘ (G4)

Comparing Eqgs. (G.3) and (G.4]), we get

(Lx(Pw),m) = ((LxPw),n) + (P, Lxw),n)
= <<‘CXP7W> + <P’£XW>777>‘

Since 7 is arbitrary, Eq. (G.2]) follows in this case.

So it remains to show (G.2) only in the case P € T'(A¥A) and w € T'(A¥A*). We will
prove by induction. We already observed that the case n = 1 is included in the definition
of Lx (Def. [G.6]). Now let’s prove the case n = k assuming that the case n = k — 1 is
true. Because of the linearity of the operator £x and the bilinearity of the pairing (-, ),
there is no loose of generality if we prove Eq. only for decomposable sections

P=PAN---ANP, and Q=wi A Aw.
By the cofactors formula for the determinant, we have

<P, Q> =(PLNA--ANPgwi A+ Awg) = det((R,wj>)
= (Pl,w1> det A11 — <P1,w2> det Ao + -+ (—1)1+k(P1,wk) det Alka (G5)

Whereﬁ:Pg/\---/\Pk, Qj=wi A~ Awj A+ Awy and
detAlj:<ﬁ,Qj):(Pg/\~--/\Pk,w1/\-~~/\w/\j/\---/\wk),

and the hat @; means, as usual, that this element is missing in the wedge product.
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Using the induction hypothesis, and Eq. (G.5)), we have
Lx(P,Q) = (=)™ Lx(Pr,w;)(P,9))
J
=Y ()" ((LxPr,ws) + (Pr, Lxw;)) (P, Q)
J
+ D (DMPL W) ((Lx P, ) + (P, Lx )
J
= > (=D"I(Lx Py wj) (P, Q) + (Prwj)(Lx P, Q)
J
+ S (-D)MI((Py, Lxw;) (P, ) + (PLw) (P, Lx9)).  (G.6)
J
On the other hand, let’s compute the right-hand side of the equation we want to prove,
ie. Eq. (G.2)).
(LxP, Q) + (P, LxQ) = (Lx(Py A P),Q) 4 (P, Lx€)
= ((LxP) AP+ P, ALxP,Q)

+<P,Zw1/\--~/\£ij/\~--/\wk>

= > (1" (Lx P} (P, Q) + (Pwy)LxP.0y))

+ 3 ()P @ ) (P ), (G.7)
75l

where wy ; is the 4t factor of the wedge product

Y =wi A ALxw A+ Awg, (G.8)
in particular notice that
Wy, =Lxw; and w;=wj;, forj#L (G.9)
Q. j is defined by - -
Qj=wigN-Aw A N (G.10)

Now,
EXQj:Zwl/\-~-/\£le/\---/\w] AW = ZQ[
J J#l
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whence, using the notation given in (G.8)), (G.9) and (G.10)),

> (CD)MI(Pr Lxwi) (P, Q) + (Pryw;) (P, LxQ5)) = Z(—1)1+j<Plan,j><ﬁ7 ;)

J
+Z_ 1+J (Py,w; <p ZQU>
WP

I#j
_Z ) (P WP )+ Y ()T (PL @) (P )
I#5
= Z DH(P, wl])<P ). (G.11)
From (G.6), (G.11) and (G.7) follows (G.2).
]

Proposition G.9. Let (A,[,],p) be a Lie algebroid and d its corresponding de Rham
differential. Then, for any 2-section ™ € T'(A2A) I-section X € T'(A) and dual sections

o1, 02 € T'(A¥),
[, f] = —=*(df) (G.12)

and
p(X)<7Tﬁ(¢1),¢2> = <<[X7 W]7¢1>7¢2> + <7Tﬁ(£X¢1)7¢2> + <7Tﬁ(¢1)7£X¢2>7 (G13)

where w1 A* — A is defined by contraction

() = (m, 9), (G.14)

so that
<7Tu(¢1)7¢2> - <7T7 $1 N\ ¢2> - <<7T7 ¢1>7¢2>'

Proof. In order to prove formula (G.12)), since both sides are tensorial in 7, we don’t lose
generality if we suppose that 7 = X; A Xy, for X7, X9 € I'(A). Then we have

[va] = [Xl /\XQ’f] = [f?Xl]XQ - Xl[quQ]
= —p(X1)(f) X2 + p(X2)(f) X1
—(df, X1) X2 + (df, X2) X3

= —n*(df).
Formula follows from Eq. , using Defs. and as follows.
p(X) (7 (1), ¢2)) = Lx (7 (d1), d2) = (Lx7(¢1), da) + (7 (d1), Lx P2).

Now,

Lxm(¢1) = Lx(m, ¢1) = (Lxm, ¢1) + (m, Lx )
= ([X, 7], ¢1) + 7 (Lx ).
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Hence,

p(X)((m*(d1), d2)) = (([X, 7], ¢1), d2) + (T (Lx b1), d2) + (7 (1), Lx pa).
n

Proposition G.10. Let (A, [-,-],p) be a Lie algebroid, and let m € A%(A) be an integrable
2-section, that is, it satisfies [, 7] = 0. Then

d, == [m,] : T(AFA) — T(AF1A)

defines a de Rham differential on T'(A"A), so that we obtain a Lie algebroid structure on
the dual bundle A*, with anchor

pe(D)(f) = (df, d) = p(x*(9))(f), Vo € T'(AY), f € CF(M), (G.15)
and Lie bracket is given by the derived bracket formula
([f1, B2]s, X) = pu(d1) ({92, X)) — pu(¢2)((P1, X)) — du X (¢1, P2). (G.16)
An explicit formula for [-,]. is given by
[61, B2l = L (gy02 — Las(spd1 + d((¢1,7(42))), (G.17)

where d is the de Rham differential corresponding to the Lie algebroid structure on A.

Proof. Since 7 has degree 2 and the Schouten bracket has degree —1, it follows that [, ]
is a degree 1 operator on I'(A*A). By (graded) Jacobi identity of the Schouten bracket it

follows )
dz = [7[', [71—7 H = 5[[77’71-}7 ] = 0.

