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Abstract We propose stochastic extragradient methods for stochastic variational inequalities with a
linear search requiring only pseudo-monotonicity of the operator and no knowledge of the Lipschitz
constant L. We provide convergence and complexity analysis, allowing for an unbounded feasible set,
unbounded operator, non-uniform variance of the oracle and we do not require any regularization. We
also prove the generated sequence is bounded in LP. Alongside the stochastic approximation procedure,
we iteratively reduce the variance of the stochastic error. Our methods cope with stepsizes bounded away
from zero and attain the near-optimal oracle complexity O(log; /g L)-€™*- [In(e~1)]*** and an accelerated
rate O(1/K) in terms of the mean (quadratic) natural residual and the mean D-gap function, where K
is the number of iterations required for a given tolerance € > 0 for arbitrary 6 € (0,1) and b > 0. Explicit
estimates for the convergence rate, oracle complexity and the p-moments are given depending on problem
parameters and the distance of initial iterates to the solution set.
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1 Introduction

The standard (deterministic) variational inequality problem, which we will denote as VI(T, X) or simply
V1, is defined as follows: given a closed and convex set X C R™ and a single-valued operator T : R" — R",
find x* € X such that for all z € X,

(T(z*),x — 2*) > 0. (1)

We shall denote by X* the solution set of VI(T, X). The variational inequality problem includes many
interesting special classes of variational problems with applications in economics, game theory and engi-
neering. The basic prototype is smooth convex optimization when 7' is the gradient of a smooth function.
Other problems which can be formulated as variational inequalities, include complementarity problems
(when X = R%), systems of equations (when X = R™), saddle-point problems and many equilibrium
problems. The complementarity problem and systems of equations are important classes of problems
where the feasible set is unbounded.
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In the stochastic case, we start with a measurable space (Z,G), a measurable (random) operator
F: Z xR" - R" and a random variable £ : {2 — = defined on a probability space ({2, F,P) which
induces an expectation E and a distribution P¢ of £&. When no confusion arises, we sometimes use & to
also denote a random sample £ € =. We assume that for every € R", F(&, z) : 2 — R™ is an integrable
random vector. The solution criterion analyzed in this paper consists of solving VI(T, X) as defined by
(@), where T': R™ — R™ is the expected value of F(¢,), i.e.,

T(z) = E[F(€,z)], VYaeR" 2)

Precisely, the definition of the stochastic variational inequality problem (SVI) is the following:

Definition 1 (SVI) Under the setting of (2)), find a random variable 2* : {2 — X such that (T'(z*(¢)), x—
x*(€)) >0, for all x € X and almost every £ € =.

Such formulation of SVI is also called expected value formulation. It was first proposed in [8], as a
natural generalization of stochastic optimization problems (SP). Recently, a more general definition of
stochastic variational inequality was considered in [4] where the feasible set is also affected by randomness,
that is, X : & = R"™ is a random set-valued function. This setting appears, e.g., in economical or traffic
equilibrium problems where an uncertain demand is present in the constraints.

Methods for the deterministic VI(7', X) have been extensively studied (see [6]). If T is fully available
then SVI can be solved by these methods. As in the case of SP, the SVI in Definition [l becomes very
different from the deterministic setting when T is not available. This is often the case in practice due to
expensive computation of the expectation in ([2), unavailability of P¢ or no close form for F(¢,-). This
requires sampling the random variable £ and the use of values of F(n,z) given a sample n of £ and a
current point x € R™ (a procedure often called “stochastic oracle” call). In this context, there are two
current methodologies for solving the SVI problem: sample average approximation (SAA) and stochastic
approzimation (SA). In this paper we focus on the SA approach. For analysis of the SAA methodology
for SP and SVI, see e.g., [8l29] and references therein.

The SA methodology has a long tradition in probability, statistics and optimization, initiated by
the seminal work of Robbins and Monro in [26]. In this paper they consider X = R™ and T = Vf in
Definition [ for a smooth strongly convex function f under specific conditions. Thus, the problem they
analyse is: under (2), almost surely find 2*(£) € R™ such that T (z*(£)) = 0. The SA methodology has
been applied to SVI in [13], [14], [34], [211, [32], [10], [11, [5], [35], [16], [17], [36]. SA-typed methods for
SVI can be seen as a projection-type method where the exact mean operator T is replaced along the
iterations by a random sample of F'. This approach induces an stochastic error F(¢,z) — T(x) for x € X
in the trajectory of the method. See also [22], [2] for other problems where the stochastic approximation
procedure is relevant (such as machine learning, online optimization, repeated games, queueing theory,
signal processing and control theory).

1.1 Related work on SA

The first SA method for SVI was analyzed in [I3]. Its iteration is given by:
o' = 12" — o F (", V)], (3)

where IT is the Euclidean projection onto X, {¢¥} is a sample of ¢ and {ay} is a sequence of positive
steps. In [I3], the almost sure (a.s.) convergence of {x*} is proved assuming L-Lipschitz continuity of
T, strong monotonicity or strict monotonicity of T', stepsizes satisfying >, a, = 00, >, a2 < oo (with
0 < ar < 2p/L? in case T is p-strong monotone) and an unbiased oracle with uniform variance, i.e.,
there exists o > 0 such that for all z € X,

E[[IF (& @) = T()|*] < o (4)

After the above mentioned work, more recent research on SA methods for SVI have been developed in
[14], [34], [211, [32], [10], [11], [5], [35], [16], [17], [36]). Two of the main concerns in these papers were the
extension of the SA approach to the general monotone case and the obtention of (optimal) convergence
rate and complexity results with respect to known metrics associated to the VI problem. In order to
analyze the monotone case, SA methodologies based on the extragradient method of Korpelevich [20]
and the mirror-prox algorithm of Nemiroviski [23] were used in [14], [B], [35], [16], [I7], [I1] and iterative
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Tykhonov and proximal regularization procedures (see [15], [19]), were used in [34], [21], [10], [36]. Other
objectives in some of these papers were the use of incremental constraint projections in the case of
difficulties accessing the feasible set [32], [I0], the convergence analysis in the absence of the Lipschitz
constant [34], [35], [36], and the distributed solution of Cartesian variational inequalities [34], [21], [10],
[15].

1.2 Two new extragradient methods for SVI

We will need now some notation. We shall denote by €(§,x) := F(&,z) — T(x) the oracle error at the
point z € R™. Given a sample &V := {¢; }évzl of £, we denote the associated empirical average of the
random operator at a point x € R™ by

N 1 &
F(&N,z) = NZF(@-,:E),
j=1

and the empirical mean error by
N 1 X
aeh, 2):=F (",2) - T(x) := ~ > P&, x) — T(x).

j=1
In [I1], the following stochastic extragradient method was proposed:
=11 [wk - akﬁ(gk,xk)} , (5)
=1 [zk — akﬁ(nk,zk)} , (6)

where {N;} C N is a non-decreasing sequence (termed sample rate) and &¥ := {ff ckeN,j=1,...,Ng}
and 0¥ := {77;C :keN,j=1,..., Ny} are independent identically distributed (i.i.d.) samples of £&. Method
BE)-(@) is proved to convergence under pseudo-monotonicity of the operatoﬂ, ie., for all z,x € R",
(T(x),z —x) > 0 = (T(2),z — x) > 0, Lipschitz-continuity of the random operator, i.e., for any
z,y € R™,

1F (& x) = F(& )l < L)z —yll, (7)

for some measurable function L : = — R, with finite variance, an oracle with finite variance over X,
ie., forall z € X,
E[||F(& z) - T(z)|?] < oo, (8)

and assuming a stepsize bounded away from zero, i.e., 0 < infy ay < supy oy < (2L)~! where L > 0 is
the Lipschitz constant of T and a sample rate satisfying Zk(Nk)_l < 00, which is typically satisfied by
Ni = O (k(Ink)'*?) for some b > 0.

As it will be discussed more precisely in the sequel, method (&)-(6) has important improvements with
respect to previous SA methods for SVI (the main advantages being of accelerating the convergence rate
with respect to the noise error and coping efficiently with unboundedness and variance of the oracle).
One drawback, however, is that it requires the knowledge of the Lipschitz constant L. The main purpose
of this paper is the introduction of an extragradient method with a linear search for determining the
stepsizes, as was done by Khobotov [I8] and by Tusem and Svaiter [12] for the deterministic case. See
also [30], [33], [1] for other deterministic projection methods with linear search. Importantly, we are able
to maintain the good properties of method (H)- (@) in the absence of L. The introduction of such a linear
search has two goals. First, it allows the method to deal with problems where the Lipschitz constant
of the operator T is inexistent, unknown, or too large, in which case the stepsizes become too small
with a detrimental effect on the convergence. It also improves over the alternative of “small” exogenous
stepsizes, (i.e., a summable sequence {ay}), which has also a very detrimental effect on the convergence.
The intuition is that a linear search provides a procedure which uses the information available at iteration
k in order to determine the largest possible value of the stepsize ay for which the convergence properties
of the algorithms can be ensured. The prototype of the linear search is the Armijo search applied to the
steepest descent method for unconstrained optimization problems, adapted to the VI problem in [18] and
[12]. Tt is widely recognized that the Armijo search substantially enhances the numerical performance of

1 Pseudo-monotonicity is a weaker condition than monotonicity: for all z,z € R™, (T(z) — T'(z),z — z) > 0.



4 A. N. Tusem et al.

the steepest descent method, compared with the variants which use exogenous stepsizes, be it summable
ones, or dependent on the Lipschitz constant. All these nice properties make the extragradient methods
with linear search we propose more implementable.

We thus propose two stochastic extragradient methods with linear search. The first variant, which
we call the stochastic hyperplane projection method (SHP), is the stochastic variant of the hyperplane
projection method proposed in [12] by Tusem and Svaiter. In such method, the linear search is based on
the geometric interpretation of separating the current iterate and the solution set by a hyperplane. The
SHP method takes the form: choose, & € (0,1], 6 € (0,1), 0 < 8 < B, {8} € [B,5], {Nx} C N and
X\ > 0; given iterate z*, generate a sample ¥ := {«Ejk :j=1,..., N} of £ and take oy, as the maximum
a € {0#a: j € No} such that

(Peh M@)ot - 11(g) = e~ 1)1 )

where g* := 2% — B, F (€%, 2*) and for all a > 0, 2F(a) := aIl(g¥) + (1 — a)z*. Then set z* := z¥(ay)
and ¢t .= 1T {:ck - Vkﬁ(ék, zk)}, where

1= (F(EF, 24),a% = 24) - | F(R, 24~
It is not difficult to see that 2*t1 = IT [U H, (xk)] where 1y, is Euclidean projection onto the hyperplane
Hy := {x ER™: (F(*,2%), 2 — 2F) = 0}.

The second variant we propose, which we call stochastic extragradient method with linear search
(SELS), is the stochastic variant of the method proposed by Khobotov in [I8]. The SELS method takes
the form: choose & > 0, # € (0,1), {N.} C N and A > 0; given iterate ¥, generate samples &* := {«fjk :
j=1,...,Ni} and n* := {77;€ :j=1,..., N} of the random variable £ and choose «y as the maximum
a € {#a: j € No} such that

a|Piet, @) - ek ah)|| < Miz*(@) - o, (10)

where for all a > 0, 2¥(a) := IT [zk — aF(g, zk)} . Then set z* and %! as in (B)-() for ax as chosen
in (I0).

