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Resumo

Para uma curva X de tipo compacto com duas componentes suaves Y e Z que se intersectam
transversalmente em um tnico né P, definimos o functor de series lineares limites estaveis. Pro-
vamos é grosseiramente representado por um espaco moduli de mapas estaveis invariantes pela
acao do toro no sentido de Kontsevich: mapas de curvas de género 0 ao espago de series lineares
limites generalizados sobre X y que satisfazem certas condigoes esperadas em homologia.
Também provamos que o espago de series lineares limites estaveis sobre X possui uma cober-
tura natural por certos abertos de series lineares limites de nivel delta sobre X, denominados
series lineares limites exatos de nivel delta, o qual é um conceito introduzido neste trabalho e que
generaliza alguns conceitos introduzidos por Osserman e, por sua vez, por Eisenbud e Harris.
A partir da relagao entre series lineares limites exatos de nivel delta e as fibras do mapa de
Abel, generalizando os resultados obtidos por Osserman e Esteves, provamos que o espago de
series lineares limites estaveis é o candidato natural que resolve o mapa determinado por enviar
series lineares limites exatos a la Osserman a subesquemas bem comportados ao respeito de

deformacoes de curvas suaves a curva X na fibra do mapa de Abel.

Palavras chaves: Series lineares limites, series lineares limites exatas de nivel delta, series

lineares limites estaveis, mapas de Abel.
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Abstract

Abel Theorem on a smooth curve C, in modern terms, is the isomorphism
. ()
P: Gg(C) — Hilb, 7 7.

Esteves and Osserman ([18]) produced a rational map

(r+t+s)

P: G5(X) - Hilb), "

defined on G%“*'(X), the exact locus of Osserman’s variety. The goal of this thesis is to

resolve this map. Moreover, we produce a meaningful resolution by adding to the boundary of

G (X) what we call “stable limit linear series”.

The search for this resolution produced as collateral results the construction of varieties of

what we term level-§ limit linear series. The integer § > 0 is the singularity degree of the total

space of the smoothing at the node P, the only point where the total space fails to be regular. In

a nutshell, whereas G7(X) is the appropriate space to describe limits of linear series on smooth

curves degenerating to X along regular (one-parameter) smoothings, the space of level-d limit

linear series, G7; 5(X), is the appropriate space to describe limits along nonregular smoothings.

Keywords: Limit linear series, exact level-d limit linear series, stable limit linear series, Abel

maps.
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1 Introduction

1.1 Goal

The aim of this thesis is to present two new ideas for dealing with limit linear series on curves

of compact type:
e Level-d limit linear series.
e Stable limit linear series.

These new ideas can be viewed as developments of the theory started by Osserman [37], [38],
who in turn developed on ideas by Eisenbud and Harris [8], [9], and pursued by Esteves and
Osserman [18].

As in [37], to avoid combinatorics, we work with the “toy case” of a nodal curve X with only
two components Y and Z, which are smooth and meet transversally a unique point P.

Osserman [37] constructed a variety G7(X) parametrizing what he called limit linear series
of degree d and rank r. It behaves functorially better than the similar variety constructed by
Eisenbud and Harris [9]. It contains as an open subset the locus of refined limit linear series, the
better-behaved type of limits used in the approach of Eisenbud and Harris. Furthermore, the
refined limit linear series are instances of what Osserman calls exact limit linear series, which
are parameterized by a larger open subset G7;™“"(X) C G7y(X).

Again, the locus of exact limit linear series is better behaved than the whole G7(X). For
instance, if X is general, Gg’exaCt(X ) is smooth. Moreover, it was shown by Esteves and Osserman
[18] that exact limit linear series correspond to fibers of Abel maps.

Indeed, a modern interpretation of the celebrated Abel Theorem is that it establishes an
isomorphism between the variety of linear series of degree d and rank r on a smooth curve C
and the relative Hilbert scheme of subschemes of fibers of the degree-d Abel map A, with Hilbert
polynomial P(t) = (Tjt). Esteves and Osserman produced a rational map

(T‘+s+t)

a: G5(X) --» Hilby, "

defined on GZ’exaCt (X). It is the goal of this thesis to resolve this map. Not only do we attain
this goal, but also we produce a meaningful resolution, by adding to the boundary of Gg’exaCt(X )
what we term stable limit linear series.

Nevertheless, the search for this resolution produced as collateral results the construction of
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varieties of what we term level-d limit linear series. In a nutshell, whereas G}(X) is the appro-
priate space to describe limits of linear series on smooth curves degenerating to X along regular
(one-parameter) smoothings, the space of level-d limit linear series, Gy, 5(X), is the appropriate
space to describe limits along nonregular smoothings. The integer § > 0 is the singularity degree
of the total space of the smoothing at the node P, the only point where the total space fails to
be regular. Limits of linear series along regular smoothings give rise to exact limit linear series;
limits of linear series along smoothings with singularity degree § give rise to exact level-d limit
linear series.

The construction of the G7 ;(X) and the notion of exactness is very similar to that given by

Osserman to G7(X). Also, we show in this thesis that there is a rational map

(r+s+t)

as: Gy s(X) --» Hilby " 7,
similar to a, defined on the open locus Gg’fsxam (X) € G 5(X) parameterizing exact level-d limit
linear series. Moreover, for each ¢ there are forgetful maps ps: Gy 5(X) — G5(X), which are

isomorphisms over the locus of exact limit linear series. More precisely,
pg_l (Gg,exact (X)) C G;,Sxact (X), and s pg_l (Gg,exact (X)) N Gz,exact (X)

is a bijection. Moreover, as = aps.

Besides, the maps ps are surjective and, strikingly,
ps(G5 (X)) = G(X).

It might seem natural to expect that for a high enough ¢, the map a5 would be a resolution of a.
However, oy fails to be defined everywhere by the very same reason that « is not. Furthermore,
though oy is defined on the larger GZ’;X‘M(X ), it looks like, as seen in simple examples, that
this space gets larger and larger with §, meaning that the number of its connected components
grows to infinity with 4.
It was clear that we needed a way of establishing an equivalence relation on the various GZ’;XaCt (X)
to cut down their sizes. This is exactly what the notation of stable limit linear series gives. The
idea is as simple as it is beautiful. It came with the realization that the notion of exactness
imposed by Osserman is exactly the condition necessary for the coincidence of limits of two con-
secutive linear series in the data encoded by Osserman’s limit linear series. So, we may gather
the discrete data defining exact limit linear series in a single continuous data, a family of linear
series parameterized by a chain of rational smooth curves!.

In the case of Osserman’s exact limit linear series of degree d and rank r, the chain consists of
d+ 1 rational curves. In the case of a level-§ limit linear series of the same degree and rank, the
same observation can be made, and the chain consists now of dd + 1 rational curves. Clearly, the

growth of GZ’%XMt(X ) was associated to the number of these curves. It was here that the concept
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of stabilization came about. Families of linear series over chains in the same or in different levels
would be identified by requiring that their stabilizations would be the same! Here is the origin
of the notion of stable limit linear series.

In this thesis we define a moduli functor for stable limit linear series, and show that this func-
tor is coarsely represented by a Kontsevich moduli space of stable maps from genus-0 curves,

which we denote by G%(X)**. We show that G7(X)® contains Osserman’s G;™*'(X) as an

open subset, and we construct a map

()

Pt Gy(X)™ — Hilb,

which is a resolution of «, our goal.

1.2 More details...

The classical theory of linear series on smooth curves is a useful tool for our understanding
of properties and invariants of the curve itself. Specifically, two of the main applications of
linear series on smooth curves are the study of morphisms to projective spaces and the study of
invariants of divisors such as Weierstrass points.

On the other hand, the theory of linear series is completly determined by the Abel maps and
their fibers, due to the remarkable Abel-Jacobi Theorem. Actually, the Abel-Jacobi Theorem
can be interpreted as an isomorphism between GJ(X) the projective space of linear series on
a smooth curve X and the relative Hilbert scheme Hilbigt)’H of subschemes in the fiber of the

degree d Abel-Jacobi map

Ag - SYX) — Jx
Shia = [0x(CE @ —dp)].

Here S?(X) is the symmetric product of X, P(t) = (") is the Hilbert polynomial of (flat
degenerations) the projective space P", H := P +S971(X) c S%(X) is the relative ample divisor
parametrizing families of effective divisors whose support contains the fix (any) point p and Jx
is the Jacobian variety parametrizing isomorphic classes of line bundles of degree 0 on X.

Motivated by the premise “most the problems of interest about curves are, or can be, formu-
lated in terms of (families of) linear series” (see, [9] pag. 339) Eisenbud and Harris introduced in
eighties (see [9]) the theory of limit linear series as a powerful tool for handling degenerations of
linear series on smooth curves to singular curves of compact type. The remarkable applications
of this theory to understanding smooth curves, such as new and simplified arguments for the
proofs of Brill-Noether and Gieseker—Petri Theorems, results related to Weierstrass points and
to the moduli space of curves, poses find a satisfactory compactification of the spaces of limit
linear series on singular curves, at least those of compact type.

However, the Eisenbud-Harris approach to answer this question is partial, in the following
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sense. Eisenbud and Harris make a distinction between refined and crude their limit linear series
on a singular curve X of compact type, according to compatibility conditions on ramification
conditions at the nodes. Precisely, if X is a curve of compact type then a limit linear series
L ={(Ly,Vy)} of degree d and rank r is a collection of linear series of degree d and rank r on
each smooth irreducible component Y of X satisfying: if Y and Z are components of X meeting

at the node p, then for each ¢ = 0,...,r we have that
& (p) +¢%(p) 2 d, (1.1)

where {ef ¥} is the vanishing sequence of Ly at p of the linear series on the component Y.
A refined limit series is a limit linear series such that all the inequalities above are equalities.
Otherwise, the limit linear series is called crude. Thus, for any X — B a smoothing of X the
scheme GZ’EH(X/B; (q1.€Y),...,(gs, €¥)) parametrizing linear series on the general fiber X, and
refined limit linear series on the special fiber X, under certain ramifications sequences conditions
on smooth sections ¢;, is quasi-projective on B. This lack of properness caused by disregarding
crude limit linear series can be interpreted as saying that there exist degenerations of linear
series whose limit linear series is crude on X.

Attempts to generalize the Eisenbud—Harris theory to curves not of compact type are sparse
in the literature. See for instance [14] and [17] on nodal reducible curves and limit canonical
system on stables curves with two components, respectively.

In the spirit of Eisenbud and Harris Theory, “but more functorial in nature, and involving a
substantially new approach which appears better suited to generalization to higher-dimensional
varieties and higher-rank bundles” ([37], p. 1165) Osserman constructed a moduli space ([37])
parametrizing a new concept of limit linear series on a curve X of compact type with (only)
two components. Roughly speaking, Osserman’s moduli space parameterizes limit linear series
considering “all posible degrees”.

More precisely, given a regular smoothing X'/B of X, where B = Spec(C[[t]]), let (L,, V)
be a linear series on the general smooth fiber X,. If £ is an extension of £, to X, then
L(iY') = L(—iZ) are extensions too, for any ¢ € Z, where Y and Z are the irreducible compo-
nents of X. Fixing the degree d of £, there exists a unique extension of £, to & such that £ has
degree d when restricted to Y and degree 0 when restricted to Z. In this case, the extensions
L(—iZ) fori=0,...,d has degree d—1i on Y and degree i on Z. Eisenbud and Harris approach
is that, for many of its applications, it suffices to consider the “extreme” degrees extensions
Ly := L and Ly := L(—dZ) having degree d and 0 on Y (resp., 0 and d on Z). Thus they
defined the limit linear series on X as the pairs (L, V) := {(Ly, Vy), (Lz, Vz)} satistying (1.1),
with Ly := Loly and Lz := Ly4]z.

The main insight of Osserman’s approach (see [37]) is to consider all the extensions £; :=
L(—iZ) for i = 0,...,d linked by the natural morphisms ¢’ : £; — L;11 and the reverse direc-
tion ; : Li41 — L;, satisfying ;0" = ¢'p; = tId with ¢ a uniformizer of B. This construction
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is compatible with base change, therefore allows to define a moduli space GZ’OSS(X /B), which is
proper over B and parametrizes linear series on each smooth general fiber X, and a new notion
of limit linear series over X. In fact, on the (singular) curve X we have a projective scheme
GZ’OSS(X) parametrizing d + 2—tuples (L, Vp, ..., V), where V; € H%(X, L;), L is an invertible
sheaf on X of degree d on Y and degree 0 on Z so that we obtain the collection of invertible
sheaves on X with L;|ly = L(—ip) and L;|z = L(ip). Furthermore, this data satifies the linked
conditions ¢*(V;) C Viy1, ¢i(Vix1) C Vi and ;0" = ¢lo; = 0, with ' and ; the induced maps
over the spaces of sections.

The projection from G;’OSS(X ) to Gi(Y) x G(Z) has image the Eisenbud-Harris scheme
GZ’EH(X ) of Eisenbud—Harris limit linear series on X. This surjective map establishes an iso-
morphism between the refined Eisenbud-Harris limit linear series and an open set of GZ’OSS(X )
that are called refined, too. The refined Osserman limit linear series are properly contained in
the open subspace of exact limit linear series, i.e., those limit linear series with the following

compatibility conditions on the maps ¢’ and ¢;:
Im(¢') = Ker(p;) and Im(g;) = Ker(¢) Vi=0,...,d. (1.2)

The exact limit linear series are closely related to degenerations, in the following sense. Linear
series degenerating along of a regular smoothing to X yields an exact limit linear series. This
last claim is related to the Eisenbud—Harris question of finding a compactification of space of
limit linear series. Osserman’s compactification gives a partial solution this question, since only
when X is a general curve of compact type like above, the smoothable limit linear series are
dense ( [34]).

We might think that we have more chances of compactifying the space of linear series over
M 4 looking at degenerations of effective divisors, or more generally, degenerations of Abel maps
motivated by its close relation in the case of the smooth curves. Abel maps of degree 1 on stable
curves were constructed in [33] and recently Coelho and Pacini [4] have constructed Abel maps
of any degrees for curves of compact type. However, when comparing this latter construction
with Eisenbud—Harris theory the relationship between two concepts, via subschemes of the fiber
of Abel map, it seems far from being thoroughly understood. This is due to limitations on both
sides. On one hand, the fibers of the Abel maps are not well behaved, for instance, they are
in general not equidimensional. On the other hand, concepts as complete limit linear series are
not all obvious to define from of a limit linear series.

Esteves and Osserman [18] have been investigating the relationship between limit linear series
a la Osserman and fibers of the Abel maps for curves X of compact type with two smooth
components meeting at a unique node. We can summarize their results as follows. Given a limit
linear series g = (L, Vo, ..., V) € GZ®(X) where L is an invertible sheaf on X of degree d on
Y and degree 0 on Z, for Y and Z smooth components of X. Denote by g; := (L;, V;) the pairs
where L; is the unique invertible sheaf on X such that L;|y = L(—ip) and L;|z = L(ip) with p
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the node on X, and V; C T'(X, L;). Esteves—Osserman define the map

a : GHOF(X) — Hilb 4,

o o P = URe)C A (D) 0

where P(g;) = {div(s)[s € Vi, sly # 0, s|z # 0} € SUX), and Ay : SYX) — Pic?(X) is the
degree-d Abel map on X. Now, they prove that on set of exact limit linear series (see (1.2)) the
map « in (1.3) is well behaved, in the following sense: if g is exact then P(g) is Cohen—Macaulay
of pure dimension 7 and Hilbert polynomial Ppg)(s,t) = (TJF?‘fH) (of the diagonal in P" x P")
(see [18] Theorem 4.3). Furthermore, if g arise from a regular smoothing then P(g) is the flat
limit of the corresponding P" on nearby fibers (see [18] Theorem 5.2).

In this way, it is natural to ask: can be extended the map « for nonexact limit linear series?
The answer is no. A natural process could resolve the map. How to do it? It is clear that, as is
known in the literature (see, for instance, [27], [17]), we need to understand better nonregular
smoothings. We address this in the third chapter of this Thesis. Before sketching our results,
we comments about the tools needed to reach them.