Also from (graded) Leibniz property of the Schouten bracket, it follows that d, is a graded
1-differential. Hence the operator d, is a de Rham differential, which implies that A* is
endowed with a Lie algebroid structure coming from d,, with anchor p. defined by

p(@)(f) = 1edi(f) = (&, di(f)) = (&, [, []).
From Eq. and the skew-symmetry of 7, we also have
p(@)(f) = (@, [r, 1) = — (¢, 7 (df)) = ((9). df),

and the Lie bracket is given by the derived bracket formula (G.16)). It is easy to verify
that the bracket defined in this way satisfies skew-symmetry, R-bilinearity and Leibniz
rule. As for Jacobi identity, Eq. (G.16)) implies

d2 (1, 02) = pul(d1)({du f, 02)) — pu(D2) ((duf, P1)) — (duf, [P1, P2]s)
= px(91)(p«(92)(f)) — px(D2) (pe(1)(f)) — px[b1, P2]:)(f),

from which, d2 = 0 implies

p([P1, P2li) = [pe(d1), pi(2)], (G.18)
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where the bracket on the right-hand side stands for the commutator of vector fields on M.
Now, using again Eq. (G.16]), also Eq. (G.18) and the well-known formula for the

exterior derivative

(AP g1 Ao Ns) = > (p(d1)((P,da A d3)) + (P, Ao, 63))), (G.19)

cyclic

where P € T'(A%2A) and ¢, ¢2, ¢3 € T'(A*), we have, for every X € T'(A), ¢1¢2, ¢35 € T'(A*),
(—=d2X, 91 A pa A b3) = (X, [61, [B2, D3)s]s — [[D1, B2)s, D3)x — (P2, [P1, B3)ulu),

hence, d? = 0 implies Jacobi identity for [-, ],.
It remains to show formula (G.I7). For this we use formulas (G.2) and (G.13)). We
have the following
([f1, P2l X) = pu(1)((D2, X)) — pu(d2) ({D2, X)) — (2, (é1, [, X]))
= p(m* (1)) ({62, X)) — p(7*($2)) ((p1, X)) — (2, {61, [, X]))
= (Lot b2, X) + (b2, [7H(¢1), XT) = (Los (961, X) — (¢1, [7 ($2), X])
+ p(X)((7*(d1), d2)) — (TH(Lxd1), da) — (7 (1), Lx o)
= (L (51)92, X) = (L (901, X) + p(X) (7 (92), 01))
= (Ls(p)02 — Lat(pp)®1 + (T ($2), 1)), X).

G.3 Derived brackets

Before continuing, it is necessary to make a brief digression on the derived bracket
formula we used in Prop. in order to obtain the dual Lie algebroid bracket from the
differential d, = [, -]. We will follow the discussion found in [50].

Definition G.11. Let A = ®pEZ AP be a Z-graded algebra. Let D : A—— A be a linear
endomorphism of the graded vector space A. Let d € Z. The linear endomorphism D is
said to be a derivation of degree d of the graded algebra A if

i) as a linear endomorphism of a graded vector space, D is homogeneous of degree d,
that is, for any homogeneous element a € A of degree p, D(a) is homogeneous of
degree p 4 d.

i1) forallp € Z, a € AP and b € A,

D(ab) = D(a)b + (—1)®aD(b).

Example G.12. The de Rham differential d corresponding to a Lie algebroid A, is a
derivation of degree 1 on I'(A"A*).

For any X € I'(A), the Lie derivative Lx is a derivation of degree 0 on I'(A'A) and
on I'(A"A*), and the contraction operator ¢x defined by tx (w) := (X,w) is a derivation of
degree —1 on I'(A"A*).
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Proposition G.13. Let A be a graded algebra. Let D1 : A— A and Do : A— A be two
derivations of A, of degree di and do, respectively. Their bracket

(D1, Dy] := Dy o Dy — (=1)%% Dy 0 Dy,
s a derivation of degree dy + ds.
Proof. For any a € AP and b € A, we have
(D1, Ds](ab) = Dj o Da(ab) — (—1)1% Dy o Dy (ab)
= Di(D2(a)b+ (=1)%PaDy (b)) — (—1)%Dy(D1(a)b + (=1)"PaDy (b))
= Di(Da(a))b+ (=1)"(=) Dy(a) Dy (b)
+ (=1)® D1 (a) Da(b) + (=1)“+%PaDy (Do (b))
— (=M% Dy(Dy ()b — (=1)%P D1 (a)da(b)
— (C1) R Dy(a) Dy b) — (~1) G Dy (D1 1)
= [D1, Dy)(a)b + (1) B F2Pa[ Dy, dy) (D).
Definition G.14. A Z-graded Lie algebra is a Z-graded algebra A = @pez AP whose

composition law, denoted by (a,b) — [a,b] and called the graded bracket, satisfies the
following properties:

i) it is homogeneous of degree d, i.e., for a € AP and b € A%, we have [a,b] € A?Tb+d,
i) it is graded anticommutative, i.e., for a € AP and b € A9,

[a’ b] = _(_1)pq[b7 (1],

iii) it satisfies the graded Jacobi identity, i.e., for a € AP, b € A? and c € A",
[a7 [bv CH = Hav b]7 C] + (_1)(a+d)b[bv [aa CH

Example G.15. For a Lie algebroid A, the Schouten bracket [-, -] endows I'(A"A) with a
graded Lie bracket of degree -1.

Let £ = ®pEZ EP be a graded vector space. For each p € Z, let AP C End(FE, F)
be the space of linear endomorphisms of F which are homogeneous of degree p. Then
A= EBpeZ AP equipped with the composition of applications as composition law, is a Z-
graded associative algebra, and the graded commutator, defined for homogeneous elements
a € AP and b € A? by

[a,b] := ab — (—1)Pba,

and extended by bilinearity to the whole space A, endows A with a Z-graded Lie algebra
structure.

Proposition G.16. Given a Lie algebroid (A, [-,-],p), and a degree 1 graded differential
d. on T'(A'A). Consider the anchor map p. and bracket [-,-]« on the dual A*, given by
Egs. (G.15) and (G.10), respectively. Then the formula

U bal (P) = [[tgr, du]s 1, ](P) (G.20)
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holds for every P € T'(A"A), where the bracket on the right-hand side stands for the
commutator of differentials (see Prop. .

Proof. Since 14 is a derivation of degree -1 and d is a derivation of degree 1, it follows

from Prop. that
D= [[L¢,1,d*], L¢1]

is a derivation of degree -1 on the algebra A := I'(A"A). In particular, from item i:) of
Def. it follows, for any f € C®°(M) = A” and X € ['(A) = A},

D(fX) = D(f)X + fD(X) = fD(X),
which means that there is a unique section ¢ € I'(A*) such that

We claim that ¢ = [¢1, P2]«. In order to verify this, we need to prove that the degree -1
derivations ¢ and ¢y, ¢,],, coincide on Al. So, let’s take any X € I'(A) = A', then

<[¢17¢2]*7X> = [[L¢17d*]7L¢2](X)
= [1g1du + dutgy s 1] (X)
= 1y Ailgpy (X) + dictp L (X) = L lpy du(X) — Loy ity (X)
= pu(01)((P2, X)) — (@2, (1, du(X))) — pa(2) ({¢1, X))
= pu(01) ({92, X)) — ps(92) (($1, X)) — (92, (91, [, X]))
= U1 ) (X))

as we wanted.
]

Lemma G.17. In a Lie algebroid A, we have, for every X € I'(A) and every w € I'(A"A¥),

Cartan’s formula holds:
Lx = [LX,d] =1xd+dx, (G.21)

where d : T(A"A*) — T'(A" A*) is the corresponding de Rham differential.
Proof. Since tx has degree -1 and d has degree 1, it follows from Prop. that D :=
txd+dix is a degree 0 derivation. By definition we know that Lx is a degree 0 derivation
as well. Therefore it is enough to check that D and Ly coincide on A° = C*°(M) and
Al =T(4%).
For f € C*°(M) we have
D(f) = xdf +dix f = xdf = p(X)(f) =Lx /.
For a € I'(A*) and Y € I'(A), we have
(D(),Y) = (txda+dixa,Y)
=p(X)((a,Y)) = p(Y)((a, X)) = (o, [X, Y]) + p(Y) ({o, X))
=p(X)((a,Y)) = (a, [X,Y])
= (Lxa,Y).
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G.4 Degree 2 integrable hamiltonians on Poisson 1-manifolds
Lemma G.18. In a Lie algebroid A, for any 2-section m € T'(A%2A)

([, ), 61 A o A d3) = (@3, (b, (01, [, 7)) = =2 D (Los(py) &3, 7 (02)),

cyclic
holds for every ¢1, ¢2, p3 € T'(A*).