We now introduce some additional notation required in the next subsection. For any a > 0 we
consider the natural residual function r,, defined, for any = € R™, by rq(z) := ||z — II(x — aT'(z))| and
the regularized gap-function g,, defined, for any = € R™, by g.(z) := sup, e x {(T'(z),r —y) — 5|z — yl*}.
For fixed b > a > 0, the D-gap function g, is defined as, for any « € R", by gq.5() := go(z) — gp(x). It
is known that the D-gap function and the natural residual are continuous unrestricted merit functions
of VI(T, X), i.e., X* = g;})(O) =r,1(0) for any b > a > 0. Moreover, the quadratic natural residual and
the D-gap function are equivalent merit functions in the sense that, given b > a > 0, there are constants
C1,Cs > 0 such that for all z € R™, Cyry-1(2)? < gap(x) < Corg-1(z)? (see [6], Theorems 10.2.3, 10.3.3).
For fixed a > 0 and given ¢ > 0, we consider an iteration index K = K., such that E[r,(z%)?] < e,
and we look at E[r, (z)?] as a non-asymptotic convergence rate. In particular, we will have an O(1/K)
convergence rate if E[r, (z5)?] < Q/K for some constant Q > 0. The oracle complezity will be defined as
the total number of oracle calls needed for E[r,(z%)?] < € to hold. As an example, for method (&)- (),
the oracle complexity is Zle 2Ny

1.3 Comparison with previous works

To the best of our knowledge, methods SHP and SELS are the first extragradient methods with linear
search for SVIs. We remark that, as will be presented in this paper, the SELS method maintains the good
properties of the extragradient method (@)-(@) up to a factor of O(log; /9 L) in the oracle complexity and
the number of projections per iteration, since it does not require knowledge of the Lipschitz constant L.
Importantly, O(log; /o L) is a small factor for practical purposes (see Remark ). In summary, SELS and
SHP have the following characteristics:

i) SELS and SHP require only ([{l) and pseudo-monotonicity of T without any regularization.
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ii) SELS requires a stepsize bounded away from zero and hence has an accelerated rate of O(1/K) in
terms of the mean quadratic natural residual or the mean D-gap function with a near-optimal oracle
complexity of O (logl/(, L) e 2. [111(6_1)}1% for any b > 0 and 2- O (1og1/9 L) projections per
iteration (see Proposition [1 and Remark [)),

iii) SELS and SHP only require a stochastic oracle with a non-uniform variance, i.e., satisfying ().
Importantly, the performance of SELS and SHP depends on a minimal trade-off between the variance
on X* and the distance of initial iterates to X*, i.e., the performance depends on the factor

A . * k * (12

Q= ot {oe): x| Blle*~a|]}. (11)
where, for * € X* ko(x*) € N is explicitly determined (see Propositions Bl and [7]). This result also
improves in the case in which (@) does holds but o(z*)? < o2 or in the case in which X is compact
but maxo<g<py () El|#* — 2*[|?] < diam(X)2. In this sense, SELS depends only on the variance of
the oracle error at points of the solution set and the trajectory of the method

iv) SELS and SHP allow an unbounded feasible set or operator, keeping asymptotic convergence of the
generated sequence and results of items ii)-iii). We also prove that the generated sequence is bounded
in LP.

v) Under conditions of items i)-iv), the sample rate { Ny} is robust in the sense that a scaling factor
© > 0 on the sampling rate maintains the progress of the algorithm with proportional scaling in the
convergence rate and oracle complexity (see Propositions Bl and [1l See also [24] for robust methods).

Before method (H)-(6) and SELS, previous works required: (i) specific classes of pseudo-monotonicity,
bounded monotone operators or a regularization procedure (which requires additional coordination of
parameters and a sub-optimal rate), (ii) small stepsizes, i.e. satisfying >, a7 < oo, with a slower con-
vergence rate of O(1/ VK ) and oracle complexity O(e~2) in terms of a mean gap—functionﬁ for bounded
monotone operators, (iii) for the general monotone case without regularization, previous methods re-
quired a uniform variance, i.e., satisfying (@), which is much more demanding than (&) and excludes,
e.g., affine monotone stochastic complementarity problems, (iv) for unbounded X or T, asymptotic con-
vergence was obtained under demanding monotonicity properties or regularization, and convergence rates
were only given for strongly monotone operators or for monotone operators requiring a uniform variance
with the slower rate O(1/ VK ) in terms of a mean gap-function @pand with no guaranteed asymptotic
convergence (see [11], Example 1).

It should be noticed that methods which avoid the use of the Lipschitz constant or Lipschitz continuity,
were proposed in [35,36], but by means of a very different procedure. Instead of linear searches they use a
random smoothing technique by means of sampling an auxiliary random variable. It is an interesting idea,
but it requires compactness of the feasible set, uniformly bounded variance of the oracle for monotone
operators, and achieves the slower rate O(1/v/K), while we can cope with unbounded sets, non-uniform
variance for pseudo-monotone operators and achieve the rate O(1/K).

We make some final comments on the results of methods SHP and SELS. In the deterministic case,
the hyperplane projection method in [I2] requires only continuity. The SHP method requires Holder
continuity of the random operator in order to control the variance of the oracle error. This variant
also uses two projections per iteration with convergence rate O(1/v/K), sample rate Ny ~ k% (up to
logarithm terms) and oracle complexity O(¢~°) (up to logarithm terms). The SELS method requires
Lipschitz continuity of the random operator, 2-O(log; /6 L) projections per iteration, sample rate Ny ~ k
(up to logarithmic terms) and oracle complexity of O(log; /9 L) - ¢~ (up to logarithmic terms). Hence,
the choice between these two linear search variants depends on a trade-off between computational and
oracle complexity (which might depend on the application of interest). If oracle complexity is expensive,
our results tend to suggest SELS (if Lipschitz continuity is available).

The paper is organized as follows: in Section [2] we present notation and preliminaries, including
the required probabilistic tools. In Section B] we present the proposed algorithms and their convergence
analysis. In Subsection B.Ilthe assumptions required for the analysis are discussed. Subsection[3.2 presents

2 A typical example includes monotone linear SVIs where F(£,z) = A(€)z for some random matrix A(€) such that
A = E[A(¢)] is a semi-definite positive matrix. In this case, we have V[e(¢,z)] = O(||z]|?) so that (@) is not satisfied for
unbounded X. Note that for a compact X such that 0 € X, @) does hold but 0 € X* and V[e(¢,0)] = 0. For such case,
the performance of methods in [14] and [5] depends on o2 > 0 which is very conservative compared to (I)).

3 Precisely, the dual-gap function defined as G(z) := supye x(T'(y),  — y)-

4d Prec]iggly, the relaxed dual gap-function of Monteiro-Svaiter defined as G(z,v) := supyex (T'(y) —v,z —y) for x € X
and v € .
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the convergence analysis while Subsection focus on convergence rates and complexity results. We
present the analysis of SPH and SELS separately. The Appendix provide proofs of essential lemmas.

2 Preliminaries
2.1 Projection operator and notation

For z,y € R™, we denote by (z,y) the standard inner product, and by ||z|| = \/{z, ) the correspondent
Euclidean norm. Given C C R™ and « € R", we use the notation d(z,C) := inf{||lx — y|| : y € C}. For
a closed and convex set C' C R™, we use the notation IIo(z) := argmin, ¢ |ly — z||* for z € R™. Given
H :R™ —» R", S(H,C) denotes the solution set of VI(H,C). The following properties of the projection
operator are well known.

Lemma 1 Take a closed and convex set C C R™.

1) Given x € R", Il (x) is the unique point of C satisfying the property: (x — IIo(x),y — He(x)) <0,
forall y € C.
i) For allz €R",y € C, |Hc(x) —y|I* + || lc(z) — 2|* < [lz — yl|*.
iti) For all z,y € R", ||Ic(z) — Oe(y)| < ||z -yl
i) Given H :R" - R", S(H,C) ={z € R" : x = [I¢[x — H(z)]}.
v) For allz € C,y € R™, (v —y,x — Hc(y)) > ||z — He(y)|*

In the case of the feasible set X as in (II), we shall use the notation IT := ITx. Given an operator
H:R"™ —» R"”, for any z € R"™ and « > 0, we denote the natural residual function associated to VI(H, X)
by

ro(H;xz) = ||z — IT [z — aH(x)]]| .

In the case of the operator T as in (1), we use the notation r, := r,(T,-). For the unit stepsize a = 1,
we use the notation r(H;) := r(H;-) and r := rq.
We shall also use the following useful lemma (see [6], Proposition 10.3.6).

ro(H,x)
a

Lemma 2 Given x € R™, the function (0,00) > a — 18 non-increasing.

We use the abbreviation “RHS” for “right hand side”. Given sequences {z*} and {y*}, we use the
notation z*¥ = O, (y*) or ||z*|| <, [|l¥*|| to mean that there exists a constant C,, > 0 (depending only
on p) such that ||z*| < Cp||y*| for all k (we omit the reference to p if no confusion arises or if there is
no such dependence). The notation ||z*|| ~ ||y*|| means that ||z%| < ||y*| and ||y*| < ||*|. Given a
o-algebra F and a random variable £, we denote by E[¢], E[¢|F], and V][], the expectation, conditional
expectation and variance, respectively. Also, we write £ € F for “£ is F-measurable”. We denote by
o(&,...,&) the o-algebra generated by the random variables &1, ..., . Given the random variable £
and p > 1, [¢], is the LP-norm of § and |{|F|, := {/E[{[?|F] is the Ly-norm of { conditional to the
o-algebra F. Given = € R, we denote [z] the smallest integer greater than x. For a matrix B € R™*",
BT denotes its transpose, || B|| denotes its spectral norm and tr(B) denotes its trace. For m € N, we use
the notation [m] = {1,...,m}.

2.2 Probabilistic tools

As in other stochastic approximation methods, a fundamental tool to be used is the following Convergence
Theorem of Robbins and Siegmund [27], which can be seen as the stochastic version of the properties of
quasi-Fejér convergent sequences.

Theorem 1 Let {yi},{ur},{ar}, {br} be sequences of non-negative random variables, adapted to the
filtration {Fr}, such that a.s. Y ar, < 00, > by < 00 and for all k € N, E[yk_l,_l‘]:k} < (1+ak)yr —ug+bg.
Then a.s. {yr} converges and y_ uj < 00.

Ifa.s. for all k € N, E[yr11|Fr] = yx then {yg, Fi} is called a martingale. We will require the following
result, proved in [3]:
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Theorem 2 Let X; := (X +)teT for j € [N] denote independent random vectors indexed by T such that
E[Xj: =0 for allt € T and j € [N]. Let

N
Z :=sup Xitl,
teT z_:

M := max sup|X;
ey sup Xl

~2
o°:=supk X
teT Z

Then, there exists constant k > 0, such that
|Z|, < 2E[Z] + 2+/2kp0 + 20kp| M|, + 4/kp|M],.

A random vector Y taking values in R" is called sub-Gaussian with variance parameter o2 > 0 if for
all v € R,
E[e< q <e =
We will use the following result, proved in [9]:

Theorem 3 (Quadratic forms of sub-Gaussian vectors) Let A € R™*"™ be a matriz, and let S :=
AT A. Suppose that Y is a zero-mean sub-Gaussian random vector with variance parameter o® taking

values in R™. Then for all 0 < s < —2021HSH )

B e (4VI7)] < e {2 )s + {5 S

1—202|5]s

We shall also use the following characterization of sub-Gaussian random variables found in Theorem
2.1 of [3].