To study limits of special Weierstrass points, Cumino—Esteves—Gatto [5] use twists as an
important tool for understanding limit linear series along families whose total space is nonregular,
i.e., families of smooth curves degenerating to curve X, with a unique As_;-singularity at the
node p, for some integer § > 1. Twists are sheaves of rank 1 and torsion-free on X introduced in
[15]. Fixing an invertible sheaf L on X of (total) degree d, we obtain using twist a collection of
dd+1 rank 1 and torsion-free sheaves (see 3.5, Chapter 3), yields as the admissible extensions of
semi-stable model of X (see, [3] §5). In this way, we regard the “linkage” this collection in the
natural way of “restriction and inclusion” made by Osserman to construct the space GZ’OSS(X ).

Thus, combining the two approaches above on one side the Cumino—Esteves—Gatto ideas and,
on the other side, Osserman’s construction of moduli space of limit linear series, we introduce a
new definition of limit linear series (briefly, lls) on the curve X, namely, level-d limit linear series
(see Definition 3.8), understanding them as limit of linear series degenerating along nonregular
smoothings. It follows that there exists a projective space Gg 5(X) parametrizing level-0 lls,
which is related to Osserman’s space GQJ(X ) = GQ’OSS(X ) via a surjective proper map ps :

4o GZ’OSS (see Proposition 3.9), such that Osserman’s exact lls are lifting uniquely for any
0 and contained in the open subspace of exact level-6 lls (see Proposition 3.16(1)), the natural
generalization of Osserman’s exact lls. Furthermore, given a nonexact lls g, there exist a ¢
and an exact level-d lifting g, i.e., g € Gy 5(X) is an exact level-6 lls such that ps(g) = g (see,
Proposition 3.16(2)).

The relation of our space G7 ;(X) with the map a can be summarized as follows. Given a
level-6 lls g = (L, Vb, ..., Vis4j,- .-, Vas), we can define in a similar fashion to Esteves-Osserman,
the subscheme P(g) C A;'([L]). It follows that P(g) has the “correct” Hilbert polynomial if and
only if is exact level-0 lls. (see Theorem 3.19). Precisely, if g € G;’OSS (X) is a nonexact lls then
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r.exact

exist ¢ and an exact lifting g € G5 (X) such that P(g) C P(g) is contained properly and P(g)
has Hilbert polynomial P(s,t) = ("+*").

Considering the results above, and observing that all our results depend on a certain choice
of §, a natural question is: will be the process of completing the subschemes related to lls stops
for some 0?7 Do we need all the §’s? In fact, no. The answer is that above level-r + 2, does
not have more relevant geometric information, i.e., we can always complete the subscheme with
exact level-d’s below level-r 4+ 2 (see Theorem 3.21).

Although, we have found good candidates to limit linear series as limits of linear series along
to any direction to X in M, (see [27] p. 146), or better, exacts level-§ lls along to any smoothing
of X, we continue with some limitations. First, the exact level-d lls form an open subspace(!!),
which do not expect to be a compactification. Second, the dependence of exact points of the
parameter § and principally the absence of control, i.e., absence of some relation between distinct

levels that allows to control the exact points (see Remark 3.18). Thus,

e We would like to find a more general concept such that embraces all exact points at distinct

levels.

e We would like to find a moduli space parametrizing elements with this concept that allows
to identify exact lls in distinct levels but with the same subscheme in the fiber of Abel

map.

e We would like this moduli space be (coarsely) represented by a projective scheme which
contains all (open) subschemes of exact points of all levels. Roughly speaking, a compac-

tification of the space of all limits.

These are problems that motivate Chapter 4 of this Thesis. Before we give details of our
construction, we begin with a useful observation. We know that, for any invertible sheaf L of
degree d on the curve X satisfies Ext!(L;|z, Lit1]y) = C and Ext'(Li 1|y, Li|z) = C, for each
i—0,...,d — 1. Notice that, the trivial extension L;|z @ L;11|y correspond to the sheaves in
the “middle” of our construction of level-6 spaces. A natural question is: what happens with
the spaces of sections in the limit when the extensions L; and L;1; degenerate to the trivial
extension L;|z @ Liyi1|y? The interesting case of the study of limits of these degenerations is
when we consider a limit linear series a la Osserman g, more exactly, an exact lls. In fact, if g
is an exact limit linear series then the limit through degenerations of extensions are equals (see
Lemma 4.16). Notice that the degeneration to zero in Ext! (Lilz, Li+1]y) = C can be interpreted
as degeneration to infinity in Ext*(L; 11|y, Li|z) = C. Thus, we obtain a chain of d+ 1 projective
lines parametrizing an exact Osserman’s lls.

To formalize the last ideas, first we construct a moduli space H}(X) of families of generalized
linear series of degree d and dimension r along a chain the projective lines T' (see section 4.1.1).
In short words, the scheme H;(X) parameterizes linear series (Z, V), where Z is any torsion-

free, rank-1 sheaf on X of degree d whose restrictions to Y and Z, modulo torsion, have degrees
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ranging from —1 to d, and V is any vector subspace of H°(X,T) of dimension r + 1. The
main tool to construct H}(X) is the construction of a sheaf 7 on X x T'/T which is “locally
constant” (see subsection 4.1.1), i.e., Flxxrr = Ox(—i,i) ® Or+ for each i = 0,...,d and
Flxxn, = Oy(—iP)®Oz((i—1)P) for i =0,...,d+1. Here, Ox(—i,1) is the unique invertible
sheaf on X whose restriction to Y is Oy (—ip) and to Z is Oz(ip), and N; the unique point
where two components T; = P! and T 1 = P! of T intersecting transversally.

Second, we observe that an exact lls g a la Osserman could be interpreted as a map f; :
T — HJ(X) from the chain T to the moduli scheme H}(X) (see Proposition 4.14). More
generally, any g exact level-d s corresponds to a map hg : S — Hj(X), with the source curve a
chain of projective lines (see Proposition 4.18). This motivates the construction of the moduli
space &/ (X) of families of stable limit linear series (see, subsection 4.2.1). Now our problem
of representation becomes equivalent to another problem: find an interpretation of families of
stable limit linear series in terms of a moduli space (coarsely) represented by a projective scheme.

Now the last question leads us to study features of the maps to H}(X). We emphasize that

amap h: S — Hj(X) is related to a stable limit linear series if:

e [t has the same “type” of a Osserman exact limit linear series. Here “type” means for
us, the source curve S being a chain that contains d + 1 components isomorphism to
the chain 7. The “translation” of Osserman “type” is the fundamental (effective) class
fo[T] := p € Hy(H}(X),Z) (see Lemma 4.23).

e It has the “locally constant” property. This inherited property of the sheaf F, is related
to certain torus action and its invariants subspaces on the product G x T', where the image
of each map h can be embedding. Here G is the absolute Grassmanian of subspaces of
dimension r + 1 of HY(L|y) @ H°(L|z(dp)) (see subsections 4.1.2, 4.2.1 and Lemma 4.12).

e It satisfies a stability condition with the main intention avoid any redundancy. For ins-
tance, the stable map defined by an Osserman exact represent the Osserman exact in the
“all levels” (see Proposition 3.16(1)).

According to the conditions above, we regard a suitable moduli space: MO(HQ(X ), B)%" of stable
maps fixed by a torus action of (arithmetic) genus zero to H);(X) whose images lie in 3, with
p € Hy(H}(X),Z). Thus the main results of the Chapter 4 of thesis are:

e There exists a projective, coarse moduli space G%(X)%* (see Theorem 4.32).

e The map [f : S — H}(X)] € G%(X)™, has a representative such that the source curve is
a chain. So, the C*—action and the class § determines the type of our stable maps (see
Theorem 4.25). Intuitively, as in discussion above, this moduli space is a “good candidate”

for the desired compactification.

e There exists a functorial equivalence between Mo(H7(X), ) and the functor &%(X)

that define the families of stable limit linear series (see Proposition 4.30).
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e For all § > 1, there exists a map
U5 G5 (X) — Gy(X)™.
whose union over § is equal to G(X )™ (see Theorem 4.36).

In particular, our projective scheme G7(X)* is a “good candidate” for resolving the (set-

theoretically) map (see Corollary 4.38)

a GZ’OSS(X) - Hilbi’dH
g = a(g) =P(g),

studied by Esteves-Osserman (see [18]).



2 Abel maps and limit linear series: An

overview

2.1 Generalities on limit linear series.

2.1.1 Linear series on (families of) smooth projective curves.

Let X be a smooth, connected and complex projective curve of genus g. A linear series on X
of degree d and rank r is a pair g := (L, V'), where L is a line bundle on X with d := deg(L) and
V C H°(X, L) is a vector subspace of sections of L with 7 = dim(V') — 1.

It is well known that linear series on a smooth curve X is a useful tool to study maps of X into
projective spaces. Specifically, each non degenerate morphism from X to a projective space P"
of degree d corresponds, up to automorphism of P", to pair (L, V') as above.

One of the basic applications of linear series is related to the study of invariants of smooth
curves. For this, we need to introduce the theory of ramification points of gon X. Given p € X,
we say that an integer € is an order of the linear series g = (L, V') at p if there is a nonzero
section of L in V vanishing at p with order €. If two sections of L have the same order, a certain
linear combination of them will be zero or have higher order. Thus, there are exactly r + 1
orders of g at p: €(p) < e1(p) < -+ < &(p). Furthermore, notice that i < ¢;(p) < d. We call
wt(p) := Zr: (€i(p) — i) the ramification weight of g at p. Observe that, 0 < wt(p) < (r+1)(d—r).
If wt(p) >Zi(()) then we say that p is a ramification point of g. A known and important example of
ramification points happens when » = g — 1 and d = 2g — 2. In this case, the only linear series
g on X is the canonical series g = (wx, H*(X,wx)), whose ramification points are precisely the

Weierstrass points of X. Now, given the ramification cycle of g, [W(g)] :== >_ wt(p)[p], we have
peX
the Plucker Formula, which computes the degree of [W(g)]

deg (W (g)]) = Y wt(p) = (r + 1)(d+r(g - 1)).
peX

As we may see, the theory of linear series is a useful tool that allows us to better understand the
curve X. Indeed, in the words by Eisenbud and Harris “most problems of interest about curves
are, or can be, formulated in terms of linear series.” (see, [9] p. 339). One of these interesting
set of problems is the Brill-Noether Theory, whose most fundamental question is: For which

values of r and d does a general smooth curve of genus g possess a linear system of degree d and

10
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rank r. A rather complete answer is known as the Brill-Noether Theorem:

Theorem 2.1. A general smooth, connected, complex projective curve of genus g > 2 has a
linear system of degree d and rank r if and only if p(g,d,r) := (r +1)(d —r) — gr > 0; and if
so, then p(g,d,r) is the (pure) dimension of the projective moduli space Glj(X) of linear series

on X of rank r and degree d.

We make some general remarks concerning the proof of the Brill-Noether Theorem. The “if”

part was proved independently by Kempf (see [29]) and Kleiman-Laksov (see [30] and [31]). The
arguments in their proofs are actually valid for any smooth, connected, projective curve. In this
way, we may re-write the “if” part of the Brill-Noether Theorem: If p(g,d,r) > 0, then for all
smooth, connected, projective curves X of genus g, the space G7(X) is non-empty with every
component of dimension at least p(g,d,r).
The arguments in the proof of the “only if” part illustrate our understanding of the interactions
of the Brill-Noether Theory with the moduli theory of curves, in the sense that the analysis of
desired properties of smooth curves relies on the analysis of degenerations to singular curves.
This is the key point of the techniques developed by Eisenbud and Harris. The first complete
proof of the Brill-Noether Theorem was given by Griffiths and Harris (see [26]), based in argu-
ments considered by Severi. Later, Eisenbud and Harris (see [9] Theorem 4.5), following work
by Gieseker ([24]), simplified and generalize the Theorem, introducing the notion of limit linear
series. We will discuss it in the next section.

On the other hand, the proof of the existence of the projective moduli space
Gh(X) = {(L,V)| L € P := Pic!(X), V € H*(X,L), dim(V) = r + 1}

is not difficult. In fact, we can summarize the construction as follows. It is the zero scheme
of a bundle map v on the relative Grassmannian G := Grassp(r + 1, p2.M). Here, M 1= L ®
piOx (np) is the invertible sheaf on X x P, where £ a universal bundle on X xP, p; : X xP — X,
p2 : X X P — P are the canonical projections, and n >> 0. The integer n is chosen such that
R'po, M = 0, or equivalently, pa.M is locally free. It is enough to choose, by the Riemann-Roch

Theorem, n > 2g — 1 — d, since n + d is the relative degree of M. Now, from the diagram below
X xG—25@G

(Id,ﬂ')l lw

XTXXPLP

we conclude that G7(X) is precisely the vanishing locus of the composition
v:V = 1 paM = q.(ld, )" M — q.(1d, 7T)*-/\/l|np><7>7

with the first map being tautological, with V the universal sub-bundle on G, and the second map

11
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is obtained by restriction. For more details, see [2] chapter IV, §3. Finally, since by definition V
is locally free of rank r 41 and M|,,xp is locally free of rank n, we obtain that the codimension
of each component of G7(X) in G is at most (r + 1)n. It follows that G}(X) is a projective

scheme, such that each component has dimension at least:
dim(G)—(r+1)n=g+(r+1)(n+d+1—g—(r+1))—(r+1)n=(r+1)(d—r)—gr = p(g,d,r).

The rest of the section is dedicated to some relevant results about G7(X), as consequences of
the Brill-Noether Theory. For more details we refer the reader to [2] Chapter V.

Theorem 2.2 (Fulton—Lazarsfeld). Connectedness Theorem. Let X be a smooth projective

and connected curve of genus g and assume that p(g,d,r) > 1. Then G(X) is connected.

Theorem 2.3 (Gieseker). Smoothness Theorem. Let X be a general smooth projective and

connected curve of genus g. Then G(X) is smooth of dimension p(g,d,r).

An immediate consequence of combining the results by Gieseker and Fulton—Lazarsfeld, in the
general case, is that: if p(g,d,r) > 1 then GJ(X) is irreducible.

2.1.2 The limit linear series Space |I: The Einsenbud—Harris approach.

The technique of limit linear series was introduced by Eisenbud and Harris in the eighties. They
were able to obtain remarkable results from their techniques: results about the geometry of
the moduli space of curves (see for instance [7]), about existence of Weierstrass points (see for
instance [10]), generalizations of the Brill-Noether Theorem ([9]), enumeration of linear series
(see for instance [11]), among others. We may describe the technique as the analysis of the
geometric properties via degenerations to reducible curves of limits of linear series, with the goal
of deducing something about the geometry of the linear series on smooth curves, i.e., general
members of the family. Below, we give a brief survey of the principal results of this theory,
avoiding some details.

First, observe that as defined linear series make sense for singular curves. Second, although
this technique treats the more general case of singular curves of compact type, we restrict our
attention to curves X =Y UZ, with Y and Z smooth components intersecting at a unique node
P. The reason to this focus is that our main results, whose principal support come from the
Osserman Theory about limit linear series, are restricted to this simple case.

Therefore, let us suppose that X'/B, choosing for simplicity B := Spec(C[[t]]), is a flat and
projective family of curves, where the total space X is regular, the generic fiber &, is smooth,
and the special fiber X is as above. This family of curves is called of regqular smoothig of the

curve X. Since X is regular, it holds that:

e Y and Z are Cartier divisors of X, and every Cartier divisor of X supported in X is a
Z—linear combination of Y and Z. Also, since Oy = Ox(Y + Z), we have that Oy (1Y) =

12
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Ox(—iZ) for any i € Z, i.e., the each linear combination is reduced to the multiple of one

component.

e For each invertible sheaf £, on A there exists an invertible sheaf £ on X, called of the
extension of L,, such that L]y, = L,. This extension is not unique. In fact, it is easy to
check that £(iY) := L ® Ox (1Y), with i € Z, are all the extensions of L, to X.

The existence of distinct extensions to each £, on X', means the relative Picard scheme Pic(X'/B)
is universally closed but not separated. Notice that this does not happen for vector subspaces:
If £ is an invertible sheaf on X and V,, C H°(X,), L]x,) is a vector subspace of dimension r + 1,
then there exists a unique extension V C H°(X, £), which is V =V, N H(X, L).

If we specify the degree of £ on Y and Z, it is well known that the Picard scheme is separated,
and hence proper. Consequently, for each linear series (V,, £,) of degree d and rank r, there
exists a collection of extensions (£;,V;) on X, with £; characterized by the conditions that has
degree d — i when restricted to Y and degree ¢ when restricted to Z, or bi-degree (d — i,1).