Proof. Consider the degree 1 derivation d, := [, -], where [-, -] is the Schouten bracket on
I'(A*A). Then, from Eq. (G.20), we have

([61, P2, ) = tigy,60. T = [[Lg15 di]s ] ()
= Ly ity () + ity Ly () — Lo Ly A () — Ly ity ()
= (@1, [m, (m, d2)]) + [, (7, P2 A 61)]
—([m, 7], o1 A p2) — (@2, [, (7, $1)],

from which we get,
([m, 7], $1Ada) = ([m, (m, d2)], p1)+[m, (7, d2AP1)] ([, (T, d1)], p2) —([¢1, o]+, ). (G.22)
Now, bringing Egs. , and , we have, for any ¢;, ¢;, p3 € I'(A*),
([, (m, 01)], di)s 03) = (e (95), 91 A ds) = dur® () (¢4, 3)
= p(m(6:)) (83,7 () — p(*(¢3)) ((di 7 (7)) (G.23)
— ([¢4, B3, 7 ()
Putting Eq. into Eq. with ¢ = 1, = 2 in the first term of the right-hand
side of and with ¢ = 2,5 = 1 in the third term, we get
([m, 7], d1 A g2 A ¢3) = (([m, 7], ¢1 A ¢2), b3)
= p(a*(1)) ((d3, 7 (92))) — p((95)) (61, 7 (¢2)))
— ([p1, Bsle, 7 (92)) + p(mF(93)) ({61, T (2)))
— p(*(¢2)) (@3, 7 (¢1))) + p(x*($3)) (P2, T (¢1)))
+ (P2, 3]s, TH(P1)) + ([P1, B2)w, 7 (3))

and now using Eq. (G.17]) we continue calculations

= p(m*(¢1)) ({63, T (¢2))) — p(x*($2)) ({@3, 7(61))) + p(7*(63)) (P2, 7* (61)))
(Lt (g1) 03 T (02)) + (Lons(pg) D1 TH(2)) — p(m(62)) (D1, T (¢3)))
(Lot ()03, T (1)) — (Lot () P2, T (01)) + p(m (1)) ({B2, 7 (93)))
+ (Loz (o) P2 THP3)) — (L)1, T (83)) + p(m(93)) (b1, 7 (¢2)))
—(Lrt(1) 03, T (92)) + (Lt (g5) D1, T (¢2))
(Lot ()03 TH (1)) — (L) 2, T (61))
(Lo (o) B2 TH(3)) — (Lt ()01, 7 (63))
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Now, from Cartan’s formula, observe for example that

(Lot (65) D1 T(92)) + (Lons(60) 03 TH(61)) + (Lt (902, 7 (83))

= (s (9g) A1, T (D2)) + (dtrs(y)01), 7 (02))
F (Lt (92 A3, T (B1)) + (ALt () 03), 7 (1))
+ (Lt (9 b2, T (B3)) + (d(tms(py)P2), 7 (83))
= (it () A1, TH(3)) — (ALt (py)P3), TH(2))
— (Lt (o) dD3, T (92)) — (At D2), T (1))
- <qu(¢3)d¢2, T (@1)) = (d(tms(pp)$1), 7 (83))
(Lt () D1 T (93)) — (Lt (5113, T (92)) — (Lot (g) B2, 7 (61))

Putting this equality into the last equation, we get finally
([, 7], o1 A g2 A ¢3) ——22 (6003 T (2)),
cyclic

as we wanted.
[

Proposition G.19. Let (A,[-,"],p) be a Lie algebroid. Then a 2-section m € A?A is
integrable if and only if the induced morphism ©t : A* — A preserves brackets:

(o1, dals) = [7F(91), 7 (d2)l, Vo1, dp € T(AY),
where [+, -], is the Lie bracket given in Prop. [G.10,

Proof. The statement follows immediately from the identity

7 ([61,6ale) — [P(60), 7 (62)] = —5 (fmo 7], 61 A ), (G.24)

which we will prove now. Let’s compute the right-hand side of (G.24]). To do this, we take
any ¢3 € I'(A*), then, using Eq. (G.17)), (G.2)) and (G.21) and skew-symmetry, we have

(¢35, 7 ([p1, als) — [T (1), 7 (2)]) = —(7*(¢3), [P1. Bals) — (@3, [7F (1), 7 (¢2)])
= —(Los(g1)02: T (03)) + (Lrs () D1 T 03)) — p(H(3)) ({f1, 7 (2)))

— p(7*(61)) ({63, T(92))) + (Lrs(gy) 03, T (¢2))
= —(Lnt(gy)dD2, T (33)) — (d(tri(5)D2) THD3)) + (Lot ()1, T (¢3))
— p(m*(¢3)) ({1, T (2))) — (7 (1)) ((d3, 7 ($2))) + (Lt (py) B3 7 (B2))

= (s (gg)d02, T (1)) + (7 (03)) (D1, T(2))) + (Lot 9y 01, 7 (83))
—p(wﬂ<¢3)><<¢1, m(92)) + p((61)) (62, 7(63))) + (Lt (5,) 03, 7 (62))

= (Lot (402, 7 (8 )>+< t(6) O TH(B3)) + (Lot g1y 03, 7 (62))

= Z (1) 3,7 (¢2))- (G.25)

cyclic

Taking into account lemma (G.25)) is equivalent to (G.24)).



Appendix H

Lie 2-algebroids + splitting «
split Lie 2-algebroids

In this appendix we establish the equivalence between Lie 2-algebroids with a splitting
and split Lie 2-algebroids, case, proved by G. Bonavolonta and N. Poncin [4]. As an
application we show that split Lie 2-algebroids are equivalent to Lie 2-algebroids endowed
with a splitting, thus establishing the connection between Lie 2-algebroids in the way we
defined them, and split Lie 2-algebroids already present in the literature, which we recall
below.