Theorem 4 Let Y a random wvariable taking values in R with E[Y] = 0. If for some o2 > 0, for all
5> 0,

2
B(IY| > 5) < 2exp{;—2}
g

then Y is a sub-Gaussian random variable with variance parameter 402.

A random variable Y taking values in R is called sub-Gamma with parameters 02 > 0 and ¢ > 0 if
fora110<s<%,

(7232
E[e?] < ex=,
We will need the following result established in Corollary 2.6 of [3].

Lemma 3 Let {Z;}Y | be real-valued sub-Gamma random variables with parameters o > 0 and ¢ > 0.
Then

E [_r{laXNZz} <V202InN +cln N.

We will need the following result implied by Theorem 1 of [25].

Theorem 5 Let (2, F,P) be a probability space, (£,G) be a measurable space, {{ : 2 — } ', be
independent random variables and a measurable function f : = — R. Let also {7]]} 1 be a collection of
independent random variables which are independent of {£;}1_, and Hy = o(&; : j E [N]). Set

V= Z 77]))

Jj=1

HN

Then there exists constant C > 0 such that for all A > 0,

N
P Z E)>CVVA+A)p <e
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Finally, we will use the following result in Lemma 13.11 of [3]. We give first the definition of metric
entropy of a pseudo-metric space. A subset V C T of a countable pseudo-metric space (7, d) is called a
d-net for T if for every ¢t € T, there exists v € V such that d(t,v) < ¢. If, additionally, V is finite, with
cardinality N(d,T) of minimum size, then the d-entropy number is H(d,7) :=In N4, T).

Lemma 4 We consider R"™ with the {; metric and denote by B, the correspondent unit ball. For all
q>1 and all u € (0,1], the metric entropy H(u, By) satisfies

1
H(u,Bq) <nln (lJr—).
u

For further details on the probabilistic tools mentioned above, we refer the reader to the book [3].

3 Stochastic extragradient methods with linear search

In this section we present formally the two extragradient methods with linear search we propose. We
start with the stochastic hyperplane projection method. The idea is to adapt the deterministic hyperplane
projection method by replacing the mean operator with the empirical average of the random operator
associated to a progressively increasing sample rate { Ny }.

Algorithm 1 (The stochastic hyperplane projection method)

1. Initialization: Choose the initial iterate 20 € R™, parameters 5 > 3 > 0, X € (0,1), & € (0,1] and
6 € (0,1), the step sequence {Bx} C [3, 8], the sample rate { Ny} and initial samples £° := {5?}?[:"1 of
the random variable &.

2. Tterative step: Given z*, generate samples £¥ := {Ef};vz’“l of &.

If 2F = 11 [wk - Bkﬁ(fk,xk)} stop. Otherwise:

Linear search rule: Find the maximum « € {674 : j € Np} such that
o A
(F ("2 @)~ 1(g") > Sl — 1)) (12)

where gF := 2% — B, F(€*,2%) and for all o > 0, 2¥(a) := all(g*) + (1 — a)z*.
Denoting by aj > 0 the above maximum value, set

= ) = andl [oF = BF(ER,aM)] + (1 - ana®, (13)

$k+1 =11 [.Tk — ’ykﬁ(fk, Zk)} , (14)
where y, 1= (F(g%, 2%),a* — 24} - | F(€¥, )| 2.

Set y* = ¥ — %ﬁ (ék, 2%). We remark that, as in the deterministic hyperplane projection method of
Tusem-Svaiter [I2], 2"+ is the projection of z¥ onto the hyperplane Hy := {x € R™ : (F(¢*, 2F), x— %) =
0}, or alternatively onto the halfspace Ly := {z € R" : (F(¢*, z%), 2 — 2¥) < 0}. In the deterministic case,
the monotonicity of the operator implies a crucial fact used in the convergence analysis: if the method
does not stop in finitely many iterations then ¥ ¢ L* and H* strictly separates the solution set X*
from the iterate x*, which entails a strict Fejér relation. In Algorithm [I we still have z* ¢ L¥, but the
separation property is no longer valid, since a solution z* € X* may fail to belong to L* if the angle
(e(€F, 2%), x* — 2F) is positive. Nevertheless, a recursive relation can be obtained in order to control this
infeasibility of the solution to L* in terms of (e(¢¥, 2%),2* — 2*) (see Lemma ).
Concerning Algorithm [I] we define the oracle errors:

& = F(e*, k) — T (a%), (15)
&= F(¢r, 29 — T (2Y), (16)
&= F(¢k, 2 —T(2Y), (17)

where 2% := z¥(0ay,) (see linear search (I2) for the definition of z*(a)).
We now present the stochastic extragradient with linear search which differs from Algorithm [ by the
use of a different linear search.
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Algorithm 2 (The stochastic extragradient method with linear search)

1. Initialization: Choose the initial iterate 2° € R", parameters @ > 0, A € (0,1/v/6) and 6 € (0,1),
the sample rate {N;} and initial samples £° := {¢9}%0, and 7° := {n9} 1%, of the random variable &.

2. Iterative step: Given iterate 2¥, generate samples &¥ := {ff}jv:kl and nF := {nf}jvz’“l of &.
If 28 = 1T [zk — &ﬁ(&k,xk)} stop. Otherwise:

Linear search rule: define oy, as the maximum o« € {674 : j € No} such that
| B (g5, 24(@)) = F (65.2%) | < =" (e) — 2], (1)
where 2F(a) == IT {xk — aF (¢, ack)} for all & > 0. Set
=T [:ck — P (€, zk)} , (19)
ZH = T [:ck — B (", zk)} . (20)

Note that if T is Lipschitz continuous with constant L, Algorithm [ recovers Algorithm (B])-(@]) of
[11] if we set 0 < infy o < sup, ap = & < 1/2L (i.e., the linear search rule (I8) is satisfied in the first
iteration with ay := &).

Concerning Algorithm 2] we define the oracle errors:

e = F(¢k,a%) - T(ab), (21)
e == F(n*,2%) = T(z"), (22)
k= F(¢F, 29 — T (2Y). (23)

3.1 Discussion of the assumptions

Concerning Algorithm [, we shall study the the stochastic process {*} with respect to the filtration
Fr=o0(2,€%,..., 1),
Concerning Algorithm (2l we shall study the stochastic process {z*} with respect to the filtrations

‘Fk = o’(x()?go’ M '7§k71’7707 M "nk71)7 ‘Fk = o’(xo’go’ A ’gk’no’ M "T’k71>'

A significant difference between Algorithms [ 2l and Algorithm (B)-(6) in [11] is that the adaptative
stepsize oy, obtained in the linear search is a random variable which depends on the sample £*. The
inevitable consequence is that the errors {5, €5} in Algorithm [[ and €5 in Algorithm 2l do not induce
martingales. This complicates considerably the convergence analysis requiring other statistical tools (see
Lemma [6]).

We state next the assumptions needed for the convergence analysis of these algorithms.

Assumption 1 (Consistency) The solution set X* := S(T, X) is non-empty.

Assumption 2 (Stochastic model) X C R" is closed and convez, (Z,G) is a measurable space such
that F : =5 x X — R™ is a Carathéodory map, & £ : 2 — = is a random variable defined on a probability
space (£2,F,P) and E[||F (&, x)|]] < oo for all z € X.

Remark 1 We observe that by Example 14.29 of [28], if F' is a Carathéodory map and &V = {¢; ;_V:l
is a sample of &, then (w,x) — |[€(¢N(w), x)|| is a normal integrand, that is,

w = epi [€(€Y (), )| = {(z,0) €R" x R: | F(&, )] < a}

is a measurable function. Hence, for any z* € R™ and measurable positive function R : 2 — Ry, by
Theorem 14.37 in [28], we have that

we o osup @ (W), @)l
z€B[z*,R(w)]

is a measurable function.

5 That is, F(£,-) : X — R™ is continuous for a.e. £ € = and F(-,z) : £ — R™ is measurable.
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Assumption 3 (Pseudo-monotonicity) We assume that T : R™ — R™ as defined in [@2)) is pseudo-
monotone, i.e., for all z,x € R", (T'(x),z —z) > 0= (T'(2),2 — ) > 0.

Assumption 4 (Holder-continuity) There exist § € (0,1] and measurable function L : £ — R4 with
finite 2p-moment for some p > 2 such that for all x,y € X,

IF (& @) = FEy)l < LE)lz —yll°.

We will not require knowledge of L or ¢ in our methods. With respect to Algorithm 2] we shall always
assume that § = 1 in Assumption Ml that is, Lipschitz-continuity. With respect to Algorithm [ we
perform the asymptotic analysis for any 6 € (0, 1], while in the convergence rate estimates and the
complexity analysis we assume that 6 = 1.

Assumption 5 (Sample rate) In Algorithms[ and[2, {@}?fz"l and {nj}j-vz’“l are i.i.d. samples of €. In
the case of Algorithm[3, {fj};vz’“l and {nj}jyz’“l are independent of each other.

Moreover, concerning the sample rate { Ny} we assume:

i) In Algorithm[D, Y 72, \/}v_k < 00
it) In Algorithm[2, Z;O:O N%C < oo.

Assumption 6 (Variance control) There exists @ p > 2 and a locally bounded and measurable func-
tion o : X* — Ry such that for all x* € X*, x € X,

(& @) = T(@)lll, < o(2®) (14 [z — 2.

Denote ¢ := p/2. We remark that Assumption [lis implied by the non-uniform variance (8] over X* and
the Holder-continuity (@).

3.2 Convergence analysis

In this section, we provide, in two subsections, the convergence analysis of Algorithms [ and 2l We first
state two lemmas whose proofs can be found in the Appendix.

The following lemma is Lemma 4 in [I1], applied to the oracle error € in Algorithm [ and to the
oracle errors {e}, €5} in Algorithm 2

Lemma 5 Consider Assumptions[8. Let ¢~ = {¢&; : j € [N]} be an i.i.d. sample of €.
Then for any p € [p,2p] and for all z* € X*, x € X,v € R",

€., < o/ Rota)1 + o =1,

~ (N ol . .
v, € , T < Cp—=0a(x")(1+ ||z — ).

As commented above, errors {€5, €5} in Algorithm[Mand €} in Algorithm 2 do not induce martingales.
For this reason, in order to bound such stochastic errors we will need some additional statistical theory.
A difficult additional feature is that X may be unbounded. This is the subject of the following lemma,
proved in the Appendix.

Lemma 6 Suppose that Assumptions QU@ hold. Let £V = {&; : j € [N]} be an i.i.d. sample of & and let
Fn be a o-algebra independent of V. Given B > 0, a random vector zV € Fy in X, and a random
variable an € (0,1], set

2N i=anIl [xN - ﬂﬁ(fN,xN)} +(1—ay)z™.

Then there exists Cp 1, > 0 (depending on L(§) and p), such that for any «* € X*,

Y2 £, < Crm/ oot ) =] +1),

6 In Assumptions @ and Bl we ask the Lipschitz modulus L(€¢) and the oracle error ¢(€, ) to have finite 2p-moments for
some p > 2. This is slightly more than asking finite p-moment for some p > 2 as in Algorithm (&)-(6) in [I1]. This is a
technical assumption for facilitating the analysis, and sufficient for practical purposes. For instance, if L(£) is bounded we
could ask the oracle error to have finite p-moment. Moreover, assuming that L(¢) has all finite moments, we could ask the
oracle error to have finite p-moment for an arbitrary p > 2.
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Finally, we remark that although the proofs of Lemmas[Bl and [ are given for the Lipschitz-continuous
case in Assumption [ this entails no loss of generality since, for § € (0,1), we always have the bound

lz —2*|1° < max {1, [|lz — 2*[|} < 1+ [lz — 2",

for any x € R™ and z* € X*.