The main idea behind the Eisenbud-Harris Theory is to consider just the “extremal degree”
linear series, (Lo, Vo) and (Lg, Vy), i.e., those of bi-degrees (d,0) and (0, d), respectively. This
is due to the fact that in all of their applications these linear series were enough. In fact, they
considered the restrictions (Ly,Vy) = (Loly, Vo ® k(0)) and (Lz,Vz) := (L4lz, Vi @ k(0)).
Notice that, identifying V3 and V7 with its image into H°(Y, Ly) and H°(Z, L) respectively,

we have a sequence of inclusions
Vy € HY(X, Lo|x) € H(Y,Ly) and Vz C HY(X,L4lx) € H(Z,Ly).

In other words, we don’t lose geometric information by restricting to the components. So, given
a linear series (L£,,V,) on a family of curves X'/B we obtain as “limit linear series” a pair
{(Ly,W),(Lz,Vz)} on the “limit” curve X. We emphasize that is possible to construct pairs
on X as “limits” of linear series (£,,V;) on &, which aren’t like the last pair above construct
by Eisenbud and Harris (see for instance [14], Theorem 1). One of the first results by Eisenbud

and Harris is the following inequalities

Proposition 2.4 ([9] proposition 2.1). If (Ly,Vy) and (Lz,Vyz) arise as the limit of the linear
series (Ly, V) on Xy, and €, €Z are the orders of vanishing at P of (Ly,Vy) and (Lz,Vz),

(2

respectively, then holds that, for each i =0,...,71,

e +eZ.>4d. (2.1)

r—i =
Thus, they were motivated to give the definition:

Definition 2.5 ([9] p. 346). Let X the curve with two smooth components Y and Z meeting
at a unique node P. The pair g := {(Ly, Vy), (Lz,Vz)} is called a limit linear series (briefly 1ls)
on X if it satisfies (2.1).

13
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They call the 1ls Refined the ramification conditions (2.1) are equalities for all i. Otherwise,
they call the lls Crude. The reason for the distinction is that refined lls on X have a similar
behavior to linear series on smooth curves.

Having made the distinction, their results focus on lls refined, like the proposition below, about
their characterization with respect to specialization of ramification points, as a consequence of

the Plucker formula in this context:

Proposition 2.6 ([9] proposition 2.5). Under the hypotheses of proposition 2.4, g is a refined
ls if and only if no ramifications points of (Ly,Vy) specialize to the node P of X.

Under these circumstances, they prove how from (£,,V,) there arises a refined lls on X or
(possibly) on a semi-stable model X’. X’ is derived from X by replacing the node P with a
chain of rational smooth curves. So, the new family X”/B’, with the special fiber X’ and generic
fiber Xé = &), is obtained from &X'/B by making a finite base change and resolving the resulting

singularities of the total space X.

Theorem 2.7 ([9] Theorem 2.6). Let (L,,V,) be a linear series on X,. Up to a finite base
change and finitely many blowups of the total space at nodes of the special fiber, the limit of
(Ly, Vy) on X is a refined lls.

To sum up, limits of linear series on smooth curves yield limit linear series on X. A natural
question is: are all limit linear series g on X smoothable? The answer is, in general, no (see for
instance, [9] example 3.2 p. 353). To say that g can be smoothed means that there are a family
X /B as above, and a linear series (£,),V;) on &, whose limit is the given g on X.

Eisenbud and Harris are able to construct a moduli space of refined limit linear series on a
family of curves as above. Since this moduli space just parametrizes refined limit linear series
it is not proper in general, as crude limit linear series are disregarded. We emphasize that the
following theorem is an adapted version to our situation of one main results of Eisenbud and
Harris (cf. [9] Theorem 3.3). Before stating the theorem, we fix some notation. Given two
non negative integers r and d, a ramification sequence of type (r,d) is a sequence of integers
€ = (€0,...,6) with 0 < ¢ < ... <¢ < d—r. Suppose that ¢ is a smooth point of X and
is contained in the component Z. We say that a limit linear series g = {(Ly, Vy),(Lz,Vz)}
on X satisfies the ramification condition (g, ¢€) if the ramification sequence of g at g, i.e., the
ramification sequence of Ly at g, is termwise > (eg, ..., €).

If €', ..., €® are ramification sequences of type (r,d) we set:

plg.rdie',.. €)= (r+1)(d—r)—rg—Y €.
%,J

Following the words of Eisenbud and Harris (][9], p. 354): “this is the “expected dimension” of the

family of limit series on X satisfaying ramification conditions (g;, €!) for fixed q1,...,qs € X”.

14
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Theorem 2.8. Let X/B be a reqular smoothing of X, with qi,...,qs : B — X smooth

sections, and let €',... €

be ramification sequences of type (r,d). There exists a scheme
G:= GZ’EH(X/B; (q1,€Y),...,(gs, €%)) quasi-projective over B, compatible with base change, pa-
rametrizing linear series on the smooth fiber X, of X, and refined limit linear series on X, all
of degree d and rank r, satisfying the ramification conditions (q1(b),€'), ..., (qs(b),€®), for any

b € B. Every component of G has dimension > p+ 1. If

e =(r+1)d+ (T;rl)@g—%

()

or no X has crude limit linear series with the established ramification conditions, then G is

proper over B.
Thus, Eisenbud and Harris obtain the smoothing result below

Corollary 2.9 ([9], corollary 3.5). Under the hypotheses of Theorem 2.8, if GZ’EH(X) has
dimension exactly p, then all refined limit linear series can be smoothed to linear series on

nearby fibers.

Finally, we introduce the Eisenbud—Harris limit linear series scheme on X:
GEPN(X) == {((Ly, W), (Lz, V7)) | satisfying (2.1)} (2.2)

is a projective subscheme of the product G(Y) x GJ(Z). In fact, GZ’EH(X) is the closed
subscheme of the product defined as the union of the schemes defined by pairs of linear series
satisfying at least the imposed vanishing conditions at the node. Clearly, GZ’EH(X ) includes the
crude and refined limit linear series. The set of refined limit linear series is an open subset. We

emphasize that there are degenerations of linear series which are not refined.

2.1.3 The limit linear series Space Il: The Osserman approach.

Concerning the construction of the Eisenbud-Harris quasi-projective scheme G’Z’EH(X /B), there
are two problems. The first is the absence of “naturality” of the construction, in the sense that
it does not represent any natural functor. The second is the exclusion in the relative case, of
the crude limit linear series, which prevents the properness of GZ’EH(X /B).

Observe that, even though GZ’EH (X) parametrizes the crude and refined limit linear series, it
is not at all obvious that it has a functorial description.

We may say that the Osserman approach is motivated by these two problems. Roughly
speaking, Osserman’s construction of the moduli space of limit linear series, besides considering
the “extremal” degrees as in the Eisenbud—Harris approach, considers attach all possible degrees.

We will discuss below the construction of moduli space of limit linear series a la Osserman,
as well as its limitations. Its limitations in a sense that will be explained in the next sections,

will motivate our new approach.
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Given a regular smoothing of X, 7 : X — B, we have seen above that for any linear series
(Ly,Vy) on X, of degree d and rank r, there exists a unique extension to X, (£;,V;), satisfying
that £; has degree d — ¢ when restricted to Y and degree ¢ when restricted to Z, and V; =
Vi N HO(X,L;). Since L;11 = L;(Y), we have a natural induced map £; — L£;11. On the
other hand, fixing the choice of an isomorphism Oy (Y 4+ Z) = Oy, we obtain a map in the
reverse direction L;41 = L£;(Y) = Li(—Z) — L;. If t is uniformizer of B, we have that the
compositions, £; — L;41 — L; and L4171 — L; — L;41, are equals to multiplication by t. For
the spaces V;, since V; N HO(X, L(—(i + 1)Z) = Vi41, the induced maps on the global sections
HY(X,Liy1) — HY(X,L;) and HO(X,L; — H°(X,Li11), map Vii1 to V; and V; to Vi 1. Denote
by i : Viy1 — Vi and ' : V; — Vi1 these maps.

The Osserman moduli space GZ’OSS(X /B) parametrizes choices of an invertible sheaf £ =: £
of bi-degree (d,0), together with (r + 1)—dimensional subspaces V; of global sections of the
invertible sheaves £; := Lo(iY), respectively, which are linked by the maps ¢; and ¢’ above.
Osserman imposes ramification points along smooth sections, similarly to what Eisenbud—Harris

did and proves that

Theorem 2.10 (cf. [37], Theorem 5.3). Given a regular smoothing X /B of X, smooth sections
pi and ramifications sequences {a;(p;)}, the functor &4 (X /B) of limit series on X /B having
ramification index at least o;(pj) at each pj is compatible with base change, and representable

by a scheme GZ’OSS(X/B) projective over B. FEuvery component of GQ’OSS(X/B) has dimension

at least p(g,7,d; ai(p;)) + dimB, with p(g, 7, d; o;(p;)) = (r + 1)(d — 1) — g — - o (p;)-
,J
If the dimension of a fiber of GZ’OSS(X/B) is ezxactly p(g,7,d; a;(pj)), then every limit linear

series on that fiber can be smoothed to linear series on nearby fibers.

We will to describe what GZ’OSS(X /B) parametrizes on its fibers over B. If b # 0, then X is
a smooth curve. Since, as it is easy to check, the maps L;|x, — Li+1|x, are all isomorphisms,
each V; is uniquely determined by V. Thus, we recover the classical space G7; of &3,

As for the curve X, we have that each invertible sheaf L; := L;|x on X is determined
by its restrictions to Y and Z. It is clear that L;|z = Lo(iY)|z = Lo|z(ip) and similarly
Lily = Lo|ly(—iZ) = Lo|y (—ip). The maps L; — L;y; are defined as the canonical inclusion on
7, and the zero map on Y, and viceversa for the maps L;+1 — L;. In this way, denoting by V;
the image of V; by the maps H°(X, £;) — HY(X, L;), the statement that V; is mapped into V; 1
(resp. Vjy1 is mapped into V;) is equivalent to that the spaces V|7 (resp. V;|y) can be regarded
as an increasing (resp. decreasing) filtration of Vz := Vy|z (resp. Vy := Vp|y). However, in the
words by Osserman ([39], p. 12): “V; includes, in general, strictly more information than V;|z
and Vj|y, as there are choices about how sections on Y and Z can be glued if they both vanish
at p. This additional information will mean in particular that our space is not the same as the
Eisenbud-Harris space”.

From now on, we restrict our attention to the curve X. Given an invertible sheaf L on X,
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there are natural short exact sequences,

O*)L‘y(—p) L L’Z 0.
(2.3)

0——Ll|z(-p) L Lly 0

For each integer i, we define L; as the invertible sheaf on X determined by the restrictions

L|y(—ip) and L|z(ip). There exist natural maps ¢’ : L; — L;y1 and ; : Li11 — L;, defined by

composing
0 —— Lit1|z(—p) Lty Li1ly ——0
4 J% (2.4)
0 L2|Z Lz Li‘y(—p)%o

Notice that ¢'p; = ;0" = 0 for every i.

Definition 2.11. A limit linear series (briefly, lls) on X of degree d and dimension r, for fixed
integers d and r with r < d, is a collection, denoted (L, Vp,..., Vy), consisting of an invertible
sheaf L on degree d when restricted on Y and degree 0 when restricted on Z, and vectors
subspaces V; C I'(X, L;) of dimension r + 1, for each i = 0,...,d, such that ©*(V;) C V;41 and
0i(Viy1) C V; for each i.

Its clear that there exists a forgetful morphism

GLO%(X) == {g:= (L, Vo,.... V)| Vi Viy1 } — GU(Y) x G3(2)
Pi
defined by g — ((Loly, Voly), (Lalz,Valz)). Thus, Osserman is able to obtain the following

comparison to Eisenbud—Harris space (2.2):

Theorem 2.12 ([39], Theorem 3.2.1). The morphism above induces a set-theoretic surjection
GZ’OSS(X) o, GZ’EH(X), which is an isomorphism over the open subscheme corresponding to

refined limit series.

A point of GZ’OSS(X ) is called refined (resp. crude) if it maps to a refined (resp. crude)

. r, EH
point of G|

(X) by po. In particular, Osserman recovers the results of specialization and
smoothing obtained by Eisenbud and Harris. Furthermore, a careful analysis of the dimension
of the fibers of the map pg and a classical inductive reasoning over limit linear series, is carried

out by Osserman to prove:

Theorem 2.13 ([37], Proposition 6.6, corollary 6.8 or [40] Theorem 5.3). The natural map
above

po: GO (X) — G(Y) x Gy(2)
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has set-theoretic image consisting precisely of GREH(X). This map s an isomorphism when
d

restricted to the open subscheme of GZ’OSS(X) mapping to refined Eisenbud—Harris limit series.

Now, our interest is focused on the intrinsic properties of GZ’OSS(X ). For this, we need some
definitions.
Given a lls (L, Vj, ..., Vy), associated to each V; we have the short exact sequences:

0 AR Vi Vily 0

7

(2.5)

0 V20 Vi Vilz 0

where ViY’O denotes the subspace of sections of V; that vanish on Y and V;|y denotes the image in
(Y, L;|y) of V; by restriction. Similar conclusions can be drawn with Y replaced by Z. Besides,
the map goi : Vi — Vi1 has kernel ViZ’O and image contained in VZ};_? , whereas ¢; : Viy 1 — V;

Y, . . .7
has kernel V, +’? and image contained in V; 0,

Definition 2.14. A lls (L, V), ..., V) is called exact if, for every i,

Im(¢" : V; — Vig1) = ‘/z};? = Ker(p; : Vier — Vi)

Im(p; : Vipr — Vi) = V2 = Ker(¢' : Vi — Vi),

The exactness condition can be translated in numerical terms: A lls (L, Vp, ..., Vy) is exact if
and only if rank(¢*)+rank(p;) = r for every i. So, since for any lls we have rank(p?) +rank(y;) <
r, the exact points form (by semi-continuity) an open subset of GZ’OSS(X ).

Examples of exact lls are the refined lls, as it is easy to check. However, the converse does

r,Oss

not hold. An other important property of the set of exact points in the space G; (X) in the

case of a general curve is
Theorem 2.15 ([34]). If X is a general curve then the exact points are dense in GZ’OSS(X).

Let X' /B be a regular smoothing of X. Let £, be an invertible sheaf of degree d on the generic
smooth fiber &;. We have seen above that there exists an extension £ on & such that L := £|x
has degrees d on Y and 0 on Z. Fix this extension £, and set L; := L(iY)|x = L(—iZ)|x, for
each i = 0,...,d. Recall that the £; := L(iY") are all extensions of £, to X
Let V;, be a vector subspace of H O(Xn,ﬁn) of dimension r + 1. Regarding V,, as a subspace
of HY(X,, L(iY)|x,) for each i = 0,...,d, set V; := HY(X,L(iY)) N V;. We denote by V; C
HO(X, L;) the image of the restriction of V; to the special fiber, in other words, the image by
the natural induced map on the global sections V; < H°(X, £;) — H°(X, L;). Tt follows that

Proposition 2.16. The collection (L, Vy,...,Vy) is an exact lls.
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2 Abel maps and limit linear series: An overview
Proof 2.17. First, from of the “product” maps,
2% Lo (2.6)

we have the short exact sequence 0 — L; &Z) Li—1 — Li—1|z — 0 and similarly for Y. So,
from the induced maps of restrictions to X we obtain the short exact sequence 0 — L;|y —

Li—1 — Li—1]|z — 0 of the diagram below

L; Liy Li1|z——0.

L] 27)

Lily — Li—1|y (=p)
Second, by the natural induced maps below, and chasing in diagrams,

0 Vi Viz1 UX,Li_1|7)
0—— HY(X, L)) —— HYX,L;_1) —— HY(X,Li_1|7)

(2.8)
HX,L;)) —— H(X,L;_1) —— H°(X, L;_1|7)

ViV

We conclude, if we denote by ¢;_1 and ¢*~! the induced maps on the global sections by the
products above, then they satisfy by (2.7) and (2 8) that ;19" and ¢;_1(V;) C V;_1, respec-
tively. A similar reasoning applies to obtain ¢~ 1p; 1 =0 and p'~1(V;_1) C V;.