H.1 Split degree 2 N(Q-manifolds and split Lie 2-algebroids

Definition H.1. A split Lie n-algebroid (or an n-term Loo-algebroid) is a graded vector
bundle £ = Ey® F_1 & -+ ® E_,+1 over a manifold M endowed with the following
structure:

e An anchor map p: Fg—TM,
e n+ 1 brackets I; : ['(A’) — T'(€) with degree 2 — i, for i = 1,...,n + 1, such that
1.

Z (—1)1071) Z sgn(U)ngn(U)lj (lz (1'0(1), o ,afg(i)), To(it1)s - - - ,xg(k)) =0,
i+j=k+1 o€Sh(i,j—1)
(H.1)
where z; € T'(E_;), Sh(i, j — 1) denotes the set of (i, 7 — 1)-shuffles, and ksgn(o)
is the Koszul sign for a permutation o € Sj, that is,

T A Az = Ksgn(o)zey A A o)
2. Iy satisfies the Leibniz rule with respect to p:
la(zo, fx) = fla(xo, ) + p(xo)(f)z, Yo € T(Ey), f € C°(M),x € T(£).

3. For i # 2 the l;’s are C°°(M)-linear.

288
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Example H.2. A split Lie l-algebroid is a Lie algebroid in the usual sense. Indeed, we
have £ = Ey, and [; vanishes as it is of degree 1. The Lie infinity algebra conditions (Eq.
(H.1))) reduce to the Jacobi identity.

Example H.3. A split Lie n-algebroid over a point is exactly a Lie n-algebra, i.e., an
n-term Lie infinity algebra.

The following characterization of split Lie 2-algebroids in terms of geometric data
appears, in the case that the base is a point, in the work on Lie 2-algebras of Baez and
Crans [3]. With minor modifications we obtain the geometric description in the general
case, where the base is a manifold.

Proposition H.4 ([3]). A split Lie 2-algebroid structure on € = A @ B consistis on the
following data:

e a vector bundle map (over the identity) 0 : B— A;

e a skew-symmetric bracket [-,-] : A x A— A together with an anchor-map p :
A—TM;

e a vector bundle map (over the identity) V : A— CDO(B), v — V, (from A to
the bundle of covariant differential operators of B);

e a vector bundle map Y : A’A— B.

These maps satisfy:
1. [z, fyl = fl=,yl + p(2)(f)y;

Y(0h,z,y) = VeVyh =V Veh — Vi h;

2. Vufh = fVih+ p(z)(f)h;

3. O(Vyh) = [z,0h);

4. Vopk = —Varh

5. 00X (w,y,2) = —[[z,y], 2] + [z, 2], y] + [z, [y, 2]],
6.

7.

+ T([w, 2], 4, 2) + Y([w, 2], 2,y) + Y([z,y], w, 2) + T([y, 2], w, ),
(H.2)

for all w,x,y,z € T'(A) and h,k € T'(B).

The following theorem provides a characterization of split N(@Q-manifolds, establishing
a canonical 1:1 correspondence with split Lie n-algebroids. The proof is in [4], and we
do not provide it here, for reasons of space-time, though we will use this result to estab-
lish a canonical 1:1 correspondence between N degree 2 manifolds and Lie 2-algebroids
(without splitting). However, we will provide later, through the derived brackets method,
a direct proof of this correspondence.
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Theorem H.5 ([4]). There is a canonical 1:1 correspondence between split N Q-manifolds
(graded manifolds with a Q-structure and a fized splitting) and split Lie n-algebroids.

Remark H.6 ([65]). In the degree 2 case, which is the one that interests us, the explicit
correspondence is given by:

Q(f) = —p*(df), Vf e C*(M),
(Q(g),e1 N e2) = pler)({e2,€)) — ple2)({e1,€)) — ([e1, e2], €),
(Q(e),8) = (9(§),¢), (H.3)
(Q(C),e1 Nea Aes) = (Y(e1,e2,e3),(),
(Q(C),eNE) = (V& ¢) — ple) (€, Q).

where ¢ € I'(E*),( € I'(F*),£ € I'(F) and e,e; € I'(E).

H.2 Equivalence between both structures

Now we describe the equivalence beween a split Lie 2-algebroid structure, and a Lie
2-algebroid structure afeter we choose a splitting (horizontal lift).

Proposition H.7. Consider a preLie 2-algebroid. When a horizontal lift is chosen, the
structures we obtain through Eqgs. @— coincide with the structure data obtained

through Eqs. .

Proof. Consider the structure data obtained from @ via Eqs. (4.9)-(4.15), and fix a hor-
izontal lift. Of course, p and O defined in (H.3|) coincide with the same maps defined in

Eqgs. and .

Now, define a bracket on I'(E) by
[61, 62] = A\y(é\l, 62). (H4)

It follows immediately from the definition of Ay, given in Eq. (4.5, that the bracket
above coincides with the one given in the second equation of (H.3|), and

(lereal,e) = ([, 6, 2), (H.5)

follows readily from Eq. (| . We want to warn here that we are using the same notation
[+, ] for two different brackets one on I'(E) and the other on T'(E). We hope the context
will make it always clear which bracket we are referring to in each situation.

We also see that V¥, introduced in Eq. coincides with V in the last equation of

(3.
Finally, define a vector bundle map Y : A2FE @ E— F by

T(el,eg,eg) = —K(el,eg)(eg), (HG)

where K : Q?(E,Hom(E, F)) is the curvature form

o —

K(e1,e2) == [e1, e2] — [€1, €2]. (H.7)
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It follows from Eq. that K(ey,es) is actually an element in Hom(E, F) ¥ E® F,
viewed inside E. We need to show that T defined in Eq. actually coincides with the
map Y : ABE — F defined according to the fourth equation in . From Eq.
we see that this amounts to show that, for ej, e2,e3 € T'(E) and ¢ € I'(F™¥)

~

(es, ([61, 2], 0)) = —(e3, (63, QO)4(E1))) (H.8)

holds, where EE F* is the horizontal lift of (. But 1} follows immediately from Eq.
(@.14).
[

Theorem H.8 (Integrability equations revisited). Properties 1 and 2 of Def.
are equivalent to Eqs. 3-7 of Prop. [H2)

Proof. In Prop. [H.7] we have showed that, when we introduce a horizontal lift, the
preLie 2-algebroid structure induced by @) coincides with the split Lie-2 algebroid structure
defined in . Let’s prove the equivalence between Eq. 2 of Def. and Eq. & of
Prop. On one hand we have

D0 0O(p)(€) =00O(E+n)(E)
=900() (&) +d0O(n)(E)
= 9(VEE) +00n0d(é), (H.9)

where we used property 4 of Def. On the other hand,
(Ag 0 9)(9)(&) = Aw(9,9(§)) = Aw(e+n,9(E))

= Ag(€,0(€)) + Ag(n,0(¢))
— [e,0()] + D onod(e), (H.10)

where, again, we used property 4 of Def.
Comparing (H.9) and (H.10)), we see that Eq. 2 of Def. and Eq. 38 of Prop. [H.4

are equivalent.