3.2.1 The stochastic hyperplane projection method

We now present the convergence analysis of Algorithm [l We start by showing the linear search (I2) in
Algorithm [ is well defined.

Lemma 7 (Good definition of the linear search) Consider Assumption[d Then

i) The linear search [I2)) in Algorithm [ terminates after a finite number of iterations.
ii) If the method does not stop at iteration k + 1, then (F (&%, 2%), 2% — 2K) > 0. In particular, v, > 0 in

@.

Proof Ttem (ii) is a direct consequence of (i). We prove next item (i). Assume by contradiction that for
every j € Ny,

(BoP(¢",2% (6798) ), a* — IT(g")) < Alla* — 1T(g") %
We let j — oo above and by continuity of F (¢, -), resulting from Assumption B we obtain
N|a? = I(g")|? > (¥ — ", 2" — 11(g")) > ||«* — 11(g")|%,

using Lemma [[{v) in the last inequality. Since we have z* # IT(g*) by the definition of the method, we
obtain that A\ > 1, a contradiction.

The following Lemma is also proved in the Appendix.

Lemma 8 Consider Assumptions[IH3 Suppose that the method does not stop at iteration k + 1. Then,
for all x* € X*,
2"+ — ¥ < la® = 2|® = ||y — a®(|? + 2 (5, 2 — 2P).

We now aim at controlling the error term ~; (€5, z — z*), which perturbs the hyperplane separation
property. This term is not a martingale, since z* depends on &*. Hence, differently than Algorithm 2]
we must analyze the first order moments of stochastic errors (see Assumption [Bi)). We shall need the
following simple lemma for establishing a useful endogenous bound for 7, in terms of the deterministic
bounded stepsize (.

Lemma 9 Suppose that the method does not stop at iteration k + 1. Then

Pk _ APk
-

0 <y < —— < (24)

Proof We only need to prove the second inequality. The linear search (IZ) and the fact that z* — 2% =

ag(x® — IT(g*)) imply that

(F(gF, 2%), 2% — 2F) >

> ol — (25)

From (Z8) and the definition of v, we get

~

(F(gF,25) ak —2%) X fla® — M2

= — — , 26
TR T B e, )2 20
while the definition of v gives
v <F(§kvzk)7xk 7 Zk> < HF(&k,Zk)Hka N Zk” _ ||1.k B Zk” (27)
[FER 20012 | (Ex, 27)|1 [ F(&x, 27)|

using the Cauchy-Schwartz inequality. Inequalities (26])-(27) imply the claim.



12 A. N. Tusem et al.

For x* € X*, k € Ny, we define

ﬁk(:z:*) :=max{Cp,Cpr} ?1 / lea(:n*),

where C), and Cp, 1, are the constants defined in Lemmas Bl and [G61

Lemma 10 (Error decay) Consider Assumptions[Ha. Suppose that Algorithm [l does not stop at iter-
ation k + 1. Then for all x* € X*,

hk(ég,x* — zk)|]:k|q < BLﬁk(:E*) (1 + ||xk — :I:*||2) + ﬁk(:n*)Q (1 + ||$k — x*||2) .
Proof We denote z* := IT(g*), so that
at = 2F = ap(a* =2 + (1 - ap)(z* — "), (28)
using the fact that * = aga™ + (1 — ag)z*. In view of ([28)), we have
Yi(Es a* — 28 = ypap(eh, o — Z%) + (1 — o) (€5, 2% — o)
< SIEsI (I — 2] + lla* — 1), (29)
using the Cauchy-Schwarz inequality, Lemma [, and the facts that 0 < oy < & <1 and 0 < B < 3.

Since z* € X*, by Lemma [[iv), we use the fact that z = II[x — 8T (x)] and the definitions of z*
g" and €¥ in order to obtain

|28 — 2*|| = | H[z* — Bir(T(z*) + &)] — H[z* — BT ("))
< Ja¥ — 2" + Be(T(z*) — T'(2¥)) — Bréf|
< |la* — 2| + BL||=* — 2*|° + BlIE |, (30)

using Lemma [I[(iii) in the first inequality, and the fact that 0 < f§; < B together with Assumption H in
the last inequality.
Using 29)-B0) and the fact that ||zF — 2*||° < 1 + ||2* — 2*||, we consider || Fil, and get

(5,0 — 2, < [BL+ 2+ BD)* — o] 5 el 7,

E k|| =k
+3 e les | 7| (31)

q7

using the fact that 2* € 7. By Lemma B, 2* € ), and the independence between ¥ and F, we get

, n %
IS, < Gy F-ota) (I = . +1). (32)

By Lemma [6 the definitions of ¥, 2% € Fj, and the fact that oy, € (0,1], we get

1€l Fl,, < CL,p\/NIkU(w*)(llwk — [+ 1) (33)
Invoking Holder’s inequality, we also get
NS NIF], < [kl - bl Fe], (31)
Relations (BI)-(34), the definition of H x(x*) and the convexity of ¢ — t? entail the claim.

Consider Hy,(z*) as in Lemma [0 Define C(z*) := v/NiHy(z*).

Proposition 1 (Stochastic quasi-Fejér property) Consider Assumptions and assume that Al-
gorithm [ generates an infinite sequence {x*}. Then

(i) There exists ¢ > 1 such that, for all k € N and z* € X*,
E[l|lz** —2*|*|Fi] < |la* —2*|* — E[lly* — 2*|*| 7]
3LC(z*)  C(x*)?
Lo[aree | e
\/Nk Ni,

(1+|jz% —z*|?).




Variance-based stochastic extragradient methods with linear search for stochastic variational inequalities 13

(ii) A.s. {||z* —z*||} and {d(z*, X*)} converge for all z* € X*. In particular, {z*} is a.s.-bounded.
(i) A.s. if a cluster point of {z*} belongs to X* then limy_,o, d(z¥, X*) = 0.

Proof i) Tt is an immediate consequence of Lemmas [ [[0] and the fact that 2% € Fy, after taking E[-|F]
in Lemma[§

ii) Set R R
cr(a*) == B\/C_( o C%;)Q] :
From (i), for all k € Ny,
E[|l" — 22| Fx] < [1+ cr(@®)] |l2* — 2*||* + cr(@™). (35)

By Assumption B(i), we have ), cx(2*) < oco. Hence, from (B5)) and Theorem [l we conclude that a.s.
{||z* — 2*||} converges and, in particular, {*} is bounded.
Set z* := ITx«(x*). Relation (35) and the fact that ¥ € Fj imply

E[d(a", X*)?|Fe] < [14 cn(@)] (@, X*)? + cp(z). (36)

The boundedness of {z*} and Assumption Bl(i) imply that >, cx(z*) < oo a.s. Hence, Theorem [l and
6) imply that {d(z*, X*)} a.s.-converges.

iii) Suppose that there exists Z € X* and a subsequence {k¢} such that limy_,o [|2% — Z| = 0 a.s.
Clearly, d(z*, X*) < ||z*¢ — || almost surely, and therefore it follows that limy_,, d(z*¢, X*) = 0. By
(ii), {d(z*, X*)} a.s.-converges and hence limy_,, d(z*, X*) = 0.

We now prove asymptotic convergence of Algorithm [II Consider 6(x*) as defined in Proposition [Il

Theorem 6 (Asymptotic convergence) Under Assumptions I8, either Algorithm [ stops at itera-
tion k4 1, in which case x* is a solution of VI(T,X), or it generates an infinite sequence {x*} that a.s.

is bounded and such that limg_,o d(2*, X*) = 0. In particular, a.s. every cluster point of {x*} belongs
to X*.

Proof If Algorithm [ stops at iteration k, then z* = IT[zF — ﬂkﬁ(fk,xk)]. From this fact and Lemma
@(iv) we get, for all x € X,

~

(e, 2), 2 — 2%) > 0. (37)
From the fact that 2% € F and the independence of &* and Fy, we get E[F(¢*, 2%)|Fy] = T'(2*). Using
this equality and the fact that 2% € F, we consider E[-|F] in (B7) and obtam < (z%), 2 — 2¥) > 0 for

all 2 € X. Hence z¥ € X*.

We now suppose that the sequence {z*} is infinite. By Proposition [I{iii), it is sufficient to show that
a.s. the bounded sequence {2*} has a cluster point in X*.

Choose any z* € X*. As in Proposition [l set

pLc@") , Clry?
\/Nk Nk .

Using the property that E[E[-|F%]] = E[-], we take the expectation in Proposition [I{i), and get, for all
k € Ny,

o~

cp(z*):=¢

E[|**t = a*|?|F] < [+ cr(@)E [l — 2" 7] = E [lly* - 2"[*] + cx(a”). (38)
From the fact that ), cx(z*) < oo, [B8]) and Theorem [Il we conclude that

Y E[lly* —2*)?] < oo, (39)
k=0

and that {E [||2* — 2*[|?] } converges. In particular, {E [||z* — 2*||?]} is a bounded sequence.
By the definition of Algorithm [ we have that |y* — 2¥||?2 = (T'(2%) + &, 2k — 25)2|| T (%) + & ~2.
Hence, from (B9) we get
T(2k) 4+ &k gk _ k)2
im 5| LE) TG — )7 (40)
ko0 1T (=) + &1
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From the definitions of {é¥, &5, ek}, Lemmas [{ and [6 the property that E[E[-|F%]] = E[] and the
boundedness of {E [[|z* — z*||] }, we get

supyen, B [[l2* — 2[*] +1

VN

for s € {1,2,3} and all & € Ny. Since limg_,o0 v N = 0 (Assumption Bl(i)), we have in particular that,
for s € {1,2,3},

E[I€1°] <

lim B[] = o. (41)
k—o0

Since L2-convergence implies a.s.-convergence along a subsequence, from [{@0)-(4)), we may take a (de-
terministic) subsequence {k¢}92, such that a.s. for s € {1,2, 3},
a, (T(2*) + &', a — 1T (gM))
troo IT (%) + &

lim e =0, (43)

s
{—00

using the fact that 2 — zF = ay[2% — I1(¢*)]. Since By € [B, 5] with 8 > 0, we may refine {k,} if necessary

so that, for some 8 > 0,
lim B, = 5. (44)
L—00

From Proposition [I(ii), the a.s.-boundedness of the sequence {*¢} implies that, on a set £2; of total
probability, there exists a (random) subsequence 9 C {k¢}72, such that

lim 2% =

* 4
lim : (45)

for some (random) z* € R™. Using the fact that g& = 2% — 8 [T(z*) + €], @3)-(@5) and the continuity
of T and II, for the event {21, we have

*.= lim ¢* = 2* — BT (z*). 4
g =lmg" =z BT (x*) (46)

Also, for the event 21, from the definition of z* in (I3), the fact that az € (0,1], [@3) and (@5)-E8), we
get that {T(z*) + & }rem is bounded so that, since ([@2)), we obtain
%g& (T (%) + & 2% — 1T (g*)) = 0. (47)
We now consider two cases for the event (2;.

Case (i): limgeqm o # 0. In this case, we may refine 91 if necessary, and find some (random) a > 0
such that oy > & for all k € 91. It follows from (@7 that on (24,

%ielgt@(zk) +&,2" —II(g")) = 0. (48)

From ([2)-([13), we get

(T(*) + &, 2% — I (g*)) > énxk — 1I(g")|2 > %nwk — 11(g")|? (49)

for all k. Relations [@8))-(@3) imply that, for 24,
0= 1 k_1(g")]. 50
lim [|o* — 11(g")] (50)

From (45)-(G]), we take limits in (B0) and obtain
0= llz* = Hfz* — 5T (z7)][].