On the other hand, from the two natural sequences below
0— Vi—l — Vl — HO(X, Li‘y)

HY(X,L;_1) — H(X,Li_1|z) — H°(X, L;)

we obtain that
Ker(H°(X,L;_1) — H°(X,L;_1|z)) = Ker(H*(X,L;_1) = H°(X, L;))

i—1
and consequently Ker(V;_1 — H(X, L;_1|7)) = Ker(Vi_1 == Vj).
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2 Abel maps and limit linear series: An overview
Thus, by chasing in diagrams again,

0 V; Vi1 HO(X,L;_1|z)

]

— Vi

N

L) —— HY(X,L;_1) —— H°(X, L;_1|2)

0

N

we conclude that Im(p;_1) = Ker(p'~!), which is the desired conclusion.
Finally, one of the key properties of exact limit linear series is the following.

Lemma 2.18 ([37], Lemma A.12). If (L, Vj,...,Vy) is an exact LLS on X, then there exist
integers 0 < ig < i1 < --- < i < d and sections sg,...,s, with s; € Vij such that for each
i=0,...,d, the s; with ij =i form a basis of Vi/ViY’0 S) ViZ’O and the iterated images of all the

sj form a basis for V;.

In conclusion, we may assert that the exact points are the natural candidates to generalize in
Ossermans moduli space of lls the refined lls a la Eisenbud and Harris. In fact, on one hand every
smoothing of a linear series along regular smoothing correspond to an exact point in GZ’OSS(X )
and, on the other hand the lemma 2.18 yields that all relevant information of the ramification
values on the node P € X over the exact points, are completly determined for certain degrees.
More explicitly, a refined 1ls in Osserman’s space, which by definition is isomorphic to the refined
lls in Eisenbud—Harris space by pg at the Theorem 2.13, is determined for “extremal degree”
vector subspaces Vy and V. Thus, the lemma 2.18 asserts that for each exact lls there exist
a “collection of degrees” such that the vector subspaces of sections {V;,} determine completly
the rest of sections in the lls. In addition, since the refined points are included properly in the
set of exact points, we have a structural difference between the compactifications G/ ,Oss (X) and
G FH(X) (see, for instance Example 3.1 in the chapter 3).

We emphasize, as it follows from 2.13 and 2.15, there exist points in GZ’OSS(X ) that can not
be smoothed. In other words, Osserman space of limit linear series does not resolve the question

put by Eisenbud and Harris about smoothing linear series in [12].

2.2 Abel Maps and their relation to limit linear series.

Concerning the classical theory of linear series on smooth curves, there are two relevant concepts,
which are intimately related to the fibers of the Abel(-Jacobi) map: complete linear series and
families of effective divisors. Specifically, given a linear series g := (L, V'), with degree d and rank
r+ 1 on the smooth curve X, we may associate to each s € V'\ {0} its zero divisor on X, div(s).

This defines an effective divisor on X of degree d, equivalently, a point of the symmetric product
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2 Abel maps and limit linear series: An overview

X(@ . Since s € V'\ {0} is uniquely determined by div(s) up to scaling, we have that the family
of effective divisors associated to g forms a r-dimensional projective subspace of X (. Actually,
the inclusion P(V) < X (4 factors through P(H°(X, L)), the projective space associated to the
complete linear series on X. We can view the space P(H"(X, L)) as a fiber of the d Abel map
of X. Explicitly, A;'(L(—dp)) = P(H°(X, L)), where

Ay - X4 Jx
St g = [Ox(ZL, ¢ — dp),

is the degree d Abel map of X, where Jx is the Jacobian of X, parametrizing line bundles of
degree 0 on X, and p € X is any base point. For each g we denote the image at the inclusion
P(V) — X by P(g).

The approach above with respect to Ay can be viewed more technically. For this, consider
the Hilbert polynomial p(t) := (Tjt) and the relative ample divisor H := p + X(@1 < x (@),
parametrizing families of effective divisors whose support contains the point p. Thus, we obtain

a projective scheme, called the relative Hilbert scheme of the map Ag:

o (TP H _ r+t
min; i (v ag /v = (7))
which parametrizes the r—dimensional projective subspaces of the fibers of the Abel map Ay.

So, the assignment g — P(g) can be translated to the map:

r+t
o ¢ ayx) — Hib

g > P(g).

The Abel Theorem arising from the study by Abel of sums of integrals along nonrational curves,

can now be interpreted as
Theorem 2.19 (Abel. [19], Chapter 9). The map ® is an isomorphism.

In particular, the assignment g — P(g) behaves well in families. Moreover, if we have a family
of linear series on a family of smooth curves, we obtain a flat family of closed subschemes of the
fibers of the Abel map Ay.

What about this relation on singular curves? As it was mentioned before, our study focuses on
curves of compact type X, with two smooth components Y and Z meeting at the disconnecting
node p. On one hand, we have seen Osserman’s construction of GZ’OSS(X ), although there is no
evident concept of complete limit linear series nor of families of effective divisors associated to

a limit linear series. On the other hand, in ([4]) Coelho and Pacini construct the Abel maps

Ag - XD Pic?(X)
Shia = [0x(C8 @),
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2 Abel maps and limit linear series: An overview

where Pic?(X) is the Picard scheme of lines bundles over X of bi-degree (di,ds) such that
dy + do = d. However, the fibers of A; are not well behaved. For instance, they are in general
not even equidimensional. So fibers of the Abel map Ay do not constitute a flat family, not
even for d >> 0, and cannot be seen as flat limits of fibers of Abel maps of the smooth curves

degenerating to X.

2.2.1 The Esteves—Osserman results

Esteves and Osserman obtain in ([18]), an important result on the relationship between limit
linear series and fibers of Abel maps in the last context. Before going into details, we make some
general remarks about their construction.

First, for their purposes, they consider the Abel map:
Ag: XD — Pict(X)/ ~

where Pic?(X)/ ~ parametrizes all line bundles of total degree d up to twisting up and down by
p. Precisely, two lines bundles L1 and Lo on X are said to be equivalent if there exists an integer
j such that Ly|y 2 Lo|y (—jp) and Ly|z = La|z(jp). Recall that Pic?(X) = Pic?¥(Y) x Pic!(Z)
for any integer i. Thus, the map Ay is given as follows: If D = Dy + Dy is an effective divisor of
degree d on X, where Dy and D are effective divisors supported on Y and Z respectively, then
A4(D) is the class of the line bundle whose restrictions to Y and Z are, respectively, Oy (Dy)
and Oz(Dyz). Observe that the only ambiguity is if Dy or Dy contains the node P, resulting
different decompositions of D. But, this is exactly the meaning of the twist. So, A4(D) does
not depend on how D is decomposed.

Second, observe that if (L,V) := ((Ly,Vy),(Lz,Vz)) is a lls a la Eisenbud-Harris, it is
not immediate how to associate to a section in some vector space V's an effective divisor on
X, or better, a subscheme of X(@ . A reasonable attempt is as follows: For each i, and each
sy € Vy and sz € Vz, vanishing to order at least ¢ and d — ¢ at p, respectively, we can associate
div(sy) — ip + div(sz) — (d — i)p. However, the subscheme of X(? parametrizing these divisors
is not well behaved. Precisely, if (L, V') is a lls refined, i.e., we can find basis of V3 and Vyz in
correspondence to each other such that corresponding to sy and sz vanish to order exactly
and d —¢ at p, respectively, the behavior will be good. Otherwise, in the crude case, we may get
non-equidimensional subschemes.

Now, Esteves-Osserman approach is to associate to alls g := (L, Vj, ..., Vy) on X a subscheme
of the fiber A;*(L), which is defined as follows:

P(g) := {div(s|ly) + div(s|z)| s € V; \ V"0 UV’ i=0,...,d}.

(Recall that for any V; we have that the two short exact sequences (2.5), which define VZ-Y’0
and VZ-Z’O). They prove that the P(g) are well behaved when g is a exact point of GZ’OSS(X ).
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2 Abel maps and limit linear series: An overview

Specifically,

Theorem 2.20 ([18], Theorem 4.3). If g = (L, Vp,...,Vy) is an ezact limit linear series on X

of degree d and rank r, then P(g) is reduced, connected and Cohen—Macaulay of pure dimension

r+s+t)
T

r, has bivariate Hilbert polynomial P(s,t) = ( and is a flat degeneration of PT.

They also show that P(g) is a flat limit when g is a degeneration. More precisely, recall that
given a regular smoothing X' /B of X, and linear series on the generic fiber, it is possible to
construct an exact lls g = (L, Vp, ..., Vy), which is the limit of the linear series on the generic
fiber.

Theorem 2.21 ([18], Theorem 5.2). Let X /B be a regular smoothing of X and (L, V) a linear
series of rank r and degree d on the generic fiber. Let g be the limit linear series that is limit

of (Ly,Vy). Then P(V})), viewed as a subscheme of the fiber of the relative symmetric product
S4(X/B) over n, has closure intersecting S4(X) in P(g).
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3 The level-§ limit linear series and its moduli
space

The aim of this section is to bring together two constructions as an attempt to understand limit
linear series on nodal curves with two smooth components meeting at a unique node as limits of
linear series on smooth curves along families of curves whose total space is not regular. The first
of these constructions is Osserman’s space of limit linear series. The second is the “twisting”
used by Cumino, Esteves and Gatto as an important tool for studying degenerations of linear
series on families whose total space is not regular.

Our study is motivated by the relationship between limit linear series and Abel fibers. More
precisely, we generalize the (set-theoretic) assignment g — P(g) found by Esteves and Osserman,
from exact limit linear series g to equidimensional, Cohen-Macaulay subschemes P(g) of fibers
of Abel maps which are flat degenerations of P".

In the first subsection we review certain standard facts on smoothings and twists. In the
second subsection, we introduce the notion of level-d limit linear series and proceed with the
construction of a projective scheme parametrizing level-§ limit linear series. Everything, as in
Osserman’s works, will be done for a nodal curve with two smooth components meeting at a

unique node.

3.1 Smoothings and Twists

Let X be a nodal curve with two irreducible smooth components Y and Z intersecting (trans-
versally) at a single point P. A smoothing of X is a flat, projective map n5: X — B to
B := Spec(C[[t]]) with smooth generic fiber X, and special fiber Xy isomorphic to X. Notice
that X, is defined over the field of Laurent series C((t)) and is not only smooth, but also geo-
metrically connected, by semicontinuity. We will identify X with X.

The total space X is regular except possibly at the node P. However, since the general fiber

is smooth, there are a positive integer 0 and a C[[t]]—algebra isomorphism (see, [16] pp. 92-93):

5, o = Clity. 2]

x,.p= (yz— D) (3.1)

The integer § is called the singularity degree of w5 at P. (Also, we say that the singularity of X

at P is of type As_1.) It will profoundly affect our constructions, for which reason we decided to

make it stand out as an index of the map. We say that 7y is a reqular smoothing if its singularity
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3 The level-0 limit linear series and its moduli space

type at P is 1, in other words, if X is regular.
In general, the components Y, Z are Weil divisors, but not necessarily Cartier divisors on
X. However, as will be shown below, there exist natural effective Cartier divisors on X', whose

associated 1-cycles are 0[Y] and §[Z], respectively.

Lemma 3.1. Let w5: X — B be a smoothing of X. The schematic closure of the effective
Cartier divisor on X — P with local equations 1 on X —Y (resp. X —Z) and t° on X — Z
(resp. X —Y ) is an effective Cartier divisor of X.

Proof 3.2. We need only show that the closure is given by a nonzero divisor at the node P.
We will deal with the first case, the second being completely analogous. Fix an isomorphism of
the form (3.1), and set A := C[[t,y, z]]/(yz — t%). Let I C A be the ideal defining the closure
at P. Then Y is given, say, by the ideal (y,t), and thus v/I = (y,t), i.e., the unique associated
prime of I is (y,t). On the other hand, I, = t°A,. So, since z ¢ (y,t), we have I = I, N A. We
claim that I = (y). Indeed, if g € I, N A then there are an integer 7 > 0 and h € A such that
2"g =t'h. If r = 0 then g € (t°) C (y). Otherwise, 2" ~'g = yh. Moreover, since y and z form a
regular sequence in A, it follows that g € (y). Conversely, y = t%/z € I.

We let 6Y (resp. 6Z) denote the effective Cartier divisor of X whose existence is asserted by

the above lemma.

Proposition 3.3. Let 75: X — B be a smoothing of X. Then
(a) Y (resp. Z) is a Cartier divisor of X if and only if 6 = 1.
(b) (Local intersection multiplicity) 6Y - Z =67 -Y = 1.

(c) Ox(0Y)|x 2 Ox(Y) and Ox(82)|x = Ox(Z).

Proof 3.4. The first two statements follow from the proof of Lemma 3.1. Indeed, fixing an
isomorphism of the form (3.1), we have that Y (resp. Z) is given at P by, say, (y,t) (resp. (2,1))
and 0Y (resp. 6Z) by y (resp. z). Of course, (y,t) (resp. (z,t)) is principal if and only if 6 = 1,

proving (a). Furthermore,

5Y-Z_5Z.Y_dimC(W)_1,

proving (b). As for (c), note first that Ox(—90Y)|z = Oz(—P). Indeed, the natural short exact
sequence

0 — Ox(=0Y)|z — Oy — Osyrnz — 0

corresponds, by (b), to the short exact sequence:

0— O)((—(SY”Z — OZ — Op — 0.
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3 The level-0 limit linear series and its moduli space

From this and the Five Lemma, by the comparing the above exact sequence with the natural
exact sequence

0— Oz(-P) — Oz — Op — 0,

we obtain the isomorphism. Second, from the flatness of 75 and Lemma 3.1, it follows that
Ox Z20x(X)Z20x(0Y +02) =2 O0x(0Y) @ Ox(07).

Thus Ox(—0Y) = Ox(6Z). Since Ox(—0Z)|y = Oy (—P) by analogy, we get Ox(—30Y)|y =
Oy (P). Thus Ox(—0Y)|x = Ox(-Y), from which follows the first isomorphism in (c¢). The

second is derived analogously.

Remark 3.5. Let m: X — B be a regular smoothing of X. (There is always one; see [6].) Let
A : B — B the map given by sending ¢ to t°. To differentiate source from target, we will
denote the source of A by Bj. According to [16] pp. 92-93, the fibered product X5 := X x g By
has general fiber over B; isomorphic to the base extension X, x k, and special fiber isomorphic
to X. Here, as before, X;, denotes the general fiber of 7, and k is a finite field extension of degree
d of C((t)), the field of Laurent series over which X, is defined. The projection 75 : X5 — Bj is
flat and proper, but Xj fails to be regular if 6 > 1; namely, Xj fails to be regular at P. In fact,
after base change in the isomorphism

%) ~ (C[[tvyvz]]

Oxp =~ 2250 (3.2)

we obtain an isomorphism as in (3.1).

Let ms: X — B be a smoothing of X and £ an invertible sheaf on X. Set £ := £(—dZ) :=
LROx(—0Z). If L has degrees k on Y and d — k on Z, then £; is an invertible sheaf of degrees
k—1onY and d—k+1 on Z. Indeed, it is enough to observe from Lemma 3.3 that Oy (—3d2)
has degrees —1 on Y and 1 on Z. For each integer ¢ > 0, we may thus generate recursively a

sequence

Li:=L(—i6Z) :=Li—1 @ Ox(—062)

of invertible sheaves on X, having bidegree (k —i,d — k + i) on X, i.e., degree k —i on Y and
degree d — k 4+ on Z.
From now on, suppose that £ is an invertible sheaf on X with degree d on Y and degree 0 on

Z. From Ly := L, we define a sequence of invertible sheaves on the curve X:
L;:=L;|x, where £; := L(—idZ) fori=0,1...

Here each L; has bidegree (d — ¢,i) on X. More precisely, it follows from Lemma 3.3 that
Litily = Lily(—=P) and Ly1|z = Li|z(P) for each i = 0,1,....
Our next topic is twists. Twists were introduced by Esteves in ([15], section 3). Nevertheless,

it was only in [5], Section 3, that they were applied, by Cumino, Esteves and Gatto, to the

26
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study of limit linear series on families whose total space is not regular. Though the theory is
more general, for our purposes we continue considering only the case of nodal curve X with two
smooth components Y and Z meet at a unique node P.

Let m5: X — B be a smoothing of X of singularity degree § at P. Set I(ZO) := Oy, and for
each integer i > 0, define the i-th twist by Z of Oy by:

A . 7li=1)
I(ZZ) = ker (I(ZZ b —Zz 2 - Z) .
torsion

Clearly, I(Zl) is simply the sheaf of ideals 7y of Z in X. And, in general, I(Zi) is a sheaf of ideals

which is locally principal away from P. More precisely, I(Zi) = I%‘ v on X — P, by [5], p. 13.
)

In particular, for each 4, the sheaf Ig has relative rank 1 and is relatively torsion-free over B.