Now let’s prove that, using the equivalence we have already established, property 1 of

Def. [£.17)is equivalent to Eqs. 4, 5, 6 and 7 of Prop. [H.4]
In our situation, property 1 of Def. is equivalent to the equation

‘](¢17¢27¢3) - 07 (H]_].)
where the Jacobiator, J, for a bracket [-, -], is defined by

J(p1, b2, ¢3) = [p1, [P2, @3]] — [[d1, b2, @3] — [2, [¢1, P3]]-
Now,
J(¢13¢27¢3) = J(é\l + 77176/\2 + 77276/2’) + 773)
= J(é\laéévéz’r) + ‘](é\la”ha?k) + J(é\laé\Qﬂk) + J(é\lan%é}))
+ J(m, €2,€3) + J(n1,m2,m3) + J (1, €2,m3) + J (1,72, €3). (H.12)
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Then, we have to calculate each one of the eight Jacobiators on the right hand side of
(H.12)), and verify that the nullity of these eight terms is equivalent to Eqs. 4, 5, 6 and 7
of Prop. [H.4] —given the preceding equivalences already proven.

Computation of J(é1, és, €3)

—

[é\la [657 e/})]] = [é\lv [627 63]] - [é\la K(627 63)]
— [ex, [e2, €3]] — K(e1, [ea, e3]) — VE o K (e, e3) + K(ea, e3) o [e1, ]-

(H.13)

Analogously,

o —

63, (61, 63]] = [e2, [e1, es]] — K (e2, [e1, e3]) — VE o K (1, e3) + K (e1, e3)0[ea, -] (H.14)

Finally
[[é\ly é\Z]a é:Q)] = [[617 62]7 é’,] - [K(elv 62), /:9)]
= [[61, 62], 63] — K([el, 62], 63) + Vg ] K(el, 62)

— K(e1,e2) 0 [es, ] — VI K (e1,e2)(e3) — O(K (€1, e2)(es)).  (H.15)

Putting together Eqs. (H.13), (H.14)) and (H.15]), we conclude that

J(é1,62,63) =0 (H.16)
if and only if Egs. 5 and 7 of Prop. are true.

Computation of J(n,é2,73).

[, [€2,13)] = 1000V L, on3—VE ongodon —niodonzoles, | +nsoles, Jodon:. (H.17)

2

Next,

[[m1,62),m3) = [m o [e2, "] — VE om + VEni(e2) + 9(mi(e2)), ns]
=i oles,-]0dons —mnzodomn oles, | — VL

e2
+VIni(ea) o doms —mz 000V m(ea) + Vi o) 013 — 13 0 [0(m(e2)), ).
(H.18)

0771080773+773080V£20771

Finally,

€2, 1, m2)] = VL onroons —ni0donsoles, -] — VL onzodon; +nzodonioles, -|. (H.19)

Putting together Eqs. (H.17), (H.18) and (f.19)), and using Eq. 3 of Prop. we
conclude that

J(m,€2,m3) =0 (H.20)
for arbitrary 1, ez, n3 if and only if Eq. 4 of Prop. [H.4] holds.
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Computation of J(é1,€é3,m3).

[é\la [é\27n3]] = [é\lyvi omn3 —mnso [627 ]]
= ViV ons =V, onzoler, ] = VI onzoles, ] +mzoles,]oler, ]
(H.21)
Next,
[[e1, e2],m3] = [[e1, e2] — K (e1,e2),m3]

= Vi om—mollen el ] — Klei,ez) 00 omz +m3000K(er,e).
(H.22)
Finally,
€2, [61,m]] = Vi, Ve, on3 — Ve, omzoea, | = Vi, omzoler, | +ms0[er, Jolea, ]. (H.23)

Putting together Eqgs. (H.21), (H.22|) and (H.23)),

J(€1,é2,m3) = Ryr(er,e2) onz —mn3 o J(er, e, )
+ K(er,e2)000mn3 —mn3000 K(ey,ea),

thereby, using Eqs. 5 of Prop. we conclude that
J(é1,é3,m3) = 0. (H.24)
for arbitrary ey, ez, n3 if and only if Eq. 6 of Prop. [.4]is true.

Remark H.9. Observe that at this point we already have obtained all the equations
3-7 of Prop[H.4] from the properties of a split Lie 2-algebroid. So it remains to show
that those equations imply the nullity of the remaining Jacobiators in (H.12)).

Computation of J(é1,n2,n3).

[éi? [7727773]] = [é\17772 060773 — 13 080772]

=Vl omodony—modongoler,] —VEngodom+nzodomoler, ]
(H.25)

Next,

[[61,m2],m3) = [VE oma —m2 0 [e1, ], m3)]
=VE omodony—m3000V. omy—moler,]odong+n30d0moler,].

(H.26)
Finally,
(02, [€1,m3)) = [12, VE o3 — 130 [en, ]
=1p000VE ong—VE onzodom —modongoler, | +n30er,:]odomn.
(H.27)

Putting together Egs. (H.25)), (H.26) and (H.27), and using Eq. & of Prop. we
conclude that

J(é\l,ng,ng) =0. (H.28>
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Computation of J(é1,n2,€3).

€1, (2, €3]] = [é1,m20 [e3,] — VE omo + VEma(es) + On(es)]

=VE omoles, ] —maoles,|oler, ] — VEVE ony+VE omgoler, ]
+VE o Vi (es) — VEna(es) o [es, -] + [er, Dma(es))] — K (ex, d(na(es))).
(H.29)

Next,
€1, m2], €3] = [V ome —ma o fer, ], &3]
= Vfl ongoles, | — Vﬁ;)vg omng + V,Fvgng(eg) + 9(VE m(es)

—myoler,]oles, ]+ VE omoler, ] — VEn(ler, es]) — 8 o ma(fer, es)).