Therefore, x* = II[x* — BT (x*)], so that z* € X* by Lemma [I(iv).
Case (ii): limgem ag = 0. In this case we have

lim oy, = 0. (51)
kemn
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Since 2% := O I1(g*) + (1 — Oag)x* and {g*}rem is bounded, we get from (5I))

lim 2k =g~ (52)
S

Observe that, by the definition of the linear search rule (I2)), we have

(T(Z") + &, 2" — 1 (g")) < él\fck —1(g")? (53)

for all k € Ng. We take limit in (B3] along 91, and we get, using the continuity of 7' and IT and relations
[@3)-[@6) and (B2) that
* * * T * *
(T'(x*),2" = I(g")) < EIISE —1I(g")|1*. (54)

Since the sequence {x*} is feasible and X is closed, the limit point z* belongs to X. Thus, from (54)
and Lemma [Il(v), we get that, for 2y,

Tlla* = I (g")|* = B(T(a7), 2" — [ (g")) = (" — g",2" = II(g")) = [la" — I (g")||". (55)

Since 7 € (0,1), (BA) implies that ||a*—IT(g*)|| = 0. Hence, in view of [@0l), we have z* = IT(a* — BT (z*)).
By Lemma [[{iv), we conclude that z* € X*.

We have proved that in the event §2; of total probability, both in case (i) and in case (ii), {#*} has
a cluster point which solves VI(T',X). The claim follows from Proposition [I(iii).

3.2.2 The stochastic extragradient method with linear search

We now present the convergence analysis of Algorithm 2l We first show that the linear search (IJ]) in
Algorithm ] is well defined.

Lemma 11 (Good definition of the linear search) Consider Assumption[d. The linear search (IJ)
terminates after a finite number of iterations.

Proof Set v; := 077& and Hj, := F(¢*,-). Assuming by contradiction that the linear search (I¥) does
not terminate after a finite number of iterations, for every j € Ny,

~ T, (Hy; 2%)

HF (€5, 25 (v;)) — F (fk,xk)H AR 2 r(Hy: 2", (56)

using the fact that v; € (0,1] and Lemma [ in the last inequality. The contradiction follows by letting
j — oo in () and invoking the continuity of F (€%,.), resulting from Assumption [ the fact that
lim; o 28(7;) = 2%, which follows from the continuity of I, and the fact that r(Hy;x*) > 0, which
follows from the definition of Algorithm

Define recursively, for k& € Ny, Ag := 0,
Apt = A + (1= 6X2)a2 2 + 662 eb)|? + 62| 12 (57)
and, for z* € X*, My(z*) := 0,
M (2%) = My(a®) + 20p(a* — 2%, eb). (58)

Using the notation AMj(2*) := Mjy1(2*) — Mg(z*) and AAy := Agy1 — Ag, the following recursive
relation is proved in the Appendix. It generalizes Lemma 3 of [I1] to the method with the linear search

(8.
Lemma 12 Consider Assumptions[IH3. If the method does not stop at iteration k+1 then for all x* € X*,

1—6)2
2

"+t — a2 < |2 — 2 - < > To, (2°)? + AMy(z*) + AAg.
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We now need upper bounds on the moments of AA4; and AMj(z*) in terms of ||2* — z*||? for any
x* € X*. With respect to AMg(z*) in (B]), a minor difference is that the adaptive stepsize «y, is a
random variable which depends on previous filtration information. Nevertheless, { AMj(z*), Fi} is still
a martingale, since ay, zF € ]?k and n¥ is independent of ]?k With respect to AAg, a major difference
with Algorithm (B)-(@) in [LT] is the presence of the error €% in definition (7). As commented before,
in order to bound this stochastic error we use in Lemma [ statistical techniques different from than
martingale methods, used in Lemma Bl By Lemma [6] we have

n * *
51| 7| < Copy/5ro@)la® =)+ 1), (59)

Using ([£9), the proof of the following proposition follows a similar proofline as that of Proposition 2 in
[11], so that we state it without proof.

Define
Hi(2") := Cpdy ia(:z:*), Hi(z*) := max {Cp,CpL} &y ia(:z:*).
Ng ’ Ng

Proposition 2 (Bounds on increments) Consider AssumptionsIH8. If the method does not stop at
iteration k + 1 then for all x* € X*,

A1 = ARl Fil, < [24 (14 La+ Hi(@)® 124 2(1 = 6X3)| Ai(@”)?[la* — o

+ [24Hk(2%)? + 24 + 2(1 — 602)] Hy(2¥)?,

n

[14 Lé + (3 +2L&)Hk(2*) + 2Hg(2*)?] [|2* — 2]

[1+ La+ Hi (@) [l — 27|

|Mp+1(2") — Mi(2")[Frl, <

R

Hk(x*)
NG

In the following proposition we summarize Lemma [I2 and Proposition 21 The proof is omitted since
it follows a proofline similar to that of Proposition 3 in [II]. Note that ay ¢ F. We define:

+ [Hk(x*)—l—Hk(x*)Q} .

Ci(a*) i= max {C,, Cp.p} av/no(a*) {24 [+ Lé + Hy ()] + 14} :

Proposition 3 (Stochastic quasi-Fejér property) Consider Assumptions OHB. If the method does
not stop at iteration k + 1, then for all z* € X*,

1—6)2)

k _ %2 1
E[kaJrl_x*HQ']:k} < ka_x*HQ_( 5 ||1' x H + -

E [rak(xk)Q‘]:k} + Ci(z™) N

We now proceed to establish the asymptotic convergence of Algorithm [2I We shall need the following
lemma:

Lemma 13 (Lower bound on stepsize) Consider Assumptions[d and [4] with § = 1. Define Ly =
-+ Zjvz’“l L(ff). If the method does not stop at iteration k + 1, then

Ny
N < agLy. (60)
Moreover, A\ < ‘ak’]:k’Q - |L(&)|5-
Proof By the definition of the linear search (IJ]), we have
0 ay Hﬁ (&8, 250 o)) — ﬁ(fk,xk)H > A sz (0 o) — ka . (61)

The inequality in (60) follows easily from (GI]) and the inequality

)

HF\ (&F, 25 (07 ay)) — ﬁ(&k,xk)H < L sz (0~ tay) — 2”
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which results from Assumption @ and the fact that z* (9*10416) # 2%, For the second statement we take
E[-|Fx] and get

A <E [akik‘fk}

< |k | Fil, ’Lk’]-'k‘

1 O
~ el || {30 | |7
=1

Ny

—SN'E [L(fjk)Q‘}—k} = |k | Frly - [L(E)],;

< eul il | 5

Jj=1

using Holder’s inequality in the second inequality, the convexity of ¢ —+ t? in the third inequality and the
fact that ¢* = {5]]“ }jvjl is an i.i.d sample of £ independent of Fj, in the last equality.

Theorem 7 (Asymptotic convergence) Under Assumptions [0, either Algorithm [@ stops at itera-
tion k 4 1, in which case x* is a solution of VI(T,X), or it generates an infinite sequence {x*} such
that a.s. it is bounded, limy_,o d(xF, X*) = 0, and r(z*) converges to 0 almost surely and in L?. In
particular, a.s. every cluster point of {x*} belongs to X*.

Proof If Algorithm [ stops at iteration k, then z* = IT[z* — &ﬁ(fk, 2*)]. From this fact and Lemma
[(iv) we get, for all z € X,
(F(&*,a"),z —a*) > 0. (62)

From the fact that z* € Fj and the 1ndependence of ¢&¥ and F, we have that IE[F( M) F] =
T (z*). Using this result and the fact that 2% € F, we take E[|F¢] in (6Z) and obtain, for all z € X,
(T(2*),2 — x¥) > 0. Hence z* € X*.
Suppose now that Algorithm ] generates an infinite sequence. Take some x* € X*. The result in
Proposition B may be rewritten as: for all k£ € Ny,

C(z* 1—6)? C(z*
B (lot -7 < (14 S ) et ol - S m gl et S o
using the facts z¥ € Fy and 7, (z%) > ayr(z¥) which follows from Lemmal[2and the fact that ay, € (0,1].
Taking into account Assumption [(ii), i.e., >, V, ! < o0, ([63) and the fact that 2" E ]-'k, we apply
Theorem [ with yy, := ||z* — 2|2, a, = by = C(z )/N;€ and ug := (1 — 6A?)E [o3|Fx] r(2¥)?/2, in order
to conclude that a.s. {||z* — 2*||?} converges and
A@ oo o0
T Z [a}| Fi] r(2*)? < o0, (64)
)%

using Lemma In particular, {zk} is a.s.-bounded. From (64)), we get that a.s.

2

0= lim r(z*)? = lim H:L' —1II 2% — T (2")] | (65)
k—o0 k—o0
The fact that limy_,o E[r(z*)?] = 0 is proved in a similar way, using first the fact that E [0 | F¢] > \L?ge)\
2

and taking then the total expectation in (G3)).
Relation (65]) and the continuity of 7' (Assumption ) and II (Lemma [Iiii)) imply that a.s. every
cluster point 7 of {z*} satisfies
0=z—MH[z—-T(z)].
From Lemmas [[[(iv) we have that # € X*. Almost surely, the boundedness of {z*} and the fact that
every cluster point of {2*} belongs to X* imply that limg_,o d(z*, X*) = 0 as claimed.

3.3 Convergence rate and complexity analysis
In this section we focus on the derivation of the rate of convergence and the oracle complexity in terms

of the mean-square natural residual for Algorithms [I] and 2. We perform analysis for Algorithm [ and
subsequently for Algorithm 2] in separate subsections.
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3.3.1 The stochastic hyperplane projection method
We start by giving explicit bounds on the p-norm of the sequence generated by Algorithm [II invoking
the definitions in Lemma [I0] and Proposition [l

Proposition 4 (Uniform boundedness in L?) Let AssumptionsIHA hold. Assume that Algorithm [l
\/_ L), given ko := ko(z*) € Ng such

generates an infinite sequence. Then, for all z* € X* and ¢ € (0,
that
¢

1
< -~ -~ )
k;(} VNi — Cmax{1, BL}C(z*)

(66)

the following estimate holds:

)
e [
R

sup |[|2* — 27|
k>ko

Proof Fix x* € X*. Set dj, := ||2* — 2*||. From Lemmas[§ and [0 and the fact that z* € F, we can take
|[Fkl, in Lemma [§ and obtain

pri@n) , Cy?
\/Nk N

|1 [ Fil, < i+ (1+d3) (67)

for all k € Ny and z* € X*. Using the fact that ‘|~|Fk|q’ = [-[,, we take [-[, in (67) and sum from ko to
q
k — 1 in order to obtain, for all £ > ko,

1+|d| I e PR

|2 < |, |5+ EBLC(x Z +2C(z*)? N,

i=ko i=ko

(68)

By Assumption (i), we can choose ko € Ng and v > 0 as in (66). In particular, » -, N; < 72
Given an arbitrary a > |dy,|,, define: 7, := inf{k > ko : |di|, > a}. Suppose first that 7, < oo for all
a > |di,|,- By (€0), (G8) and the definition of 7,, we have

Ta—1 1 + a2
a® < |dr, [y < ldi, [, + 2PLC(a CORDDE (69)
1= k‘o i:ko v
PR q§(1+a2) = 2 0?(1+d?)
S |dk0|p+CﬁLC((E )T +/C\C(E —_——
c¢BLC(x*) 2C(x*)?