Furthermore, we have by [5], Prop. 3.1, p. 13, the short exact sequence

I(H_l)’y ) I(Z)‘Z
0 z (4) Z 50 3.3
torsion z |x torsion ’ (3.3)
and the isomorphisms
I(i+1)| I(i)]
2 Y >0y, (—(¢g+1)P) and 22 =@©,qP 3.4
torsion v(=(g+1)P) an torsion z(aP) (3-4)

where ¢ is the quotient of the Euclidean division of ¢ by d.

Besides, by [5], Section 3.1, pp. 13-15, we have that I(ZM) is invertible for each i. Explicitly,
I(Zi(s) >~ Ox(—i(62)) for each i. Otherwise,
Lemma 3.6. I(Zidﬂ)\x is mot simple for any i and any j with 1 < j <6 —1,

Proof 3.7. By [5], Subsection 3.1, we have the filtration
ZUEHDD ¢ gD L o gD o 700)

for each ¢ and, in addition, under the isomorphism (3.1), using that, say, fZ|X,P = (z,t), we
have that f(ZMSI;L]) = (2%, 27 1)) for each i > 0 and j = 1,...,5 — 1. In particular, I(ZZHJ)\X
is not invertible at the node P. Thus, since I(Zwﬂ )| x is torsion-free and has rank 1, it must

decompose, i.e.,
S4i) i s
I(ZZ +J)|X o~ (I(ZZ —H)‘X)Y @ (I(ZZ +J)|X)Z

(i6+)
— @+, \ . ()l
for each i and j =1,...,6 — 1, where (IZZ J |X>Y = S tomion
(

Thus, IZZBH)]X is not simple.

Clearly, we may apply the construction and the reasoning above with Z replaced by Y.
We thus obtain from a given invertible sheaf £ on X with bidegree (d,0) on X, the following

data on the curve X:
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e A collection of d + 1 invertible sheaves on X, namely, L;s := L(—i(0Z))|x with bidegree
(d—i,i)fori=0,...,d.

e A collection of d(§ — 1) rank-1, torsion-free sheaves on X, namely, Lisy; := L ® I? +i |x
isomorphic to L(;41)s|ly @ Lis|z for i =0,...,d—Tand j=1,...,6 — 1.

Using the exact sequences (3.3) and the isomorphisms (3.4), we have short exact sequences

linking the above sheaves as follows:

L
0—— (o — Lis Lislz ——0
Lista] List1l 3.5
0 (toi:?or}lj) List (to(i‘;it)rf) 0 ( )
Lisss_
0 —— Lit1)sly — Lists-1 gorsoals 0
L
0 e Lii1ys — Lir1)slz —— 0
and isomorphisms
Lisyjly . .
— T >~ —P)= Ly (- 1 = L. fi =1,...,0
(forsion) is|y (—P) ly(=(i+1)p) G+1)sly for j=1,....6,
Lisyj = Liig1ysly © Lig|z for j =1,...,0 — 1, (3.6)
Lis1jlz . .
—=_ =] =L P) f =0,...,0 -1
(forsion) is|z = L|z(iP) for j =0,..., ;
where L := L|x.

Now, having in mind the isomorphisms above, we can compose maps coming from distinct

exact sequences to get 2dd natural maps :

i '
@t Lisyj — Lisyj11 and  @isqj ¢ Lisyji1 — List;

for each i = 0,...,d — 1 and j = 0,...,0 — 1. These maps are described below, where the

diagrams commute:
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e Maps in the “first extreme:”

Lis 41 (3.7)

Lis|lz ® L(it1)sly

(1,0) _ﬁ J , (0,1)
(pl Pis

0+—— Lis|z Lis Ly 1ysly <0,

where (1,0) and (0, 1) represent the natural inclusion and the natural projection, respec-

tively;

e Maps in the “middle,” for j =1,...,6 — 2:

Lislz © Liix1)sly = Lis; (3-8)

0 0 T 1o
=Qis4; }01 =
01 0 0

Lis|z ® L(iv1)sly = Listjt1-
e Finally, maps in the “second extreme:”

0—— Lislz ———— L(ix1)s —— Lgit1)sly ——0 (3.9)

(1, (0,1)

Lis|z ® Liy1ysly

Lisis-1.

Notice that ¢*py, = o =0 for each k =0,...,d5 — 1.

3.2 Level-¢ limit linear series and their moduli space

Recall that X is a nodal curve with two smooth irreducible components Y and Z meeting
at a unique node P. Let d be a positive integer. Let Picd(X ) denote the Picard scheme of
X, parametrizing invertible sheaves of (total) degree d on X. We know that it decomposes
as the disjoint union of the Picard schemes Picdii’i(X ) parameterizing invertible sheaves of
bidegree (d — i,i) on X. There exist isomorphisms Pic?~%¢(X) = Pic?=!(Y) x Pic!(Z) given by
restriction. In other words, any invertible sheaf L on X is determined by its restrictions L|y
and L|z. Furthermore, L sits on short exact sequences like (2.3) and (2.4).

Let d and d be positive integers and L an invertible sheaf on X. Define the invertible sheaves
Lis on X for i = 0,...,d, whose restrictions to Y and Z are L|y(—iP) and L|z(iP). In
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particular, since L(;;1)sly = Lisly(—=P) and Lis|z = L(i11)5/z(—P), we have the short exact

sequences below for each ¢ =0,...,d — 1:
0—— Lit1sly Lis Lis|z ———0,
(3.10)
0 Lis|z Liit1ys — Liy1)sly — 0.

For our purposes, and inspired by the constructions in the last subsection, we define as well
the rank-1, torsion-free sheaves on X, for each i =0,...,d—1and j =1,...,§ — 1, given by

Lisyj := Lis|z ® L(i41)5]y, whose connection to the sequences in (3.10) is established by the

maps
0—— L(i+1)6‘Y LZ'(; Li6|Z —0
%{ Js@i‘s (3.11)
(0,1) (1,0
04— Lir1ysly Lisq1 Lis|z +—0,

Lisvj = Lis|z © Liiy1)sly

0 0 110
{0 1];%“] Jsozéﬂ: 0 0} (3.12)

Lis+jt1 = Lis|z ® Lis1)sly

(1,0) (0,1)
Lists-1¢— L(it1)sly <0

¢(i+1)5—1l }0(“1)51

0 Lis|z Li+1ys — Li+1)sly —0.

0 Lis|z
(3.13)

It can be noted again that ©*p; = @ =0 for each k =0,...,d5 — 1.
We introduce now the notion of level-d limit linear series on the curve X. By abuse of notation,
we denote by the same ¥ and ¢}, the induced linear maps on global sections of the corresponding

invertible sheaves on X.

Definition 3.8. Fix integers d > 0, 6 > 0 and » > 0. A level-§ limit linear series on X of
degree d and dimension r is a (dd + 2)-tuple (L, Vjy, ..., Vk,..., Vi) of data on X, where L is
an invertible sheaf of degree d on Y and degree 0 on Z, and where V;, C I'(X, Ly) is a vector
subspace of dimension 7 + 1 for each k = 0, ..., dd, such that ©*(V}) C Viy1 and @ (Vis1) € Vi
for each £ =0,...,dé — 1.

In the same manner as in Osserman’s case, we denote by VkZ’O (resp. ka’o) the subspace
of Vi of sections that vanish on Z (resp. on Y'). Analogously, we define Vi|z (resp. Vi|y) as
the subspace of restrictions to Z (resp. Y') of the sections of Vj. Notice that sz,o = Ker (")
and Vi|z = Im(¢%) for k = 0,...,d5 — 1, while ka’o = Ker(pp_1) and Vily = Im(p" 1)
for k = 1,...,dd. (By degree considerations, VOY’0 = 0 and Vd?o = 0, while Vy|y = Vp and
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3 The level-0 limit linear series and its moduli space
Vas|z = Vigs.) Thus, we have exact sequences,
Y,0
0— V" — Vi — Vily — 0,

0—>VkZ’0—>Vk—>Vk1Z—>O

for each k = 0,...,dd, and, since ¥y, = @r* =0 for each k =0,...,dd — 1, inclusions
k _ Y,0 o Z,0
O (Vi) = Vklz CViyy € Vierr, and  @p(Viy1) = Vealy C V7 C Vg

for each £ =0,...,dd — 1.
In particular, Im(¢*) N Ker(¢**1) = 0 and Im(ppy1) N Ker(pr) = 0 for k = 0,...,d5 — 2,

which implies that we have inclusions:

Volz CVilz C -+ C Vias—1lz € Vsl z,

(3.14)
Voly 2 Vily 2+ 2 Vas—1ly 2 Vasly-

Set J := Pic(d’o)(X). From now on, denote by ¢1: X x J — X and ¢9: X x J — J the
projections. The following proposition claims the existence of a projective scheme parametrizing

level-4 limit linear series on the curve X.

Proposition 3.9. Fiz integers d > 0, r > 0 and 6 > 0. Let X be a curve with two smooth
irreducible components Y and Z meeting transversally at a point P. Let g be its (arithmetic)
genus, and L an invertible sheaf on X of degrees d on'Y and 0 on Z. Then there exists a

projective scheme
2,5(X) = {(Lv Vo, .-, Vd5) | @k(vk) - Vk?-‘rl and Spk(vk-i-l) C Vg for k=0,...,do— 1}

parametrizing level-0 limit linear series of degree d and dimension v on X. Furthermore, there
exists a proper and surjective map ps : Gl 5(X) — G 1(X), where G ,(X) is identified with

Osserman’s scheme of limit linear series GZ’OSS(X),

Proof 3.10. The proof will be divided in 3 steps. The first two, the construction of G7 ;(X),
follow the argument given to [37], Thm. 5.3, p. 1178.
First step: Construction of the linked Grassmannian LG.

Let’s remind that, the linked Grassmannian is a closed subscheme of a product of Grass-
mannians, whence a projective variety, parametrizing collections of subbundles of fixed vector
bundles, linked together via maps between the fixed vector bundles; see ( [37], Appendix). In
our case, the Grassmannians are dd + 1 relative Grassmannians over J.

More precisely, let £ be a universal invertible sheaf on X x J. For each k =0,...,dJ, let

Ly =L q(Ox),
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3 The level-0 limit linear series and its moduli space

where the (Ox) are the sheaves obtained by applying the construction on sheaves described
above. In particular, there are maps as in (3.11), (3.12) and (3.13), with L replaced by Ox,
that induce maps

@ Ly — Lyq1 and @ Liyg — Ly
for k =0,...,d5 — 1 such that
1. o*or = pre* =0for k=0,...,d6 — 1,
2. Tm(¢*) NKer(¢*+1) =0 for k =0,...,ds — 2,
3. Im(pgy1) NKer(pg) =0 for k=0,...,dd — 2.

Let D be a sufficently ample divisor of X supported away from P, and put D" := ¢} (D). It is
enough to choose D ample enough that h!(X, Lx|xxo(D) = 0 for each k = 0,...,d§ and each
Q € J. Then & := qo.(Li(D")) is a locally free sheaf for each k =0,...,dd. Define

G = Grassy(r + 1, &)

for each kK = 0,...,d§. Of course, the ¢ induce maps between the & in a natural way; these
will also be denoted by the same ¢j. These satisfy the same properties listed above.

We define LG as the relative linked Grassmannian of subbundles of rank r + 1 of the dj + 1
locally free sheaves &, linked by the ¢y, over J. Thus LG is a closed subscheme of Gg x - - - X Gys.
Second step: Construction of Gy 5(X).

For each k£ =0,...,dd, let pp: LG — J be the composition of the projection LG — G} with
the structure map p) : G — J. Let F}, C (p).)*(Ek) be the universal rank (r + 1)-subbundle and
Fi C (pr)*(&) its pullback to LG. Set Hy := qos(Li(D')|p); it is a locally free sheaf of rank
deg(D), and there is a natural map vy p: & — Hy. We define G 5(X) as the maximum closed

subscheme of LG where all the compositions

Fr — (pr) " (Ex) — (pr)* (Hi).

It follows that Fj C ga«(r;(Lx), where ga: X x G 3(X) — G} 5(X) is the projection and
rE = (ianpk|G£’5(X))3 X x Gy s(X) = X x J.
Part three: The map ps.

Let’s recall that Osserman’s linking maps in (2.4) are defined in one direction as restriction
to Z composed with extension by 0 over Y, and in the reverse direction as restriction to Y
composed with extension by 0 over Z. Symbolically, in the index ascending direction, we have
the composition ty o |z, and in the descending direction, the composition ¢z o |y. The same

notation can be employed to describe our linking maps ¢ above:

¢¢5+1 = (1,0) 0 |z; SOm+2 _ [ (1) 8 ] e ;¢(i+1)6—2 _ ! (1) 8 ] : S0(1;+1)6—1 =1y o (1,0).
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3 The level-0 limit linear series and its moduli space

0 0

; 7 —:0710'
0 1] Pli+1)d—1 (0,1) oy

0 0
pis+1 =1tz 0(0,1); pisr2 = 0 1 | P2 =

Thus, it is clear that if we define @i: Li — Liv1 and @i Li41 — L; as the compositions
lt1)0—16. o+ and w540 - -0p(i+1)5—1, respectively, then we have the linking maps used by
Osserman. Thus, we have defined a map p: LG — LG between our linked Grassmannian LG
and Osserman’s LGO%; this one appearing implicitly in the proof given in [37]. The restriction
to G 5(X) defines a proper map whose image is contained in GZ’OSS(X ). Set-theoretically, we

have a forgetful map:

ps Gy 5(X) — GO (X)
(LaV(),-u,V;(S-&-j»-u,Vdé) — (L,%a"w%é,"'avd(S)'

The remaining claim to be proved is that ps is surjective. For this we need the following lemma,

which is an adapted version to our situation of Lemma A.7 in [37], p. 1196:

Lemma 3.11. Given a level-§ limit linear series (L, Vo, ..., Vi,..., Vas), for each k =0, ...,dd

there is a direct sum decomposition
Vi=¢" Vi e e vl e oy, (3.15)

where ka’o =Y Viy) @ Cy.

The proof of the above lemma is elementary and can be found in [37].

So, let (L, Vo, ..., Vi, ..., Vys) be alevel-0 limit linear series, and consider the decompositions
of the V} given by Lemma 3.11. Notice that the lemma describes a decomposition of Vj only
with respect to ¢*. Analogously, using the maps ¢, we obtain a second decomposition of Vj,
that can be described by

Vi = 0p(Vis1) © Dy @ V% © Dy, (3.16)

where VkZ’O = 0p(Vit1) ® Dj..

A useful formula compares the dimensions of the C}, with those of the Dj:

dim €}, = dim ng’_(i — 1k "
= dim Ker ¢, — rk ¢*

= (dim Ker ¢, + 1k cpk) — (dim Ker gok +rk gok) + (dim Ker gok —rk gok)
(3.17)
= (dim Ker o* — rk g0k>
= dim VkZ’O —rk g
= dim Dj,.
On the other hand, notice that the subspaces C}/ of Lemma 3.11 satisfy C} N (VkZ’0 @ka’o) =0.
Thus ¢* gives an isomorphism between Cj and Cry = OF(CY) C Viy1, and @y gives an
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3 The level-0 limit linear series and its moduli space

isomorphism between Cy/,; and Cy, y = ¢x(Cy, ). Likewise for the Dj. In this sense, we call
the sections of the spaces C} (resp. Dy) linked.
Now, to the proof of the surjectivity of ps. Let g = (L,Vp,...,Vy) € GZ’OSS(X). Let
¢i: Liz1 — Liand ¢": L; — L;+1 denote the linking maps. We need to show that there exists g €
2’5()() such that ps(g) = g. To avoid confusion, we will denote g := (L, Vb, ..., Viyj/5: -+ Va),
for spaces V; /s to be constructed below, and let ¢g: Lyy1 — Ly and @F: Ly — Ly, denote
the linking maps, for each k € (1/6)Z with 0 < k < d. Notice, as before, that

i =@i o 85i+1/5 0--0 @i+1—1/5,

. . 3.18
90 s02-1—1 /6 5... 6 @H—l/& ° {51 ( )

Consider decompositions of the V;, for i = 0,...,d as in (3.15) and (3.16). From (3.17)
we know that dimCj,, = dimDj for each i = 0,...,d — 1. Thus, it suffices to let g :=
(L, Vo, Vigjsss---» Va), where

Viegso = (V0@ DIy @ Di) & (Conr & Gl y @ V) © HO(Z, Lilz) @ HOY, Linly)

foreachi =0,...,d—1and j =1,...,6—1. Here we choose subspaces D; C C’Jrl and C;41 C D]
such that
dim D; + dim Cj41 = dim Cj; = dim D;.