(H.30)
Finally
2. 61, &3] = e fer, 3] — K (e1, e3)]
= mller, e, ] = VI, oy 012+ VEma(ler, es]) + 0(ma([en, e3]))
—mneodoK(ey,e3)+ K(ep,e3)o0dons. (H.31)

Putting together (H.29)), (H.30) and (H.31|) we get

J(€1,m2,€3) = Ryr(es,e1) oma+mn2oJ(er,e3,-) — Ryr (-, e1)(n2(e3))
+ K(e3,e1)00o0ma +m000K(er,e3) — K(-,e1)(0(n2(e3)))
+ [e1, 0(n2(e3))] — 0 0 VE ma(es),

thereby, using Eqgs. 3, 6 and 7 of Prop. [H.4] we get

J(61,m,6) = 0. (H.32)

Computation of J(n,éz, €3).

o —

[7717 [6/\27 é})]] - [7717 [625 63] - K(627 63)]
= o [lea,e3], ] = Vi, oy om + Vi ([e2, e3]) + Ol ([ez, e3)))
—modoK(ez e3)+ K(ez,e3)0don;. (H.33)

Next,
([, @), @] = [m o ez, ] = VE omy + VEn(e2) + 0 o mi(ea), &)
= mofea,] o les, ] — VE om0 fea, ] + Vi ([ea, es]) + 0 o m ([ez, es])
—VE oy oles, ]+ VE o VE ony — VEVE D (e3) — O(VE i (es))
+ Vi, gmlea) = VE o Vim(e2) + VIV m(ea) + a(VgnT(@))
— [e3, D (e2))] + K((mi(e2)), e3). (H.34)
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Finally,
é\27 77176/5 - 620771063,'—771063,'062,'— 620 530771 6307710627'
(€2, [m, &]] = V., [e3, ] [e3, ] o [e2, ] = Vi, 0V, om + Vi, [e2, -]
+ Vo VEini(es) = VL, ymi(es) + [e2,d(m(es))] — K(ea, O(mi(es))).
(H.35)

Putting together Eqs. (H.33)), (H.34]) and (H.35)), we get

J(m, €2,€3) =m o J(ez, e3,") + Ryr(ez,e3) om + Ryr(es, ) (m(e2)) + Ryr (-, e2)(m(es))
+n100o0K(ez, e3) + K(ea,e3) om + K(es,-)(n(e2)) + K (-, e2)(m(es))

— —

+O(VE m(es)) — [e2, D(m(es))] — A(VE m(e2)) + [es, D(m (e2))].

Thereby, using Eqs. 3, 5 and 6 of Prop. we get
J(n,éz,€3) =0. (H.36)
Computation of J(n1,n2,m3).

[, [n2,ms]] = [, m2 0 9o mz —n3 00 0ny
=nodonodony—neodngodon —nodongodon+n3odonyodon.
(H.37)

Next,

([0, 12, m3]] = [m 0 D oz — 12 00 0 11, 73]
=mnodomnodony—n3odnodony—modonodony+mn3odonodon.
(H.38)

Finally,

(M2, [m1,m3]] = [m2,m 0cdoms —m300o0m]

=ngodonodony—modngodon —nyodongodon +n3odon odons.
(H.39)

Putting together Egs. (H.37), (H.38|) and (H.39)), we conclude

J(m1,m2,m3) = 0. (H.40)

Computation of J(n, 12, €3).

[, 12, €31) = 1,2 0 [es, ] — V5, 0 + Vi (es) + 0(ia(es)
=modomnoles, ] —moles,Jodon —modoVE on+VE omodon
+m1 000 Vin(es) — Vna(es) 0 dom +m o [0(ma(es)), cdot] — Vi, o)) ©m
+VEonodomn(es)+dom o/(é?ng(eg). (H.41)
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Next,

[[71,m2], €3] = [m 0D omy —m 00, €3]
:7710807720[63,-]—VFomo@ong—l—V,Fomo@ong(eg)—l—aom080772(63)
—1podomoles, |+ Vi omodom —Vonodon(es) —domnodomnes).
(H.42)

Finally,

[n2, [m, €3]] =m2odomoles,] —moles, Jodom —mpodoVom+ Vi omodon
+mp000Vin(es) = Vini(es)odom +mo[0(m(es)), ] = Vi es) © M2
+ Vi odomn(e3)+do 1725-0\171 (e3). (H.43)

Putting together Eqs. (H.41)), (H.42)) and (H.43]) and using Eqs. 3 and 4 of Prop.
[H.4] we arrive to

J(7717 2, é%) =0. (H44)

So, we have showed Eqgs. 3-7 of Prop. are equivalent to (H.11]), and the proof of the
theorem is complete.
[ ]

Corollary H.10. There is a canonical 1:1 correspondence between split Lie 2-algebroids
and Lie 2-algebroids endowed with o splitting.

Proof. The sequence together with a splitting ¢ : E —Eis equivalent to the pair
of vector bundles (F, E), or equivalently, to the Whitney sum & = E @ F. We saw at the
beginning of the proof of Thm. how to obtain the data (09, p, [, ]g, V,T), provided
we have a splitting, namely we have

[e1, e2]p = Ay(e1, e2),
Ves = 0(e)(6),
T(ela €2, 63) = _K(€17 62)(63)a
where K was introduced in Eq. (H.7).

Conversely, if we start with the data (9, p, [, -] g, V, T), we can obtain the data (p, 9, [-, |, ¥, ©)
that defines a Lie 2-algebroid in the following way.

e p is defined from p by property 1 of Def.
e O is the same map in both structures.

e From properties 4 and 5 we can define Ay from [-,-]g and O (recall that thanks to
the splitting we can write ¢ = 1+ €). Thereby, we can obtain ¥ from Ay and p

using Eq. (4.5)).
e O is obtained from V and 9, using property 4 of Def.
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e Finally, [, ] is obtained from [-,-|g, T, V and 9, using Eq. (H.7) and properties 6,7
and 4 of Def.

Therefore, we have obtained a preLie 2-algebroid structure. It is routine to verify that

properties 1-7 of the definition are satisfied, indeed, we built the structure data so that

those properties are satisfied.
That conditions 3-7 of Prop. [H.4] are equivalent to conditions I and 2 of Def. is

precisely what we do in the proof of Thm.
]

Corollary H.11. Consider a Lie 2-algebroid structure on the dual sequence . Then
©: E—»CDO(F)
s a representation of (E', [-,-]) by first-order differential operators (see Def. , that is,

O([¢1,62)) = [0(61),0(¢2)], Vo1, 02 € T(E). (H.45)
Proof. Let’s compute [O(¢1), ©(42)](§) — O([¢1, ¢2])(€):
a)
O(¢1)(0(¢2)(£)) = O(¢1)(VLE + 120 0(€))
= VEVLE+ VEm(0(€) +m o d(VEE) +m o omd(€).
Similarly
b)

O($2)(0(¢1)(€)) = VEVEE+ VEn(0(€)) + 120 O(VEE) + 12 00 0m0().

c) Now we want to calculate O([¢1, ¢2])(§). Let’s begin with [¢1, ¢2]. Using (H.7)) and
Egs. 4, 6 and 7 of Def. we have

[¢1, p2] = [e1 + M1, €2 + 2]
= [G/LG\Q] — K(e1, e2) +V£1 omy —mn20 [e1,]
+mole, ] — Vﬁ; om + V.F771(62) +0omni(e2)
+modomny —mngodon,
thereby
O([¢1, 92))(€) = VI, 1€ — K(e1,e2) 09(E) + VI, 0m209(€) =m0 [e1,-] 0 D(E)
+ 1o fez, ] 0 0(E) = VE, om0 D(€) + Vigym(ez) + Vi ené
+modonod() —mneodomn od(E). (H.46)

Using Egs. 8 and 4 of Prop. and comparing items a) and b) above with Eq. (H.46)
of item c¢), we obtain

[©(61), ©(62)](§) — O([¢1, $2])(§) = Ryr (€1, €2)(§) + K(ex, €2)(0(¢)).
Hence, taking Eq. into account (and the skew-symmetry of Y), and using Eq. 6 of

Prop. @We get
[©(01), 6(2))(&) — O([91, ¢21)(§) = 0.