< ldi, [y + (6 +6%) (1 +a),
using the fact that ¢ > 1. Relation (69) and the fact that 0 < ¢ + ¢? < 1 imply

a |d7€0|;20 +1
S -

Since (Z0) holds for an arbitrary a > |dy,|, and ¢ + ¢* € (0,1), it follows that supys,, |dk|127 <

(70)

1-¢-— gbﬂfl {1 + |dk0|zﬂ . This contradicts the initial assumption that 7, < oo for all a > |dg,|,,.

Hence there exists @ > |dy,|,, such that @ := sup;>y, |dk|, < @ < oo, by the definition of 5. For any
k > ko, we use the fact that |d;|, < a for ko < i <k in (68) obtaining

|2 < |di, |2 +EBLC(2*)y(1 + a2) + eC(a")**(1 + a2), (71)

where v := W is the constant in the right hand side of (66]). Note that ([7T]) holds trivially for

k := ko. Thus, after taking the supremum over k > ko in (7)), we proceed as done after the inequalities
©9)-([@0) but with a substituting for a, proving the required claim.

We now proceed to the convergence rate result for Algorithm [Il We need first the following lemma:
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Lemma 14 (Lower bound on stepsize) Consider Assumptions[d and [4] with § = 1. Define Ly =

Nik Zjvz’“l L(f}“). If Algorithm [ does mot stop at iteration k + 1, then

1—A
0Bk

S akzk. (72)

Proof By the definition of the linear search rule (I2)), we have that, for 2¥ = 2*(fay),

N|a* — (g% > B (F(e*,2%), 2% — 1T(g*))

= Be(F (€5, 2%) — F(&¥,2%), 2% — I1(g")) + (B (¢*, a%), a* — IT(g"))
= ﬁk<ﬁ(€ka2\k) - ﬁ(Ekawk)axk - H(gk» + (xk - gk’xk - H(gk»
> Bi(F(¢F,2%) = F(g",a%), 2" — IT(g") + ||2* — 11(¢")]?,
using Lemma [[[(v) in the last inequality. From (73) and the fact that A € (0,1), we get

(1= Mz — I (g")|]? < Bu(F(e",a*) — F(eF,2%), 2% — 1T (g"))

< Bl F(¢8,2%) — F(eF,2%)|[||2* — 11 (g"))

< BpLifay||z* — (") 1%, (73)

using the Lipschitz-continuity of F'( ]’?, ) for every j € [Ni] and the fact that 2% — 2F = Oy [z* — IT(g*)]
in the last inequality. Since z* # IT(g*), (T3) proves the claim in (72)).

3k .— Y 1 E._ vk 1 k. ko1 i , i
Define a5 := >, T 0 = iz v, and by =370, N7 In the remainder of the subsection we

will invoke the definitions given in Lemma [I0] and Proposition [l

Theorem 8 (Convergence rate) Consider AssumptionsIHB. Suppose that F'(&,-) is Lipschitz-continuous,
i.e., that Assumption [4] holds with 0 = 1. Moreover, assume that Algorithm [l generates an infinite se-

||ﬁ(‘fkazk)||‘4 < M. Given z* € X*, take ¢ € (0, \/52_1) and

quence. Take M > 0 such that supyey,
ko € N such that:
¢

1
< ——— . 74
k;() VNi — emax{1, BL}C(z*) 4
Define
R 1 E k _ .x|2
o) om Lm0t Elle® 0]
l—¢p—¢

- 2 1— 2
J(z") = QMCQQnQU(x*)LL.

0232|L(€)|; M>

Then for all € > 0 there exists K. € N such that

E {Tg(ZEKS)Q} <e< 6%),

where, for all k € Ng U {oc0},
= 40254\ () [
*\2 4
Q@)™ = 5

{||:I:O — |2+ [1 +3(x*)} [eBLG(x*)a’g +66(x*)2a’g} + () [1 +3(x*)2} b'g} .
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Proof Take total expectation in Proposition [Ili) and obtain, for all ¥ € N and z* € X*,
E[|z"" — "] < E[lla* — 2*|*] - E[lly" - «*||*]
| BLC(a* C(z*)?
“lBV%k)+ g@)
using the hereditary property E[E[-|F%]] = E[-].

Denote temporarily Hy := ﬁ({k, ) and g :=E [TE(Hk,SCk)Q}. From the linear search rule (I2), the
k

(L+E [|J2* —2*]1?]), (75)

definition of ;, and the fact that o¥ — 2% = ay.(z* — IT1(g")), we get

(F(€F, 2F), ab — 2F)2

ly* — 2|I* = RN F R, 2P = =
1F(EF, 7)1

_ Radllet - NIt 20 - NPt - )
T BRIFER, )12 O2LE | F(&F, 2%)||1? B
A2(1 — \)2r~(Hy, 2%)*
> ' B _
02LE | F(&x, 27|64

(76)

using the bound of Lemma [T4]in the second inequality and the facts that ok — I1(g*) = rg, (Hg,2*) and
0 < Bk < B, together with Lemma [2], in the last inequality. We take E[/"] in (TG]), obtaining

032 .
0 = B [r5(Hi, 2] < 57255 (Ll B, )l = o]
052 - -~
< s o Bl [IF@ 1], -l =,
O gyl 1B, -l - ¥l (77)
ST Ny T L PR 2

using Hélder’s inequality in the second inequality, and the fact that &* is an i.i.d. sample of ¢ in the
last inequality. We now observe that from Assumptions [ and 6] and Proposition @ |L(§)|, < oo and

SUDPLeN, | F(ex, 2% ‘4 < M for some M > 0. Hence, we define
A2(1—N)?
= ( 2) . (78)
0254 L(E)[, M?
We observe that
2
r3(ah)? <, (2")? < 2l|2” — I(g")I° +2[1T [o* — BT (2")] — 11(g")]]
< 2 (Hyah)? + 28 (79)

using the fact that g — rg(H,z) is a non-decreasing function for any « € R™ and any operator H, the
fact that (a + b)? < 2a? + 2b? and Lemma [I{(iii). We take E[-] in (9) and obtain

or :=E [Tg(wk)ﬂ < 20, +25°E [HEIlCHQ}
Z,1+E [||xk — :c*||2}

< 201 + 26%Cyno(z*) N ;
k

(80)

K € Fk and the independence between £X and Fx in the second

using Lemma [B] the fact that x
inequality.
In view of (75)-(78), taking squares in (80) and using the convexity of ¢ — 2, we get for all k € Ny
and z* € X*,
El5+ — 24121 < E [1l2% — 2*12] — 52
IE: zIP] <E[le® —2"IP] = Jon

(1 +E [ka — z*HQD
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2 ~2CV2 2 *\4
=P %;%“(“ (1+E[l2" - 21)°). (81)

We sum (BI)) with ¢ from 0 to k, obtaining:

k k i (]2
w ~2 2 1+]E H:C — T H ]
—Zgi§| — ¥ +CBLC Z
4 i=0 i=0 VN;
k k ; 2
1 E ~ 14+E[||z® — 2*|?
#PY ”x R A O s [vaz I
=0 =0 i
LA B "1
< la® — 2% + (1—|— sup. E [||z* — z*|| ]) <CBLC(QC*)ZW +€C(m*)22—>
i=0 i i=0 "
"1
+2w5202n o(x *)4 <1+ sup E[H:E — x| ] 2—2
0<i<k ~ N;
<2 = @ + [1 4+ 3(2")| [BLE(")ah +eC(a)?a]
+ () [1+3@)?] b = TQu(a)?, (82)

using in the last inequality (66) and Proposition d for p = 2, which imply

ko _ %2 k _ .x||2 R
sup E[ka _$*||2] < 1+E[H‘T z ” ] < 1+maX0SkSk0 E[”x z ” ] _

sup STl g-¢  © E— =),

and, hence, sup,sq E[[|lz% — 2*[|] < J(z*), since 1 — ¢ — ¢ € (0,1).
Given € > 0, define

K=K .:=inf{k e Ny : g, <e€}.

From the definition of K we have, for every k < K,

k
w
k’-l—l Szg 12 (83)
i=0

We claim that K is finite. Indeed, if K = oo, then (82)-([83) hold for all & € N. Hence, we arrive
at a contradiction by letting k — oo and using the fact that b§® < af® < a§° < oo, which holds by
Assumption [Bfi). Since K is finite, we have that gx < € by definition. Setting k := K — 1 in (82)-(83]), we
get Ke? < (AQK_l(x*)Q < (500(90*)2, using the definition of (AQk(ac*) Invoking this fact and the definition
of ok in (B0), we establish the result.

We now give the oracle complexity of Algorithm [I] for a natural choice of the sampling rate.

Proposition 5 (Rate and oracle complexity) Assume that the hypotheses of Theorem [8 hold. De-
fine Ny, as

Ny, = [Ono(z*)?(k + p)*(In(k + M))2+2b—|

for any © >0,b>0,e¢>0 and 2 < pu < e L. Choose ¢ € (0, ‘/“?’271) and let ko be the minimum natural
number satisfying

ko > exp (EmaX{LBLJb%;{va Cp,L}B) Ub] —p+1. (84)
Define
A, 282L max{C,,C, 1} Ay e B2 max{Cy,C? ; } e 2)\f(1 —A)2C2
A ’ x 0252 |L (&) [1 02
-~ Ay = As Ag

“ it nr BT e nar e o C T s
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Then Theorem [ holds, and for all € > 0 there exists K := K. € N such that E[TE(:L'K)Q] <€ and

. < 208°|L(¢)|, M max{1,07"}
- MW1T=XVE

{||x0—x*|+{ﬁ+l§}% [1+ J(z*) +ﬁ[1+3(x*)}}, (85)

K

ZQNk5max{l,@76}max{1,@na(z*)2} ("),
€

k=1

P(z*) = {m [(Qw(x*) n 6)6*2}} ou2,

- 96512|L(§)|2M6

1) S ooy e =1+ (A B 143+ 143} (86)

Proof For ¢ € (0, V51 ), we look for kg satisfying (74]). We have

1 ~1/2),-1/2 (%)~ 1
2 /w O @7 Y D m T

E>ko Nk E>ko

o dt
< @ /2120y 71/
@ T M )
@—1/2n—1/20($*)—1

= b(n(ko — 1+ ) (87)

From (4] and (1), it is enough to choose ky as the minimum natural number such that the right hand

side of (87 is less than A{—lguﬁ In view of the definition of C(z*), it suffices to choose ko as in
cmaxql, x*
).