Since D} O Ci41, we have

V)=V e D!, cV' @ D!, ®D; =Ker @,

Z,0 / " (319)
Ker§' = Ker ' = V' = D} @ ¢;(Viz1) 2 Ci1 ® Cliry @ V) = Gi(Vigass)-
Analogously, since C/, | O D;, we have
Gir11/5(Vie1) = Cloyy ® V) CCip1 @ Oy y @ Vi = Ker git171/9) 50

Ker Gi1-1/5 = Kerg; = V\7 = o' (Vi) & Clyy 2V @ DYy @ Dy = g0 (Vo).

Finally, all the V; /s are equal, for fixed ¢ and j = 1,...,0 — 1. Thus, it is easy to check that
foreachi=0,...,d—1andeach j=1,...,0 — 2,

FH(Viyys) =Ker @ijs and By jss(Vig(ianys) = Ker 770,

In conclusion, g € G, 5(X) and p5(g) = g, which completes the proof of the proposition.

Our next goal is to study the behavior of the map ps over the open set of Osserman’s exact

limit linear series. As a matter of fact, we have a similar notion for level-d limit linear series:

Definition 3.12. A level-6 limit linear series g = (L, Vp, ..., Vi, ..., Vgs) with linking maps ¢y,

and ¥ is called exact if any (and thus all) of the following equivalent conditions holds for each

34



3 The level-0 limit linear series and its moduli space
k=0,...,d0— 1
L Vilz = Vk}ﬂ and Vigly = V2.

2. gok(Vk) = Ker pi|v;,,, and @r(Viy1) = Ker cpk\vk

3. The induced complex

) Pk )
Vi Vit Vi Vit
is an exact sequence.

Define the subspace of exact level-¢ limit linear series of Gy 5(X):

GrEt (X)) = {(L, Vor- - Vas) | Vil z = Vi3 and Vi |y = Vi for k=0, ..., d5 — 1} .

Since exactness is an open condition, GZ’;XQM(X ) is an open subspace of Gy, 5(X). In fact, it

suffices to observe that rk ¢* 4+ 1k, < r+1 for each k = 0,...,ds — 1, with equality for every
k =0,...,dé — 1 if and only if the limit linear series is exact. Thus, exactness is an open
condition by semicontinuity (see [28], Chapter 3, §12, p. 281).

We continue with some elementary properties of exact level-d limit linear series. By Lemma
3.11, if g = (L, Vo,..., Vk,...,Vys) is a level-¢ limit linear series, then there exists VkL Cc Vi
(possibly V;I' = 0) such that Vj, = V' & ka’o o VkZ’O for each kK = 0,...,dd. The subspaces of

sections VkL are called linked. Thus, we obtain sequences of nonnegative integers
{Pe} o= {dim(V; )}, {Qk} == {dim(V,7T) ), { My} := {dim(V}")}
satisfying:
Py < Py + My < Prya;

Qrt1 < Qi1 + Miyp1 < Qs (3.21)
Pk+Qk+Mk:’l“+1

for each k=0, ...,dS.

Furthermore,

Lemma 3.13. Let g := (L, Vp,..., Vi,..., Vys) € G%(X) be a level-§ limit linear series. Then
g is exact if and only if any (and thus all) of the following equivalent conditions holds:

1. Poy1 = Py + My VEk.

2. Qu1=Qr+ M Vk.

do
k=0
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3 The level-0 limit linear series and its moduli space

Proof 3.14. First we show the equivalence between (1), (2) and (3).

(1) & (2): It is an easy consequence of the equalities:
P+ Qr+My,=r+1 VEk.

(1) & (3): Clearly,

ds d5—1 d5—1
ZMkZMdaJr ZMkSMd6+ Z(Pk+1—Pk):Md6+Pd5_P0'
k=0 k=0 k=0

Now, since the restriction maps Vy — Vp|y and Vg5 — Vys|z are isomorphisms, it follows that
Py = Q45 =0 and thus Qo + Mg =1+ 1 = Pyj5 + Mgs. We obtain an inequality

dé

d My <r+1,
k=0

which is strict if and only if P11 — P, > M}, for some k.

Now, we will show that exactness is equivalent to Py.1 = Py + M) Vk. g is exact if and only
if tk(¢*) + rk(gr) = r + 1  Vk, equivalently, if and only if Ppyq + Qr = r +1 Vk. However,
from (3.21) we have Py + Qr + My = r+1 VEk. Thus, Pyy11 + Qr =7+ 1 Vk if and only if
Pyy1 =P, + My VEk

To each g € G 5(X) we assign the set

Sy = {k| My # 0} C {0,...,ds}.

dd
Clearly, >~ My = > My. Thus |S| := #S <r+ 1. If g is exact, also |S| > 1.
k=0 €S

Remark 3.15.

1. We would like to illustrate the conditions of linkage and exactness for the “middle” maps.
Foreachi=0,...,d—1land j=1,...,6 — 2, let k :=i6 +j, and put A := H°(Y, Li11]y)
and B := H%(Z, L;|7), and 7 := ¢}, and 73 := ©*. We may view m; and 7o as projections,
m:A®B— A m: A® B — B. Letting Vi :=V, CA@ Band Vo :=V,,1 C AP B we

have:
a) Linkage
i. m(Ve)®0C Vi,
ii. 0@ m(V1) C V.
b) Exactness
i m(Ve) =m((Vin(A4©0)),
ii. m(V1) =me(Van (0@ B)).
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3 The level-0 limit linear series and its moduli space
Actually, exactness is reduced to the inclusions “2O”, once the reverse inclusions are assu-
med (linkage).

2. Lemma 3.13 implies that g € G} 5(X) is exact if and only if for each £ = 0,...,dd, the
iterated images of bases of the spaces VKL for all £ € Sy form a basis of V.

3. For eachS C {0,...,dd}, define

ngxact(X;S) — {g c GZ’,?;X&Ct(X) | ZMkf —r+ 1} )
kesS

By Lemma 3.13, the G55 (X; S) cover G5"(X). Furthermore,
Gr,exact XS T,exact . _ .
DN XGS) (GEe™ (X T) =0 if S #T.
As a consequence, we have stratifications:

Gig (a0 = [ G5 (as) it = I GEeG. (3:22)
|S|=¢ 1<e<r+1

For instance, the refined locus in Osserman’s space GZ’OSS(X ), which is isomorphic to the
refined locus in the corresponding Eisenbud-Harris space, corresponds to G574 (X;r+1),
since in this case 0 < My, < 1 for each k =0, ..., d; see [37], Def. 6.5, p. 1184 and Cor. 6.8,

p. 1189.

The next proposition gives two important properties of the map ps defined in Proposition 3.9.
These properties are fundamental for understanding the relation between level-§ limit linear
series and fibers of Abel maps. Roughly speaking, they say that Osserman’s exact points are
uniquely determined in any level-0 space and that, for each Osserman non-exact limit linear

series, there exists a level § in which it becomes exact. In fact, § = 2 is enough!
Proposition 3.16. The following properties hold:
1. ps G (X)) C Gg”?{am (X) and the restricted map
05 p(s—l(GZ,exact( X)) —» Ggexact( X)
s a bijection.

r,exact

2. The restricted map ps - GHS(X) — GZ9(X) is surjective.

Proof 3.17. We prove Statement 1. Let g := (L, Vp,...,Vy) € GZ’ixaCt(X) be an exact limit
linear series and g := (L, Vo, ..., Vigj/s,- -+, Va) € Gy 5(X) lifting it. Let ¢' and ¢; denote the
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3 The level-0 limit linear series and its moduli space

linking maps for g, and @* and &), those of g. Since g is exact, we must have rk ' +rk¢; = r+1
for each i = 0,...,d. Now, the linkage conditions for g imply that

¢'(Vi) € V»X’?/(; and @;11-1/5(Vit1) €V,

K3 7

i}(‘)/é foreachi=0,...,d—1land j=1,...,0 — 1.
(3.23)
Since

rk g’ + rk@ip1-1/6 = ko' +rkg; =1 +1,

it follows that we have equalities in (3.23). In particular,

Viriss = Virys ® ViLiys = Vilz ® Vialy
for each i =0,...,d—1and j=1,...,0 — 1, determining uniquely the lifting g. Furthermore,
having equalities in (3.23), and since the V; /s do not depend of the choice of j, it follows that
g is exact.

As for the second statement, let now g € GZ’OSS(X ) be a non-exact limit linear series. We
would like to find g := (L, Vo,..., Vigj/,...,Va) € GQ,Q(X) lifting g. As before, let ¢’ and ;

denote the linking maps for g. If tk ¢’ 4 rk ¢; = r + 1, we may simply define
Vitry2 = Vilz ® Viqaly

for each j = 1,...,0—1. The argument used above guarantees the exactness of g at k = i,i+1/2.

So, let i be such that rk ¢’ + 1k ; < 7 + 1, or equivalently, dim Ker ¢* — 1k ¢; > 0. Bringing
back the notation used in the proof of Proposition 3.9; instead of finding just any g we have to
find one that is exact. Recall (3.17):

dim D} = dim Ker ©" — 1k p; = dim Cz{-i-l = dim Ker @), — rk ¢,
where D} and C! 41 subspaces of V;Z’O and Vzi? , respectively, such that
VA% = DL ¢i(Vigr) and V) = o' (Vi) @ . (3.24)

Define
Vit1j2 = ¢ (Vi) ® DCiiy1 ® @i(Vis1), (3.25)

/
i+1°
In particular, dim DCj ;41 = dim Dj = dim C}_ ;. Clearly, by definition, g is a limit linear series.

It follows from (3.24) that g is exact at k = i,7+ 1/2.

where DC} ;11 is the subspace of D& C! 41 obtained as the graph of any isomorphism D} =

Remark 3.18.

1. It is clear that the g given in the proof of Proposition 3.16 is neither unique nor canonical,

as it depends on the choice of an isomorphism Dj = Cj ;.
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2. Given g € G(X) it is possible to find g € GZ’;XMt(X) in any level § > 2 such that
ps(g) = 8. Indeed, simply repeat the space used, letting

Vieiss =" (Vi) ® DCj 11 ® ¢i(Viga)

for every j =1,...,6 — 1.

3. The are natural forgetful maps
Por6z G, (X) = G, (X)

for each d1,02 > 0, if d2]/d;. As in the proof of Proposition 3.16 (1), we can show that
p5_11§2(GZ’?2(aCt (X)) € Gg’%)l(aCt(X ) and that the restricted map

Pé1,52+ pé_ll,ég <GZZ’%};&Ct (X)) — GZ’,?;&Ct (X)
is a bijection.

Example 3.1. Let Y := P! =: Z. Let y be an affine coordinate for Y and z for Z. Let X be the
union of Y and Z meeting transversally at 0. Set d := 2, r := 1. Our principal interest is the
description of the exact limit linear series of degree 2 and rank r in level 2.

In this case, there is a unique invertible sheaf of degree 2 on Y (resp. Z), namely O(2). We
may view its space of sections as the space of meromorphic functions with order of pole at oo
at most 2. In other words, we write the sections as a polynomial on y (resp. z) of degree at
most 2. The invertible sheaves on X that will interest us are just three: Ly = O(2,0), L; =
O(1,1), Ly = O(0,2). Their sections will be obtained by identifying polynomials on y with
degree at most 2 with polynomials on z of degree at most 2. Specifically, we will require that
the i-th coefficient of the polynomial on y agrees with the (2 —4)-th coefficient of the polynomial
on z. In case of Ly = O(2,0), its sections will be identified with a pair (ag + a1y + azy?, agz?)
consisting of a polynomial on y and a polynomial on z vanishing at 0 with order at least 2 such
that the constant coefficient of the polynomial on y is equal to the degree-2 coefficient of the
polynomial on z. Likewise, the sections of L1 = O(1,1) have the form (a1y + azy?, a1z + baz?),
and the sections of Ly = 0(0,2) have the form (asy?, as + b1z + be2?).

We will view a limit linear series (L, Vj, ..., Vas) as a collection of 2§ + 1 = 5 subspaces of
dimension 2 of H°(Y, L|y)® H°(Z, L| z(2P)), that is, subspaces of I'S. &'}, where I'. (resp. I'},)
is the 3-dimensional space of polynomials of degree at most 2 on y (resp. z). In matrix terms,

such spaces will be given as 6-by-2 matrices.
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For instance, and to fix notation,

- o O Q o o

o & O o & O

will denote the subspace of I'y, @ I'}, generated by (ay + cy?, az + ez?) and (by + dy?, by + f2z?).

It lies in H(O(1,1)).

First, we describe the points on Osserman’s space G3(X). It is a 2-dimensional space stratified

as follows:

Exact Points: Form four 2-dimensional strata.

Vo Vi
1 0 00
01 1 0
Wlo al bl bl 0
00
0 1 0
0 1
00 00
1 0 1 0
01 01
wg
00 00
0 0 10
00 bs 0

where a;, b;, c4, dg, eq, f1 € C, with

SO R O O O O
— o O O O O

o O O = O O

— o O O

O = = O O

o O O O = O
o O O = O O

Vi

o O O = O O

a4

Cq

a4

€4

_ o O O O O

by
dy

Ja

Vs

bo

o =, O O O O

_ o O O o O

_ o O O O O
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Non-Exact Points: Form four 1-dimensional strata and one 0-dimensional stratum.

Vo Vi Va Vo Wi Va
10 00 00 00 0 0 0 0
a; 0 00 0 0 10 0 0 0 0
19, 0 1 10 00 7 0 1 10 10
0 0 0 0 0 0 00 0 0 1 0
0 0 00 10 00 00 ba 0
1 0 0 1 0 1 0 0 0 1 0 1
Vo Vi Va Vo Vi Va
00 00 00 00 00 00
10 10 0 0 10 10 00
19, 0 1 cg 0 00 13, 0 1 0 1 00
00 00 0 0 00 0 0 00
00 10 10 00 10 10
00 01 0 1 00 es 0 0 1
and the point
0 0 00 0 0
10 00 0 0
0 1 10 0 0
00 00 00
0 0 00 10
00 0 1 0 1

(2

each 7 and j. In addition, N;W; is the O-dimensional stratum. Also, W U W3 U W is mapped

isomorphically to the locus of refined points in the corresponding Eisenbud-Harris space and

Let W; and L;; denote the closures of W} and L?J in G%(X ). Then L;; = W; nWj for

the lines Ly 2 and Lo 3 to their locus of crude points; see [37] §6, p. 1183 or [39], Example, p.14.
As for G%Q(X ), we may follow the proof of Proposition 3.16 to obtain that the exact points form

nine 2-dimensional strata:

Vo Wi Vo V3 Vy
1 0 0 0 0 0 0 0 00
0 1 1 0 1 0 0 0 0 0
Wf : ap by by 0 by 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 1 0
1 0 1 0 1 0 1 01
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by

as

b3

b3

a2

o .

2 -

o .

3 -

Vi

Vs

Vs

Wi

Vo

bo

0
0

1

1

as by

dy

Cq

by
es f4

a4

0
1

0
0

o .

4 ¢

aq

ai

0

0
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lying over each of the indicated nine strata of Gi(X), the last one lying over the point.
As we can see, the exact points of G%Q(X ) live on many more components than those of
G3(X). In general, the number of connected components of the locus of exact points of G}, 5(X)

grows to infinity as & grows.

3.3 The Abel maps and level-§ limit linear series.

The main goal in this section is to establish a relation between the spaces GZ’;)(aCt(X ) and fibers
of the Abel map A, of degree d, as defined in [18] §3. Furthermore, it will be shown that
the necessary and sufficient condition for the subscheme P(g) C A;l(L) assigned in [18] §4 to
each g = (L, Vb,...,Vq) € G(X) to have the “correct” Hilbert polynomial, i.e., the Hilbert
polynomial of the diagonal of P" x P", is the exactness of g.

The degree-d Abel map Ag: X4 — J associates to each Weil divisor D of the form D =
Dy + Dy, where D; is supported in Y and D9 in Z, the invertible sheaf Ox (D) defined as
that having restrictions Oy (D; + doP) and Oz(Ds — doP), where dy := deg(D2). By its very
definition, Ox (D) does not depend on the decomposition D = Dy + Dy; see [18], §3.