Appendix 1

First-order differential operators
and quasi pseudoalgebra brackets

In this chapter we study first-order differential operators in order to describe certain
generalizations of Lie algebroids that will provide the appropriate geometric structure
which describes N@Q degree 2 manifolds. The whole chapter is based on [19] and [53].

Definition I.1. Let E— M be a vector bundle. An R-linear map D : I'(F) —I'(E) is
a k-th order differential operator if, for any k + 1 functions fy,..., fr € C°°(M), we have:

[fes [f—1, [ - - [fo, D], ... ]] = 0. (I.1)

Here the bracket [f, D] : T'(E) — I'(F) is defined as the commutator

[/, Dl(s) = D(f - 5) = [ - D(s).
The set of k-th order differential operators is denoted by D*(E).

Example 1.2. The 0-th order differential operators are just the vector bundle endomor-
phisms.

The covariant differential operators of F, sections of the Lie algebroid CDO(FE), also
called derivative endomorphisms, which are introduced after Prop. are a particular
case of first-order differential operators.

Proposition 1.3. An R-linear operator D : I'(E) — I'(E) is a first-order differential
operator if and only if there exists a section op € I'(TM ® End(E)) such that, for all
feC®(M) and s € T'(E),

D(fs) = fD(s) +op(df ® s). (1.2)
In this case op is unique.

Proof. Suppose D € D'(E). Consider the bilinear map of vector spaces B : C*(M) x
['(E) —T(E) given by
B(f,s) = D(fs) = fD(s).
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Then , in the case kK = 1, implies that
B(f.gs) = D(fgs) — fD(gs) = gD(fs) — g(fD(s)) = gB(f,s)

and
B(fg,s) = D(fgs) = fgD(s) = fD(gs) + gD(fs) — 2fgD(s)
= f(D(gs) — gD(s)) + g(D(fs) — f(D(s))
= [B(g,s) +9B(f,s)
This implies that B is represented by a section op € I'(T'M ® End(F)), so that

D(fs) = fD(s) = op(df ®s).
Conversely, if there is op € I'(TM ® End(F)) such that holds, then

[f1,[fo, D]](s) = D(f1fos) — foD(f1s) — fiD(fos) + fof1D(s)
= [iD(fos) + foop(dfi @ s) — fof1D(s) — foop(df1 ® s)
— f1iD(fos) + fofiD(s)
=0.
By the way B was defined, we see that it is uniquely determined by D, therefore op
is unique.
[ ]
Proposition 1.4. An R-linear operator D : T'(E) — T'(E) is in DY(E) if and only if it
factors through the first jet bundle J*(E), that is, if and only if there exists a vector bundle

morphism

O©p:JYE)—E,
such that D = ©p o j'.
In the affirmative case, ©p is unique.

Proof. If there is ©p with D = ©p o j!, then, for s € T'(E),

[f1. [fo, DI(s) = [f1, [fo,Op 0 j1](s) = [f1,00 (5" (fo5)) — foOn(5'(s))]
= [f1,©p(foi'(s) + dfo ® s) — foOp(5'(s))]
= Op(dfo ® f1s) — f1Op(dfo ® 5) = 0,

then D € DY(E).
If D € DY(FE) then by Prop. [[.3|there exists op € T'(TM ® End(E)) with the property
(L.2). Recall that the first jet bundle J*(E) fits in the exact sequence

0—T*M @ E— J'(E) — E—0. (1.3)

Then, given 1 € I'(J*(E)), then we obtain a section 7(n) € I'(E), and 7(n—j'(7(n))) =
so that n — j(w(n)) € T(T*M ® E). Thus we can define ©p € Hom(J!(E), E) by

Op(n) == D(n(n)) +op(n - j'(x(n))).
Then ©p o ji(s) = D(s) + op(jts — jts) = D(s).
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Corollary 1.5. The first-order differential operators are the sections of a vector bundle

Diff'(F) — M,
the natural vector bundle structure induced by the bijection
DYE)> D—©p € Hom(J'(E), E),

so that
Diff!(E) = Hom(J'(E), E).

The map
D € DYE) =T'(DiffY(E)) — op € I'(TM ® End(E)),

introduced in Prop. [[.3, induces a vector bundle morphism, called the symbol map,

o : Diff'(F) — Hom(T* M, End(E)).

Proof. The only thing that remains to be verified is that the map of modules

D € DY(E)—op € T'(Hom(T* M, End(E))
is C*°(M)-linear. By ([L.2)), we have, for fo € C*(M),
op(dfo) = [D, fol,
then, given f € C*°(M), we have

o(rpy(dfo)(s) = [fD, fol(s)
= [D(fos) — fofD(s)
= f[D, fol(s) = fop(dfo)(s), VseT'(E).

Proposition 1.6. Diff'(E) fits in the exact sequence
0— End(E) — Diff'(E) — Hom(T*M, End(E)) —0,

and the diagram

CDO(E) —— TM

ml J{L
Diff'(F) —%— TM ® End(E),
commutes, where ¢ : TM —TM ® End(E) is given by o(X) = X @ Idg.

Proof. In order to prove that ¢ is surjective, it is enough to work locally, so we can
assume that there are sections {ey,...,e,} that span the module I'(E). Given X ® A €

I(TM ® End(E)), define D € Diff'(E) by

D(fei) = fA(e:) + df (X) A(ei)-
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Then
op(df)(ei) = D(fei) — [D(ei) = df (X)A(es),

so that op = X ® A. Surjectivity follows by C°°(M)-linearity, since the sections of the
form X ® A span the module I'(TM ® End(E)).
Now, op = 0 if and only if [D, f] =0 Vf € C*°(M), if and only if D € Hom(F), thus

we obtain (.4)).
That the diagram ([.5)) commutes follows simply by the definitions of the maps p, ¢ and

g.
]

Proposition 1.7. Let
oo
D(E) = DY(E)
i=0

then D(E) is a Lie subalgebra of EndgrI'(E), the R-linear endomorphisms of T'(E) with
the commutator bracket:

[Dl, DQ] = Di0Dy — Dyo Dy, D1,D5 € EndRF(E).
DY(E), however, is not a Lie subalgebra of D(E) (unless rankFE = 1). Actually we have
[D1,Dy] € DMUE),  for D1 € D Dy € DY(E). (1.6)

Proof. The whole proposition reduces to prove (L.6)). We apply induction on the order of
the operators. First observe that

[D1, D3] € T(End(E)), for Dy, Dy € D°(E) = I'(End(E)).
The following observation is that, for f € C°°(M)
D € D¥(E) < [f, D] € D" Y(E), (1.7)

as follows directly from the definition. Next, by the Jacobi identity for the commutator
of operators, we have

[f, [D1, Da]] = [[f, D1], D2] + [D1, [f, D2]]. (1.8)

By (L.7) we can apply the induction hypothesis to each term of the right-hand side of
(1.8, and thus we obtain, that, for Dy, € D*(E), Dy € D'(E)

[f,[D1, Do]] € D),

whence, by ,
[D1, Do) € DFYU(E).
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Definition I.8. A first-order bidifferential operator is an R-bilinear map

A:T(E)) x'(Ey) —T(E),
where E1, Es, E are vector bundles, such that

[f1, [fo, Alil; =0, 1 <d,5 <2, (L.9)
for all fo, f1 € C°°(M), where

[fs Al1(s1,52) := A(fs1,52) — fA(s1,52)
and
[f; Ala(s1,82) := A(s1, fs2) — fA(s1, 52).