We now give an estimate of (300(1'*) Using the definitions of E(x*) and N, we get the bound

3rc ~ > 2,0712d1
-~ *\ ok *\2 _k < 1
CPLL(a™)3 +2C(a™)"ap < [1 (t+ p)(In(t + p))1 o
N /°° A0~ dt _ Mo ) A,0-1
_1 (4 )2t +p))2t20 = b(n(p — 1)) (p—1)(1+2b)[In(p — 1)]1+20°

(88)

From the definitions of J(z*) and N; we also have

~ & AsO~2dt A3O~2
J(z*)bk </ 2 <=3 . 89
R0 = | i inG @) = 3= 1) (89)

At this point, we obtain (85) from Theorem &l (8R)-(®J) and the definitions of Qoo (z*), J(z*), J(z*), A,
Band C R

We now prove (86). Using the facts that K := K. < Quo(2*)?/€?, pe < 1 and Ny < Ono(z*)?(k +
w)2(In(k + )220 4 1, we have

K

Z 2N, < max{@no(z*)? 1} Z ) [(k: + )2 (In(k + p)2+2 + 1]
k=1 k=1

< max{@nd(z*)Z, 1}2K (K + H)2 [(111([( + M>)2+2b + ﬁ]

Smax{@no(x*){l}Qm(z*) (Qoo(z*) +6> )

€2 €2

~ 2+2b
{n (@t 4o e)] a2y,
The definitions of Qoo (2*), Joo (%), Joo(z*), A, B and C, (8R)-(®Y) and the convexity of ¢ — 5 imply
().
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3.3.2 The stochastic extragradient method with linear search

The following result gives explicit bounds on the p-norm of the sequence generated by Algorithm 2l The
proofline is identical to that of Proposition 4 in [I1] up to changes in the values of certain constants due
to the introduction of the linear search and the use of Lemma [6] in Proposition 2] and hence we skip the
proof.

Proposition 6 (Uniform boundedness in LP) Let Assumptions MO hold. Take p € {2} U [4,00).
Assume that Algorithm [@ generates an infinite sequence. Then, for every x* € X*, there exist constants
{D(z*),Bp(z*)}, with Ba(z*) = 0, for which, given ko := ko(z*) € N and ~y := v(z*) > 0 such that

B(a") = Byl )T+ D'y + D@ <1 3 - <

the following estimate holds:

2 2
sup [[la* — 2*|[2 < ¢ (@) [1+ [la* — 2" [}]
k>ko

with ca(x*) = [1 — B(z*)] 7! and cp(x*) = 4[1 — B(z*)]72 for p > 4.

Remark 2 The following bounds, in terms of the variance and the space dimension, hold for the con-
stants guaranteed by Proposition
D(z*) < CZTLO’(:L'*)Q,

Bp(z*) S CyCpo(x*) [(1+ L&)* + (1 4+ L&)Cpv/no(z*) + Cono(a*)?] .

Remark 3 In the statement of the proposition, for p = 2, it is sufficient to set ¢ € (0, ‘/52_1) and
ko := ko(z*) such that >, N ' < ¢D(z*)~" in order to obtain

2y < LEEll = 27|
sup E[l|z" —2*|%] < 5
>ko l—¢p—¢
We now state the convergence rate estimate for Algorithm[2l The proof of Theorem[@uses Propositions

Bland [0 for p = 2 with a proofline similar to that of Theorem 4 in [I1]. A minor modification is the need
of the lower bound:

k\2 2 )2
E[ros (|73 2 B 02| 7] r(e")? 2 7y

which follows from Lemmas [ [3 and the fact that 2% € Fy.

Theorem 9 (Convergence rate) Consider Assumptions HA Assume that Algorithm [Q generates an
infinite sequence. Given x* € X*, take ¢ € (0, @) and ko € N such that:

1 9
2 N S By

k>ko

Define
1+ maxo<r<k, Bl[J2" — 2*||?]

J(&*) = 10— o2

Then for all € > 0 there exists K. € N such that E[r(z%<)?] <e < Q'OT(:C*), where

2|L(E)l5

(e") = TG0 e

{ll2® = 2*|* + [1 + J(=")] [D(2*)af + D(2*)*b5] }

for all k € No U {oo}.

Finally we state the oracle complexity result for a specific choice of sample rate. The proof of Propo-
sition [[l uses Theorem [@ and follows a proofline identical to that of Proposition 6 in [I1], so that we skip
it.

Note that the estimate of D(z*) presented in Remark [2 can be rewritten in a more precise way as
D(z*) < c(l']gna(ac*)2 for some constant ¢ > 0 which satisfies ¢ < &%L?. We will use this constant ¢ in the
statement of the following proposition.
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Proposition 7 (Rate and oracle complexity) Assume that the hypotheses of Theorem [Q hold. De-
fine Ni as
Ni = [Ono(2*)?(k + p)(In(k + p))' 7]

for any © >0,b>0,e>0and2 < pu < e L. Choose ¢ € (0, ‘/52*1) and let ko be the minimum natural
number satisfying

b
20&202 Y
ko > exp e —p+ 1

Define
A A2
9 .A2 2 ___ —
A= 2e00C A= G BT e 2 (e - D)

Then Theorem [Q holds and for all € > 0, there exists K := K. € N such that E[r(x%)?] < ¢ and

2 _
. < 2|L(¢)|; max{1,O0

< 2Ol B (e — ot (A )L+ )

K *
Z 2N, < 12max{1,60 %} max{1,Ono(z*)?} P(:Z ) [(x¥),
€
k=1
1+b 1

P(z*) == {In [(Qeo(z*) + 1)e ']} "+ p7",

|($*) — |L(€)|2 ] H‘TO _ $*||4 + (1 |lé(/'\£2))|2)\292

A= 600 ] (A+B)?[1+J(=")]” + 1.

Remark 4 (Number of oracle calls in linear search) A notable difference between Algorithm
and Algorithm (@)-(@) in [II] (which uses explicitly the Lipschitz constant L), is that during the lin-
ear search ([I8) of iteration k, the oracle is called j; := 10g% (%}) times. This is the price to be paid when

no information on L is available. Nevertheless, Lemma [[3] implies the upper bound j, < 1+ log% ( % )
&Ly

Note that, since oy is a random variable, this bound holds in an almost sure sense. Hence, with respect
to the tolerance € > 0, the total number of oracle calls is a.s. not greater than

. [ln(e’l)] b

€2 ’

K

€ A —
E gk 2N < [1 + log1 (7) — min logi Ly (90)
1 9\« ke[K.] 0

in view of Proposition [l Hence, even though the absence of the Lipschitz constant requires more oracle
calls than with its knowledge, the additional multiplicative constant in estimate (@0) is not significantly
higher for practical purposes. We remark also that, by the strong law of large numbers, a.s. limg_, o Zk =
L and, under light-tail assumptions on L(&), we can infer that Ly a~ L with high-probability for large
enough k or 6.

4 Appendix
4.1 Recursion lemmas

Proof of Lemma [

Proof By Lemmal[l(ii), we have that 75 > 0. Thus

2™ = al* = 11 (y*) - «|?
< ly* =l = lly* — ()12
< |ly* —a||?
= ll@" — @) = (T (") + &)
= [la" = 2ll” + RIT (") + E|* = 29(T (") + &, 2% - 2), (91)
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using Lemma [I[(ii) in the first inequality. Concerning the last term in the rightmost expression of (@Il),
we have

29 (T(2%) + & aF — 2) = =29 (T(2%) + &, 2 — 2F) +
29 (T (25), & — 2%) + 2y (e, x — 2%)
= — 2y (yl|T(=*) + &|1)
+29 (T (2%), & — 2F) + 2y (€5, 2 — 2F)
< =297 IT(2F) + &1 + 2 (&5, @ — 2%, (92)

using the definition of ~y;, in the second equality, and the facts that 4, > 0 and (T'(z¥), 2z — 2¥) < 0 (which
follows from the pseudo-monotonicity of T, and the facts € X*, z* € X) in the inequality. Combining

(ET)-(2) we get
2"+ = * < fla® — 2| + RNT (") + &N = 29RMT (") + & I° + 2y (&5, 2 — 2*)
= lla" = 2lf* = RIT (") + EI* + 29:(&5, 2 - 2¥)
= lla® = 2l” = lly* — a* 1 + 2y (&5, & — 2%, (93)

using the fact that ||y* — 2*| = ||T(2*) + €§|| (which follows from the definition of ~4), in the last
equality.

Proof of Lemma

Proof We shall modify part of the proof of Lemma 3 in [IT]. Relations (A.1)-(A.3) in the proof of Lemma
3 in the Appendix of [I1] imply that, for all z* € X* and k € Ny,

5t — 2| <l — 2] — [|l2* = 2F|P + 203 [ F (0, 27) = F(€", 22

+2(z — 2F, ap F(n*, 2%)). (94)
The last term in the rightmost expression of ([@4) is bounded by

2a* — 2 F(n*, 2%)) = 2(z* — 2%, ap(T(2*) + €k))
=2(z* — 2, ap T(2%)) + 2(z* — 2%, ayeh) (95)
< 204 (x" — 2%, €h),

using the fact that (x* — 2%, T'(2%)) < 0 (which follows from Assumption [5] and the facts that z* € X*,
2¥ € X), in the last inequality.
Concerning the third term in the right hand side of ([@4]), we have

ar | F(n*, 2") = (5, aM)|” < 3} F(€", 2%) — F(¢", ")

+3aF||Fr", 2) = TP + 3| F(€*, 2*) = (1))
<3Nt — aM? + 307|517 + 367 7, (96)

using ([I8)-(IT) and the convexity of ¢ — 2 in the first inequality and the linear search (IX) in the last
inequality.
Since zF = IT[x* — ap,(T(z%) + €)], we get

ray (2%)? = 2% — [ [2* — ai T (a")]]?
< 2fa® = M| + 2 2" — ar(T(2") + )] = o™ — o T ("))
< 2[|a® — M7 + 267 e, (97)

using Lemma [I{iii) in the second inequality. We complete the proof invoking (94))-([@7)) and the fact that
0<1-6M<1.
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4.2 Proof of Lemma

In this subsection we will establish Lemma [6] for which we need first some preliminary results, bounding
the supremum of the empirical average of the oracle error on a closed ball. As usual, ||| is the Euclidean
norm. Bz, R] denotes the closed Euclidean ball with center x € R™ and radius R > 0. Q[z, R] denotes
the set of points in B[z, R] with rational coordinates.

Fix R > 0, 2, € X and choose an i.i.d sample ¢V := {5] *, of £&. We need to bound the following
empirical process:

N

Z:=2(VenR): = swp — D elgw) — e m)

z€B[z.,R] =1

N
= sup €(&j,xe + Ru) — e(&;, o
ueB[Ol]N Z J ) (] )

N
= sup €(&,x« + Ru) — €(&;, o« 98
ueQ01]N ; j ) — €2 (98)

= sup — sup <Z §J,$*+Ru)—e(§j,x*),a>

weq(0,1] NV aeB0,1]

1
= sup sup N Z (€(&, x4« + Ru) — (&5, 24), @)
u€Ql0,1] «€Q[0,1] j=1

We mention that the third equality follows from the fact that F(¢,-) is continuous, while the fourth
equality requires the fact that ||v]| = sup,ep,1)(u,v), for all v € R™. For every j € [N] and for every
(u, @) € Q[0,1]? we shall use the notation ¢ := (u, ), T := Q|0,1]? and

Xt = % (€(&j, e + Ru) — (&), 24), ) (99)
N

Xpo=> Xj. (100)
=1

With the notation above, we have Z = sup,c+ Xy = sup,cr | X¢|.

We shall invoke next Theorem Bl As we shall see, concerning Z := Z(¢V; 2., R) in Definition (@8],
bounding |M], and o2 is not so difficult. In order to bound the expected value E[Z] we shall need the
following lemma. Its proof follows the proofline of Lemma 13.1 in [3] with minor modifications. We must
also recall the definition of metric entropy given in the Preliminaries.