Let 7,d,d be nonnegative integers. Let g = (L, Vp,...,Vy) € G;(X). For each i =0,...,d,
set % := HY(Y, Lq_|y) and T% := H%(Z, L;|z). Notice that P(T'},) x P(I',") C A7} (L) in a
natural way, by letting the pair (D1, Dy) consisting of divisors D; and Dy on Y and Z such that
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3 The level-0 limit linear series and its moduli space
Lg_ily 2 Oy (D) and L;|z = Oz(D2) going to Dy + Ds. Clearly,
AFNL) = P(IY) x BT%) U--- UB(TY) x P(TY).
Also, since
P(Iy) CP(Iy) € - CP(Iy) CP(TY),

and
B(1%) CP(T}) C --- C RIS ") C P(TY),

we may view A7 (L) C P(T%) x P(P'}) and P(I%) x P(T%,) € A7Y(L) for any i and j such that
0<i<i+j<d.
Recall from [18], §4, that P(g) := |JP(gi), where g; := (L;, V;) and

P(gi) € P(Vily) x P(Vi|z) C P(T{) x P(TY) € A7Y(L) € X9

is the reduced subscheme given set-theoretically by

P(gi) = {div(sly) + div(slz) | s € Vi = (GO UV}, (3.26)

The scheme P(g;) is empty if and only if V; = ViY’O U Vi(Z’O)
In a similar fashion, we may define for each 6 > 0 and each g = (L, Vj, ..., Vys) € Gl5(X) a

subscheme P(g) € X@ by P(g) := JP(gx), where g, := (L, Vi) and
k

P(gr) € P(Vily) x B(Vilz) € PUE ) x P(Iy) € A (L) € X@

is the reduced subscheme given set-theoretically by

P(gy) i= {div(syy) +div(s|z) | s € Vi — (VOU v,fv“)}. (3.27)

Here, k =id 4+ 7 with 0 < j < 6.
Another way of viewing the P(gy), and consequently P(g), inside of P(I'Y.) x P(I'%) is to use
the linking maps ¢, and F. In this way,

P(g) C P(Voly) x P(Valz) € P(IY) x P(I%)

is given by

P(gr) = {(@®1F(s), 0o p-1(5)) | s € Vi — (Ker p® 1+ UKer ¢ r—1)}, (3.28)
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3 The level-0 limit linear series and its moduli space

where
@dé_l’k ::gpd‘s_1 0---0 (pk: Vi = Vgfor k=0,...,dd,

(3.29)
Qo k—1 :=ppO---opp_1: Vi = Vofori=1,...,d.

Indeed, on one hand, Ker(p®™~1*) = Ker(¢*) = V/,CZ’0 and Ker(po,—1) = Ker(pp_1) = VkY’O.
On the other hand, Im(p*) C Vkﬁq, and the restricted map gpk|vky,o : ka’o — Vk}jﬁ is injective
for every k, since VkY’O N sz,o = 0. A similar analysis applies to the ;. Thus we conclude that
(3.27) and (3.28) give the same closed subset of P(I'Y) x P(I'%).

Theorem 3.19. Let r,d,d be nonnegative integers.

1. For each g € GZ’,ZMCt(X) there is a naturally associated subscheme P(g) C A" (L) defined
like above, which is Cohen-Macaulay, connected of pure dimension r and, as a subscheme
of P" x P", has bivariate Hilbert polynomial P(s,t) = (S+t+r).

T

2. Ifge G;’exaCt(X) then for any 6 > 0 and any g € G:l’gzaCt(X) such that ps(g) = g, we have
P(g) = P(g).

3. For each g € GZ’OSS(X) \ G (X) and each § € GGS(X) such that ps(g) = g, we
have P(g) S P(g).

In particular, g € Gl {(X) = G4(X) is exact if and only if P(g) C P" x P" has bivariate Hilbert
polynomial P(s,t) = (*T1*7).
Proof 3.20. For the first part, note that Lemma 2.18 has an analogous version for higher §,
which can be derived from our Lemma 3.13. Thus the proof of the first statement follows word-
for-word the proof of [18], Thm. 4.3 (our Theorem 2.20), using exactly the same sequence of
results with the notation adapted to our situation. We observe that this is possible since the
sequence of the results used by Esteves—Osserman relies only on the properties of linkage and
exactness of the maps ¢ and ¢;, which are satisfied as well in our case.

For the second statement, notice that a consequence of the proof of Proposition 3.16(1) is
that, if g = (L, Vo, ..., Viyje,---,Va) € GZ’SXMt(X) lies over an exact g € GZ’eX&Ct(X)7 then

Y,0 Z0 _ 1,Y0 Z,0
ViJrj/tS = Vz‘+1 eV = Vi+j/6 ® V;+j/5

foreachi =0,...,d—1and j =1,...,0 — 1. As it follows from [18], Rmk. 4.9, adapted to
our situation, that P(g) is the union of those P(gx) for which Vj, # ka’o ® VkZ’O, it follows that

P(g) = UP(g;). Since P(g;) = P(g;) for each ¢, it follows that P(g) = P(g).
%
For the third statement, suppose that g € GZJ(X) is non-exact. By Proposition 3.16(2) there

exist 6 > 0 and g € GZ’gxaCt (X), such that ps(g) = g. Keep the notation used above. The above
reasoning gives

P(g) = Up(gi) U UP(§i+g’/6) ) UP(%) = IP(g). (3.30)
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3 The level-0 limit linear series and its moduli space

We show now that P(g) is a proper closed subscheme of P(g). We have already observed that
P(g) is the union of those P(gx) for which Vj # VkY’O @ VkZ’O. In other words,

P@g) = | P(a)- (3.31)

kGSﬁ

Moreover, each P(gy) for k € Sy has dimension r by [18], Lemmas 4.4 and 4.8. Finally, though
not explicitly stated in [18], it can be deduced that these P(gy) are distinct, that is, (3.31) is the
decomposition of P(g) in irreducible components. Now, since g is not exact, we have that there
is k € Sz which is not an integer, and thus accounts for a component P(gy,) of P(g) not entirely
contained in P(g).

Finally, if g € G} 5(X) is exact then P(g) C P" x P" has bivariate Hilbert polynomial P(s,t) =
(5+£+T), as stated in [18], Thm. 4.3, or by our Statement 1. Conversely, suppose P(g) C P" x P"
has bivariate Hilbert polynomial P(s,t) = (**/*"). Let § > 0 and g € G;’j%xaCt(X ) such that
ps(8) = @, whose existence is guaranteed by Proposition 3.16. Then P(g) & P(g) by Statements
2 and 3, proved above. Since g is exact, if follows from Statement 1 that P(g) C P" x P" has
bivariate Hilbert polynomial P(s,t) = (**©*"), the same as P(g). Since P(g) S P(g), it follows
that P(g) = P(g), and hence, by Statement 2, that g is exact.

Theorem 3.21. Given any &' > r + 2 suppose that ps/(g') = @, where g is non exact lls in
Gy (X) and g’ € GZ’S?““(X). Then exist 2 < <r+2andgé€ GZ’%XaCt(X) such that ps(g) = g
and P(g) = P(3).

Proof 3.22. Our proof starts with the observation that for any § > 0, from the Lemma 3.13

and Remark 3.15(3), (3.22) we have a partition of the set the exact points in the level-d, for
S c{0,...,ddé}:

G;’gxaCt(X; S) =1 g Z Misy;j=r+1
i6+jes

Also its easy to check Gg’gxaCt(X ;S) ﬂGg’?{aCt(X ;T) = ¢ for S # T and as a consequence the

stratifications:

GZ,’((ESXaCt (X, l) = H GZ,Sxact (X, S)
|S|=l
G; fsxact ( X) _ H G;,zxact ( X; l) )
1<i<r+1

By assumption, exists a lifting exact g’, i.e., s.t. pg(g') = g, in the level-0’ > r + 2 for g
no exact in the level-1. According to partition above exist S’ C {0,...,dd'} and [ such that
g € GZ”%),(aCt(X; S’,1). So, a trivial verification shows that { = lo 1+ - -+lg—1,4+#{{0,...,d}NS"},
where l; ;11 = #{elements of S’ between V; and Vi 11} — # {{i,i +1} NS'}. Notice that, 0 <
lii+1 <r+ 1. Thus, we define ¢ := max liit1+1and S:={{0,....d} NS} U{id + j| Mg 41 #
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3 The level-0 limit linear series and its moduli space

0} C {0,...,dd}, where the set is ordered by {k1 < k2 < --- < ky,,,,}. Clearly, 2 < 4§ <r+2
and |S| = [. It follows that, our construction starts by choose g € GZ’ExaCt(X ;5,1) such that
Visrj = Viyr; forallid+j € S\{{0,...,d} N S’} and without change on D := {{0,...,d} N S’}.
Naturally, the linked maps between Vs, ; will be defined by the composed of maps below:

s i8' +hj—1

:Vis = Visa
i6/+kj+1—1

902' :ZQDMIO"'OQO

i6+j—1 ::Sow%kj o0 (3‘32)

@ Vier; — Visyjt

and so on. Similar constructions apply to ¢;s4;. Clearly, the latter assertions implies that
ps(g) = g and by assumption and construction we conclude that g is an exact level-dlls.

Our next claim is that P(g’) = P(g). In fact, following the ideas in the proof of the theorem
3.19(2) and the construction of g, we obtain that

P@) = | Ploisr))
is+jes
= PolJ U Plaiss)
i54+jES\D
= Pl U Ploisy)
i6+k;€S\D
= P(g/)7

which proves the theorem.

Remark 3.23. So, the level-§ are helpful in understanding the relative Hilbert scheme associated
to the fibers of Abel maps. In particular, we have a rational (set-theoretically) map for any
6> 2
as © Ghg(X) - HibE!
g = as(g) =P(g).
where, H :=n(R; + X))+ m(Ry+ X@V) R €Y — P, Ry € Z — P, with m,n > 0, is the
(relative) ample divisor of Az and P := P(s,t) = (S+f,+r) is the Hilbert polynomial. Naturally,

the map ag factorizing via ps at map «

a GZ’OSS(X) - Hilblj’dH
g = a(g) =P(g).

studied by Esteves—Osserman (see [18]). In this sense, we paraphrase the theorem 3.21 as follows:
the d—levels above to r + 2 not provide relevant geometric information.

Ezample 3.2. Continuing with the study of G%Q(X ) of the example 3.1, we explain which
subscheme correspond to g € GézgxaCt(X ) into the product P! x P!. First, study the case of
ge pgl(GéﬁxaCt(X)) =~ GYONN (X)), IE g e WU WS U WY, ie., of refined type then a general
description of P(g) = P(g) = P(Vi|y) x P1 U Po xP(V}|z) for some i,j = 0,1,2 and Py C P(V}|z),
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3 The level-0 limit linear series and its moduli space

P, C P(Vily) two points. Explicitly,

e For any g € W we have P(g) = P(Voly) x PLUPo x P(Vi|z).

For any g € W3 we have P(g) = P(Voly) x PLJ Py x P(Valz).
e For any g € Wy we have P(g) =P(Vi|y) x Pi1|JPo x P(Va]z).

Now, for each g € W we have P(g) = A C P(Vi|y) x P(Vi|z) is the diagonal.

1,exact

Secondly, for each g € Gy, (X) \ py 1(G§§X“t (X)) we have, in a similar way of the Osser-

mann refined case,
1. For any g € L1  we have P(g) = P(Vo|y) x PL U Po x P(Vaa|2).
2. For any g € Egvﬁo we have P(g) = P(Vy2ly) x P1U Po x P(V2|z).
3. Forany g € L4 we have P(g) = P(Vy5ly) x PLUU Py x P(Vi|z).

4. For any g € Lz~ we have P(g) = P(Vily) x P | Po x P(Va/az)-

ot

. For any g € Wg we have P(g) = P(Vy2ly) x Pr U Po x P(V3/272).
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4 Stable limit linear series

4.1 Preliminary notions

Our purpose in this section is to introduce the concept of a generalized linear series and the
projective scheme parametrizing them. As it was stated before, we will consider only the case of a
nodal curve X made up of two smooth irreducible components Y and Z intersecting transversally
at a unique point P. Our principal motivation is to put together the exact limit linear series in
all levels in a single projective parameter space. Of course, identifications must be made, and
they will be made through the notion of stabilization. In short, the moduli space of stable limit
linear series is the fixed locus by a certain torus action on the moduli space of genus zero stable
maps with appropriate homology class to a certain relative Grassmannian. Details will be given

below.

4.1.1 Generalized linear series and their moduli space

Fix integers d and r with » > 0. Recall that X is the curve made up of two smooth irreducible

components Y and Z intersecting transversally at a unique point P.

Definition 4.1. Let H be an algebraic scheme. A family of (generalized) linear series of degree

d and dimension 7 over X along H consists of the following data:

1. a relatively torsion-free, rank-1, degree-d sheaf F on X x H/H,

2. a rank-(r + 1) locally free subsheaf V C po,F, where py: X x H — H is the second
projection, such that, for every ¢t € H, the induced linear map V, — H°(X, ;) is injective.

As we will see below, the relevant case for us is when H is a chain of projective lines, as those
continuous limit linear series will be the ones corresponding to level- limit linear series. The
construction below will thus be directed to this case.

First, we need to produce a scheme that parameterizes all the (generalized) linear series (Fy, V)
that show up in the continuous limit linear series we are interested in. This is the scheme H};(X)
below. Its construction will follow closely the standard construction of the scheme of linear series

on a smooth curve, as it can be found in [2], §3 Theorem 3.6, p. 184, for instance.

Construction of the scheme H(X).

Let T be a chain of d 4+ 1 projective lines. More precisely, T" has exactly d + 1 irreducible
components Tp, ..., T; which are smooth and can be so ordered that T; N T # ( if and only if
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4 Stable limit linear series

li — 7] < 1. Furthermore, T;_; intersects T; transversally at a unique point, henceforth denoted
by N;, for i = 1,...,d. In addition, we mark two points on the smooth locus of T, the first on
To, denoted Ny, the second on Ty, denoted Ngi1. Set Ar :={No,...,Ngy1} and T :=T — Ar.
Then T™ is the disjoint union of d + 1 connected components T}, where T* := T N T; for
1=0,...,d.

We consider a certain coherent sheaf F on X xT" whose construction we will give later. Here we
give only its properties. It is a relatively torsion-free, rank-1 sheaf on X x T'/T of relative degree
d over T whose fibers over T are as follows: ]-"]XXT; >~ Ox(—i,1) ® Or» for each i = 0,...,d
and Flxxn, = Oy(—iP) @& Oz((i — 1)P) for i = 0,...,d + 1. Here, Ox(—1,17) is the unique
invertible sheaf on X whose restriction to Y is Oy (—ip) and and to Z is Oz(ip). Notice that
F is “locally constant” over T™, but not globally constant. We say that F is the (truncated)
family of twisters of X.

Let £ now be a universal sheaf on X x Picg?’o), where we recall that Picg?’o) is the connected
component of the Picard scheme of X parameterizing invertible sheaves on X of degree d on Y

and 0 on Z. Consider the projections

X x Pic®? x T (4.1)
o
X xT Pic'?? x T X x Pic¢?.

Define LX F := p*(F) ® ¢*(£) and put W := p, (L X F). Then put

H}(X) := Grass (r+1,W).

Pic\¢? xT

The scheme H)(X) parameterizes linear series (Z, V), where Z is any torsion-free, rank-1 sheaf
on X of degree d whose restrictions to Y and Z, modulo torsion, have degrees ranging from —1
to d, and V is any vector subspace of H(X,Z) of dimension 7 + 1.

The above definition of H};(X) is satisfactory if W is locally free. If not, here is what we do.
Let D be an ample effective divisor of X supported away from P. Let D’ denote its pullback to
X x Picg?’o) x T under the projection. Then, for each integer n > 0, we have the natural short

exact sequence

0— LRF — LRF(nD') — LEF(nD)|pp —> 0, (4.2)
from which we get an exact sequence on Picg?’o) x T

0—W — (LK F(nD")) — pus(LXR F(nD")|,pr). (4.3)

Set £ := p (LK F(nD'")) and & := p (LR F(nD')|,pr). If n >> 0, the higher direct images of
L X F(nD’) vanish, and thus & is locally free. Furthermore, since nD’ is finite, it follows that
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4 Stable limit linear series

also &’ is locally free, of rank ndeg(D). Let a: &€ — £’ denote the map between them.