A first-order bidifferential operator A = [-,:] : ['(F) x I'(E) — T'(E) (not necessarily
skew-symmetric) is called a quasi pseudoalgebra bracket on T'(E).

[-,-] is called a pseudolagebra bracket if in addition of being a first-order bidifferential
operator, the adjoint map ads :=[s,-] : I'(E) — T'(E) is a covariant differential operator
(also called derivative endomorphism).

We call the pair (E,[-,:]) a quasi pseudoalgebra structure (resp. a pseudo algebra
structure).

Proposition 1.9. A R-bilinear bracket [-,-] on T'(E) is a quasi pseudoalgebra structure if
and only if there are two vector bundle maps

¢, ¢" E—TM @ End(E)

called generalized anchor maps, left and right, such that, for all s1,s9 € E and all f €
C>(M),

[s1, fs2) = fls1,82] + @' (s1)(df @ s2),  [fs1,52] = fls1,52) — ¢ (s2)(df ® s1).  (1.10)
The generalized anchor maps are actual anchor maps when they take values in TM @ Idg.

Proof. 1f |-, -] is a first-order bidifferential operator, define C' : I'(E) x C*° (M) xI'(E)—I'(E)
by
C(s1, [, s2) := [f, Bla(s1,82) = [s1, fs2] — f[s1, s2].

Then, given g € C*°(M),
C(gs1, [, s2) = [gs1, fs2] — flgs1, s2].
On the other hand, since [+, ] is first-order, we have
0 =lg,[f,[s1,52l]2]1 = lg, [s1, fs2] = fls1,52]n
= g1, fs2] = flgs1, s2] — gls1, fsa] + gfls1, 52,

whence

C(gs1, f,52) = gls1, fs2] — gfls1,52] = gC(s1, f, s2),
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which means that C' is C°°(M)-linear on the first entry. Analogously it is shown that C
is C°°(M)-linear in the third entry from the identity [g, [f, [s1, s2]]2]2 = 0. Finally, again
from [g, [f, [s1, s2]]2]2 = 0 we have

[s1,9fs2] + gf[s1,52] = fls1,982] + gls1, fs2],

whence

C(Slafga‘92) - [Sl,fQSQ] - fg[81752] = [SlafgSQ] + fg[51,52] - 2fg[51)82]
= f[817982] - fg[51752] +g[51)f82] - gf[sl,SQ]
:fC<817g782)+gC(817f782)7

which means that C' is a derivation in the second entry. Therefore C is represented by a
section of E® TM ® E ® E, or equivalently, by a vector bundle morphism

¢ E—TM ® End(E).

Analogously we can find the map ¢".
Conversely, if there are maps ¢!, ¢" satisfying (I.10) then (L.9) follows immediately
from the tensoriality of the generalized anchor maps.
]

Corollary 1.10. If [,-] is a pseudoalgebra bracket on I'(E), then there is a vector bundle
morphism
p: E—TM

called the anchor map, such that

[s1, fs2] = fls1,82] + p(s1)(f)s2.

Proof. Define a map on sections p : I'(E) — T'(T'M) by

p(s) = p(ads),

where p : CDO(E) — TM is the symbol map, which is a surjective vector bundle mor-
phism. Then, for f € C*°(M), since kerp = End(E),

p(fs) =pladys) = p(fads — ¢"(df)) = p(fads) = fp(s).

Then p is C*°(M)-linear, and therefore induces a vector bundle morphism.
[

Remark I.11. By the preceding corollary, the right generalized anchor map of a pseu-
doalgebra is given by
" =p®Id.

Therefore, we will use the notation
([’7 ‘]7 P 90)

to encode a pseudoalgebra structure, where ¢ := ¢'.
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Corollary 1.12. Lie algebroids and Courant algebroids define quasi pseudoalgebra struc-
tures on the space of sections of the corresponding vector bundles defining the algebroids.
|

Corollary 1.13. Let A ¢ D'(E) = I'(Diff}(E)) be a subset invariant under the commu-
tator:

[Dl, DQ] C A, VDI,DQ c A.

Then the commutator defines a first-order bidifferential operator on A.

Proof. Let f € C*°(M) and s € I'(E), then

[D1, fD2](s) = D1(fDa2(s)) — fD2(D1(s))

= fD1D2(s) + op, (df)(D2(s)) — fD2D1(s)

= [[D1, Do](s) + op, (df)(D2(s))- (L11)
Now, observe that we have define a canonical injection ¢ : End(E)——End(Diff'(E)), given
by

t(n)(D)=noD, V¥ncEnd(E), DcDiff'(E).
It is immediate to see that «(n)(D) is actually a first-order differential operator, with
Tu(n) =N°9D-
Then (I.11)) shows that the vector bundle morphism ¢ : Diff!( E)——TM®End(Diff! (E))
given by
o(D) :=100p,

satisfies

[D1, [ Do) = f[D1, Da] + ¢(D1)(df ® D2),  VD1,D2 € AVf € C™(M).
Analogously, we have

[fD1, Do) = f[D1, Do] — p(D2)(df ® D1), VD1,Dy € AVf € C®(M).

Thus, Prop. applies, with ! = " = ¢.
]

Definition I.14. Let (A,[-,‘]) be a quasi pseudoalgebra structure. A representation of
(A, [-,-]) by first-order differential operators is a vector bundle morphism

¥ : A— Diff(E)
such that
\I/([Ozl, Oég]) = [\I/(Oél), \If(ag)], Vaq, a9 € F(A), (1.12)

where the bracket on the right-hand side is, of course, the commutator.
Notice that Eq. (I.12) already implies that W(I'(A)) C DY(E) is invariant under the
commutator. Therefore

(W(T(A4)), )

defines a quasi pseudoalgebra structure.
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Example 1.15. Let (A, [, ], p) be a Lie algebroid, in particular (A, [-,-]) defines a pseu-
doalgebra structure. Then any Lie algebroid representation

¥ : A— CDO(E)

is a particular case of a representation by first-order differential operators.
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