Lemma 15 Let (7 ,d) be a countable pseudo-metric space. Take some tg € T and let § := sup, o+ d(t, to).
Let (Xi)ter be a collection of random variables such that, for some constant v > 0,

vd(t, t')2\2

InElexp{\(X; — Xp)}] < 5 ,

(101)

for all t,t' € T and all A\ > 0. Then

sup |Xt|
teT

< V2| Xy o+
2

0/2

3v2v <9+2\/§/9/2 VHu, T)du+4 H(u,T)du).
0 0

Proof Define Ty := {to} and, given an integer i > 1, let ; := 627%, T; be a 6;-net for T with cardinality
N(@9;,T) and II; : T — 7; the metric projection associated to d, that is, for any ¢t € T, II;(t) €
argming 7 d(¢,t'). By the definition of a net, we have, for all t € 7 and i > 1,

d(t, I15(t)) < 0;. (102)
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For any ¢ € T, we have, since lim;_, o I1;(t) = t and IIy(t) = to,

Xo =X+ > (X0 — Xr.)- (103)
j=0
From (I03) we obtain
XP<2XE 423 > Xm0 — Xl Xm0 — X,
=0 k=0

and hence

E [fu};)(f] < 2E[X +QZZE [sup|XH o) — Xl X2 0) —XHk(t)|]
€ i=0 k=0

< 2E[XZ]+ 22%

=0

fup|XHz+1(t) X, (t)|
= 2E[X?] +2 (Z
=0

€T
2
) (104)
2
using Holder’s inequality in the second inequality. Observe that

{0, Hia (1) 1 € TH < N(0ir, T)? = 200, (105)

“sup [ Xz, ) — X
teT 2

sup |XHi+1(t) - XH7,(i)|
teT

Note that the triangular inequality implies that, for all t € T,
d(I(t), Hiz1 (1)) < 3011 (106)
By assumption (I0I)) and Theorem Bl we also have that

v2d(t, )42
(1 —20d(t,#)2))

InElexp{\(X; — X¢)?}] < vd(t, t')?X + (107)

forallt,t’ € T andall 0 < A < m. Relations (I08)-(I07) and Lemma Bl imply

E [sup Xt — Xl
teT

vd(t, V) + /202 d(t, t)A2H (§i41, T) + 20 d(t, t')22H (6;41,T)
<3207 v +2-3%07 o\ /H (011, T) + 43207 vH (0i1,T), (108)
so that taking the square root in (I08]) we get

< 30i41V + 30,1 V20/ H (0341, T) + 60,1 vVo/H (0341, T). (109)
2

Taking the square root in (I04]), using (I09) and summing over i we finally get

sup |XH7;+1(t) - XH1(f)|
teT

sup | X|| < V2|Xyly +3V20) 0it
teT 2 i—1

6\/_29 YVH0:,T) +6\/%Ze,/ 05, 7)
< V2| X4, + 3V200+
6/2 6/2
12\@/ {VH(u,T)du—i—le/%/ VHu, T)du,
0 0

using the fact that H(u,7) is a nonincreasing function of « in the last inequality.

We prove next another preliminary lemma.
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Lemma 16 Suppose that Assumptions @ and [ hold. Consider Definition [@8). Then, for any p > 2,
there exists a constant Csp, > 0 (depending on § and p), such that

Cop (IL(O)], + |Ln|,) vAR®

7| < ,
7l = N

where Ly := v % Z;\le L(&;)2.

Proof We recall the definitions (@8)-(I00) as well as the definitions of M and 2 in Theorem 2l The
statement in the lemma will follow by bounding E[Z], |M |p and o and applying Theorem [2 In the
sequel, Cjs is a constant (depending on ¢) that might change from line to line.
PART 1: Bound of 52: We have
N
o’ = sup E m <€(§j,1'* +Ru)*€(§j,$*),a>2
(u, )T =1

1 ~
< s {SE[ER] Rl
(u, ) €T N

~ 2 s
LN‘ R (110)
2

1

N

using Assumption Hlin the inequality and the fact that (u, ) € B[0,1] in the last equality.
PART 2: Bound of M:

p
MPP =FE || max sup | X )]:E[maxsu X p]
M, |:(j€[N]t€7R| + rors sup Xl
1 X
S _P Z]E |:§u$|<€(§j7x* + RU) - e(fj,:c*),aﬂp]
€

j=1
1 N
< = SB[ L6 R sup ol

1
- p| RPS
= N1 EILE"] B, (111)
using Assumption M in the first inequality and the fact that (u,«) € B[0,1] in the last equality. We take

the p-th root in (ITI)) and note that for p > 2 we have N5 > /N, obtaining

§
_ @R

M 112
M, < = (112
PART 3: Bound of E[Z]: It is sufficient to prove that for some constant C5 > 0,
C(s}ZN} \/ﬁRé
EZ] < —2—. (113)

VN

We proceed to prove (I13).
From Theorem [ given ¢t = (u,«) € T and t = (u/,a’) € T, there exists constant C' > 0 and random
variable V' > 0 such that for all A > 0,

N
PO (X — Xj)| 2 CVV(I+N) p <e?, (114)
j=1

where
N

V:=E (Xju — Xj) — (Vi = Y30 ) Ho |

j=1
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and Yj := & (e(nj, x + Ru) — €(n;, ), a) with {77;'}?]:1 an ii.d. sample of ¢ independent of {¢; ;V:1
and Hy = o(§; : j € [N]). Now, in view of Assumption @ and the fact that E[X;,] = 0 for all t € T and
all j € [N], it is not difficult to verify that for some constant Cs > 0 (depending on ¢), it holds that

Cs

V< 2YER (Ju—|? + o — o), (115)

where Ly := + Z;\le L(&;)? and Yy := E?V JrE[E?V]

Forany t = (u,«) € T and t = (u’,a’) € T, we define d(t,t') := ||u—'||° +||a—<||. From ([14)-(1H)
we have that for all t,# € T and all A > 0,

Y,
P {|Xt - Xyu| > C(;\/—%R‘;d(t,t’)\/l + )\} <e (116)

We conclude from (II6) and Theorem Ml that for some constant Cs5 > 0, for all ¢,¢ € 7 and A > 0,

InE [exp {“Y;NX) }] etk (L2G) (117)

Setting ¢ := (0,0) and 6 := sup,cd(t,0) < 2, from (II7) and Lemma [I5] we get that

gsm(g+w§/olymdu+4/ol¢mdu>, (118)

sup | ——
teT

with /v 1= C(;%. Finally, applying Holder’s inequality, we get

sup

E[Z] =E {Suplth = {SUP’_‘ YN] T lteT

teT teT

Y|y (119)
2
From Lemma [ we also have the following bounds for 7 = QJ0, 1]*:
1
| VAT dus a5 v (120)
0
1
/ VHu,T)du < Vn. (121)
0

Relations ([IR)-([I21I) prove (II13), and then (II0)-(II3), together with Theorem [2] establish the result
of the lemma.

We now are ready for the proof of Lemma [Gl

Proof of Lemma

Proof In the following Cy , is a constant (depending on L(§) and p) which might change from line to
line.

Set 2V :=IT [z — B (T(a™) + €€V, 2N))], so that z¥ = anzV + (1 — an)z™ . By Lemma [{(iv), we
have that z* = IT[z* — ST (z*)]. Taking into account this fact and Lemma [I|(iii), we get

lo* = 2| < fla* 2 = BT (@") ~ (™)) + B, ™)

s — ™|+ BIT (@) = T(2*)] + Bllee”™, «™)|
(1 + L) [lz* — 2™ + B [[e(e™, =), (122)

IN A

using the Lipschitz continuity of T" in the last inequality.

In the sequel we use the notation eV := |[€(¢V, 2V)||. Also, for given 2 € R™ and s > 0, we denote
R(z,s) := (1 + LB)||z — x*|| + Bs, while B[ac ;z, 8] denotes the closed Euclidean ball centered at z*
with radius R(m s). From (I22) we have 2V € B[ac ;2N €N and trivially 2V € Blz*; 2V, €V]. Hence, by
convexity, 2V € B[x 2N €N, since ay € [0, 1].

Set sy := ||z — 2*||. We use the decomposition:

€™, zMIFn], = [IIE™Y, 2™ I Len <oy | Fn ],



30 A. N. Tusem et al.

+ ‘Hg(gNﬂZN)||]I{6N>SN}|‘FN|I) =10 + I (123)
We first bound the term I;. Recall that by Remark [T,

W > sup Hg(fN(W), ZEI)H
z' €B[z*;2N (w),sn (w)]

is a measurable function. We have
I = HI?(EN,ZN)IIH{GNSSN}IJ"N\F

< sup [[e(e™, 2)|[|Fw

z’€Blz*;zN,sN]

p

sup [[(§™, 2|
z’'€Blz*;x,s]

, (124)

pl(z,5)=(z",sn)

using the fact 2% € B[z*; 2", €"] in the first inequality, and the fact that (2, sy) € Fu, together with
the independence between §N and Fy, in the last equality. We also have, for any x € R™ and s > 0,

Sllp ||/€\(§Nax/) —/G\(fN,(E*)H
z’' €Blz*;x,s]

+ @™, 2,

sup |‘
x/€Blx*;z,s] »

< \/;CL@R(;C,S) + \/%cpa(z*), (125)

using Lemmas [ and [I6 in the second inequality. Relations (I24)-(I25) and the definitions of sy and

R(2™, sn) imply that
n N * n *
L=\ Cp(l+B+LE)z™ — a7 +4/ 7 Cpo(a?). (126)

We bound next the term Iy. Defining L(¢N) := N1 Z] 1 L(&;), we note that

[e(e™, 2™l < llee™, 2™) — e, ")l + [[e(e™, 2™)|

< |5 SO IR =) = Fgga)] |+ ITGY) = T + (€™, o)
< (L) + L) 12N — 2| + e, o)
< (L€M) + L) @+ Dp)lle™ — 2" + 8 (L) + L) e ), (127)

using Assumption @ in the third inequality and the fact that 2V € Blaz*; 2V, V]

From (I27) we have

in the last inequality.

Iy = [[[E(€", 2™) | Lgens oy | PN ],

< (1+Lp)|zN (Z(gN) + L) H{EN>SN}|}'NL)
(e +L) N|fN\ + [N, ) || Fw,
< @+ LA — o I|ZE™) + L], - Lewsan P,
HALE) + L, - [e¥1Fwl,, + [IEE, 2, (128)

using the fact that ¥ € Fy in the first inequality and Holder’s inequality, together with the fact that
¢V is independent of Fy, in the last inequality.
With respect to the last term in the rightmost expression of ([I28]), we have, in view of Lemma [B]

€21, < /R Coota") (120
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Concerning the third term in the rightmost expression of (I28]), we observe that Lemma [B] the fact
that %V € Fy, and the independence between ¢V and Fy imply

~ n * *
|1y, = [IEE™, ™) IFwy, <4/ 57 Copo (@) (1 + 2 = 27])). (130)

Finally, concerning the second term in the rightmost expression of (I28]), we have, in view of the fact
that (zV,sx) € Fy and the independence between ¢V and Fy,

e sy | vy, = ZQ/E [ amisany [ F] = Y/P0REY 01 > S)‘@,s):(zw,sm' (131)

From Markov’s inequality we obtain

R ae™. ol > < IR DI

“|/€\(§Na$)”’2 n CQ % %
=T R Cy1 a), (12

S

using Lemma [l in the last inequality. We conclude from (I31)) and ([I32) that

n C * *
Lowsan Py, <y 2o@)(1+ 2 = ")) (133)

Putting together relations (I28)-(I30) and ([I33) we get

N _ x|
e TGO R IR AT E (PR E R

+O[EE) + 1], [0+ 1% — a7l + R Cpota”
St | o)+ [ — ), (134)

using the fact that sy = ||z — z*||. Relations (I23), (IZ6) and ([34)) prove the required result.
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