Let G := Grasspicg?,o)xT(r +1,&). Denote by v: G — Picg?’o) x T the structural map and by
VY C v*(&) the universal subsheaf. Then H)(X) is defined to be the zero scheme of the map of
bundles v*aly: V — v*&.

Put H := H}(X) and A := v|g. Furthermore, form the Cartesian diagram

X x H-55 X x Picd® x 1 (4.4)
N
A (d,0)

H ——F——Picy" " xT.
Since the formation of £ and £ commutes with base change, it follows that
Ker(A o) = p«(A\% (LK F)).

Thus V|g C (N (L X F)). Moreover, by the same reasoning, as the formation of £ and &’
commutes with any base change, (A% (L X F),V|y) is a family of linear series of degree d and

dimension r parameterized by H.

Construction of the sheaf F.

Here we will present two different constructions for the sheaf F.

The first construction is through a degeneration argument. Actually, examples of this type
of construction have already appeared before in this thesis, when we observed that the sheaves
Ox(—i,1) are the restrictions to X of the sheaves Ox(iY), where X — B is any regular smo-
othing of X. In fact, the construction below gathers together the constructions of the Ox (—1i,1)
and their degenerations.

More precisely, let T be the chain obtained from T by adding an extra rational curve at each
end: one, denoted 7T_1, intersecting T transversally at Ny, the other, denoted 7Ty, 1, intersecting
T, transversally at Ngiq. View T C T.

Let m: X — B be a regular smoothing of X and 7 : T — B a regular smoothing of T. Form
the threefold X x g 7. It can be regarded as a smoothing of the surface X x T. However, it fails
to be regular exactly at the pairs (P, N;) for i = 0,...,d + 1. Following the ideas in [3], with
an obvious adaptation to our case, we resolve the singularities of X x g 7 at (P, N;) by blowing

it up along Y x T;_1. The effect of this blowup is:

e The inverse image of (P, N;) is a smooth rational curve, denoted E;, along which the

blowup is regular.

e The strict transforms of Y x T;_1 and Z x T; in the blowup contain FE;, while those of

Y x T; and Z x T;_ intersect F; transversally at unique and distinct points.
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4 Stable limit linear series

e The composition of the blowup with any of the projections of the fibered product X xgT

onto its factors is flat.

Blow up X xp T repeatedly along the (strict transforms of) Y x T_1, Y x Ty, ..., Y x Tj.
Let X denote the resulting space and ); denote the strict transform in X of Y x T for each
1 = —1,...,d + 1. If follows that X is regular and the ); are Cartier divisors of X. Let
Y: X = X xp T denote the blowup map. In the sense of [3], p- 32, the map 1) is a semistable
modification of any of the projections of the fibered product X xp T onto its factors

Let E; := (P, N;) for each i = 0,...,d + 1. Then the E; are rational smooth curves.
Furthermore, V; - E; = 0 if j # i — 1,4, whereas V;_1 - E; = —1 and ); - E; = 1. Set

G=05(-YVa+I+2V2+- +(d+1)Vss1).

Then G|g, = Op, (1) for each i = 0,...,d+ 1. Since G is 1-admissible, in the sense of [3], p. 32,
it follows from loc. cit., Prop. 5.2, that .G is relatively torsion-free, rank-1 sheaf of degree 0 on

X xp T /T, whose formation commutes with base change. Finally, set

F =G| xxT-

Since the formation of the direct image 1.G commutes with base change, it is not difficult to
see that F is as prescribed in the construction of H}(X). Indeed, since v is an isomorphism
over X x T for each ¢ = 0,...,d, it follows that

f‘XxTi* = OXXBT(iY X B 7-)|X><Ti* = Ox(iY)’X ® OTi* = Ox(—i,i) ® OTi*'

On the other hand, for each i = 0,d + 1, the fiber yy~}(X x N;) is the curve obtained from
X by splitting apart Y and Z and connecting them by E;. Let X; := ¢~ 1(X x N;) and put
i = Ylx, X; — X, where we identify X x N; = X. Let Y; and Z; denote the irreducible
subcurve of X; mapping to Y x N; and Z x N;, respectively. Since

g|Yz = OY«;(_Z'P)v g‘Ez = OEz(l) and g|Z7, = OZZ((Z - 1)P)7

it follows that
Flxxn, = %ix(Glx,;) = Oy (—iP) ® Oz((i — 1)P).

A second construction of F, useful in our computations, is achieved by patching together

degenerations of extensions. It follows from the observation that
Exty, (0z(iP), 0y (jP)) = C = Exty, (Oy (IP), Oz(mP))

for any integers i, 7, [, m. Furthermore, the middle sheaves for the nontrivial extensions of Oz (i P)
by Oy (jP) are invertible sheaves on X whose restrictions to Y and Z are Oy ((j + 1)P) and
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4 Stable limit linear series

Oz(iP), whereas those for the nontrivial extensions of Oy (IP) by Oz(mP) are invertible sheaves
on X whose restrictions to Y and Z are Oy (IP) and Oz((m + 1)P).

Alternatively, fix isomorphisms Oy (P)|p = Op and Oz(P)|p = Op, and from these construct
isomorphisms Oy (iP)|p = Op and Oz(jP)|p = Op for each integers i and j. For each i =

1,...,d, consider the following composition of maps of sheaves on X:

7 Oy (—iP) ® O4(iP) —— Oy (—iP)|p ® O4(iP)|p —— 02,

where the first map is the sum of two restriction maps and the second is the sum of two of
the isomorphisms we mentioned above. Besides, for each i = 1,...,d, let T; := P!, and let
& (’)%, — Or,(1) be the tautological quotient. Let T:ipi be the pullback of 7¢ to X x Tj. Identify
P x T; =T;, and consider the composition fﬁ}i. It is a surjection; let F; denote its kernel.

Then F; is a relatively torsion-free, rank-1 sheaf of degree 0 on X x T;/T;. Over the point
0; € T; where &|opao is zero, the fiber of F; is Oy (—iP) @ Oz((i — 1)P), whereas over the
point co; € T; where &|opo, is zero, the fiber of F; is Oy (—(i + 1)P) & Oz(iP). Elsewhere,
the fiber of F; is the invertible sheaf Ox(—i,7). We may thus patch together the families F;,
by identifying oo; with 0;11 for ¢ = 0,...,d — 1. Thus we obtain the chain T of d 4 1 rational
curves Tp, ..., Ty, as in the construction of H}(X), and a coherent sheaf 7 on X x T such that
Flxxt, = F;. It is clear now that F is as prescribed in the construction of H};(X).

Embedding H;(X) in a trivial Grassmann bundle.

From the second construction of F, using that Oy (—iP) C Oy for each ¢ > 0 and Oz(iP) C
Oz(dP) for each i < d, it follows that F C (Oy @ Oz(dP)) ® Op with T-flat cokernel. Thus,

there is a natural embedding

Hj(X) — Grass (r+1, W,)a where W' := p.q* (L (.0) B L] (@,0) (dP % Pic()?’o))),
X X

Pic(®0 xT Y xPic 7 xPic

and ¢ and p are as in the construction of H}j(X).

The ambient space need not be a Grassmann bundle, as W' need not be a locally free sheaf.

However, W' is the pullback of a sheaf on Pic()?’o), namely

W= oLy, oo © £ (dP x Pic¢Oy),

. . (d,0)
Y xPic xPicy

where py: X X Picg?’o) — Picg?’o) is the second projection. So

(r+1,W') = Grass__ o (r+1,W") x T.

Grass Pic{?

Pic ¢ xT

Furthermore, let D be an ample effective divisor of X supported away from P. By the
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4 Stable limit linear series

Riemann—Roch Theorem, for n >> 0, there are (noncanonical) embeddings

. (d,0)
X xPicd (D x Picy

. (d,0)
ZxPicd? (dP x Picy

£|Y><Pic()‘(l’0) =0 )|Y><Picg?’0)’

(d,0)

| )= 0, (D x Pic?

xPict?) )’pricgﬁ"”

whose cokernels are flat over Picg?’o). Thus, setting W' := W1 ®Wa, where Wy := H(Y, Oy (DN

Y)) and Wo := H°(Z,04(D N Z)), we get a (noncanonical) embedding W' C W" ® Op. 40,
X

and thus a (noncanonical) embedding
Grassy, o (r + 1, W") < Grass(r + 1, W1 @ Wa) x Pic .
X

The bottom line is that we have an embedding

H}(X) < Grass(r + 1, W, & W) x Picg?’o) x T.

4.1.2 Stable maps, torus actions and Grassmann bundles.

Loosely speaking, a stable limit linear series on X will be represented by a stable map from
a chain S of smooth rational curves to the space H}(X) we constructed in Section 4.1.1. Not
just any such map, but only those fixed by a certain torus action and whose image lives in a
certain homology class in Hy (H}(X),Z). In this section we will explain all the notions involved
in the statements above. Obviously, there exists a wide literature on spaces of stable maps
and fixed spaces of schemes under torus actions, as well as on Grassmann bundles. For a more
general treatments, we refer the reader to [22], [32], [36] for stable maps and torus actions,
and to [21], [23] for Grassmann bundles. For the convenience of the reader, we present without
proofs the relevant material from the above references, adapted to our situation, thus making
our exposition as self-contained as possible.

Before we proceed, we describe the layout of this section. In the first subsection, we present
the moduli space of stable maps of curves of genus zero to any projective scheme. The second
subsection is reserved for the definition, classical results, and relevant examples of torus actions
on moduli spaces of stable maps. Finally, the third subsection is dedicated to the study of the

Chow ring of Grassmann bundles.

Stable maps from nodal curves and their moduli spaces.

A nodal curve is a (projective, reduced and connected) curve C' whose irreducible components
intersect each other and self-intersect transversally or, equivalently, whose singularities are or-
dinary double points; nodes, for short. Its (arithmetic) genus is 0 if and only if the components
are rational, smooth, and form a tree, or equivalently, intersect in such a way that the number

of intersection points is smaller (by one) than the number of components.

o4



4 Stable limit linear series

A family of nodal curves parametrized by a scheme B is a flat, projective map 7: C — B such
that Cp is nodal curve for each geometric point b of B. A map from nodal curve C' to a scheme
Gisamap u: C — G. A family of maps parametrized by a scheme B from nodal curves to a
scheme G is defined by the tuple of data

(m:C— B,u: C—G),

consisting of a family nodal curves m and a morphism . Two families of maps to G parametrized
by the same B,
(m: C — B,pu) and (7r’ C = B,//) ,

are called isomorphic if m = n and there exists an isomorphism 7 : C — C’ such that # = /o7

and pu = p’ o 7, that is, the diagrams below commute:

c—">B c—t-a
{ / { /
™ 1
C’ C’
The special points of an irreducible component of a nodal curve (C,p1,...,py,) are the nodes

that lie on it. A map p: € — G from curve C to a scheme G is called stable if each rational,
smooth component of C' that is mapped to a point by p contains at least three special points.
For a given class § € Hs(G,Z), the map p is said to represent [ if p.[C] = . When 3 is
represented, it is called effective. A family (7, 1) of maps from nodal curves to G parameterized
by a scheme B is called stable if the induced map over each geometric point of B is stable.

Let G be a scheme and € H2(G,Z). Define the contravariant functor:

Mo(G,B) : {Schemes} — {Sets}
B = Mo(G, B)(B),

where My (G, B)(B) is the set of isomorphism classes of stable families of maps from genus-0
nodal curves to GG parameterized by B and representing the class 3.

We are now in position to present results on stable maps. As they are not the main focus
of this article, the results will be presented without proofs. Assume from now on that G is a
nonsingular projective variety, and assume that G is conver, that is, H' (Pl, w (Tg)) = 0 for
every morphism p : P! — G. This is the case, for instance, when T is generated by global
sections. Examples of convex varieties are thus projective spaces, Grassmannians, flag varieties
and their products. The proof of the following result may be found in [22], Thms. 1 and 2,
p. 11-12.

Theorem 4.2. Let G be a projective scheme and 8 € Hy(G,7Z). Then there exists a projective
scheme Mo(G, B) coarsely representing Mo(G, ). If in addition G is a conver variety then
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4 Stable limit linear series

Mo(G, B) is a normal projective variety, which is locally a quotient of a nonsingular variety by

a finite group.

While we will just need the existence of a coarse moduli space, it is appropriate that we say
a few words about the existence of a fine moduli space. It turns out, as it is typical, that the
existence of automorphisms forces us to search for a fine moduli space outside the category of
schemes, in the category of stacks. Though the category of stacks is often the appropriate one in
the study of moduli problems, to introduce and deal with it is beyond the scope of this article.

At any rate, in our case, we have (see [32])

Theorem 4.3. Let G be a convex projective variety and B € Ho(G,Z). Then the functor
Mo(G, B) is (finely) represented by a complete, nonsingular Deligne—Mumford stack.

In any case, in one language or in the other, the points parametrized by Mo (G, 3) correspond
to isomorphism classes of stable maps of the same type (.

The following result will be extremely useful in our proof of the existence of a coarse moduli
space for stable limit linear series. It is a natural consequence of [22], Thm. 1, p. 11, and Lemma
8, p. 26.

Proposition 4.4. Let G be a projective scheme and G' C G a closed subscheme. Leti: G' — G

denote the inclusion and 8 € Ho(G',Z). Then there exists a natural closed embedding
MO(G,a 6) — mO(G> Z*B)

Torus actions on moduli spaces of stable maps.

In this section we will study certain actions of the one-dimensional torus T := C* on spaces of
stable maps from nodal curves to Grassmannians. More precisely, we will study special linear
actions of T on C™, for any m, the induced actions on Grassmannians G := Grass (r,m), for
any r, and the resulting actions on M(G, d), the coarse moduli space of stable maps of degree
d from nodal curves to G, for any d and n. Our main goal is to describe the stable maps that
are represented by fixed points under such actions. From the analysis made here we will derive
important consequences for our understanding of stable maps into H};(X), the spaces of linear
series introduced at the beginning of the chapter.

Recall that G is a nonsingular projective variety with Picard group Pic(G) = Z. Thus
Hy(G,Z) is free of rank 1. We say that an element of Hy(G,Z) has degree d if it can be
expressed as d times the effective generator of Hyo(G,Z), or equivalently, if its product with the
ample generator of Pic(G) is d. A map u: P! — G is said to be of degree d if y.[P!] has degree
d, or equivalently, if the pullback of the ample generator of Pic(G) to P! is Op1(d).

Thus, a map u: C — G from a genus-0 projective nodal curve C' gives a stable map of degree

d if and only if it satisfies the following two conditions:
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4 Stable limit linear series

e For each component C; of C, the degree of the restriction p|c, being denoted by d;, we
have Y. d; =d.

o If 4u]c, is constant, or equivalently, d; = 0, then C; must contain at least three special

points.

Our next step is to present the actions of T on C" that will be useful for us. The first is very
simple: Write m = mj + mo and consider the canonical decomposition C™ = C™ ¢ C™2; then
cx*1 (v1,v2) := (cv1,v9) for each ¢ € T and v; € C™i. The second action is also easy to describe:
Given distinct nonnegative integers £1, . .., £y, put cxo (21, ..., 2m) := (21, ..., ¢ 2,,) for each
c € T and z; € C. Since the actions are linear, given an r-dimensional subspace V' C C™, it
follows that ¢ *; V' is an r-dimensional subspace of C™ for ¢ = 1,2. In other words, there is an
induced action of T on G in both cases.

In terms of matrices, the first action is represented by a matrix of the form

c 0 0
0 c 0
Al = , (4.5)
0 1 0
0 0
while the second is represented by a matrix of the form
Ao ... - 0
0 c*
A? = (4.6)
cm-1 0
clm

We now focus on the study of the fixed points by these actions on G. Naturally, this question
is related to the study of the invariant subspaces of the matrices AZ.

In the first case, the eigenvalues of the matrix Al are ¢ and 1, with arithmetic multiplicity m;
and mg, respectively. Therefore, by [25] Thm. 2.15 , we get that V € G is fixed by T, that is,
cx1 V =V for every c € T, if and only if V =V; & V5 where V3 C C™! and Vo C C™2. Clearly,
if r; denotes the dimension of V; for ¢ = 1,2, then r = r1 + ro.

t1 .., c*, and they are all distinct if ¢ does

As for the second case, the eigenvalues of A? are c
not belong to the finite set of all the (¢; — ¢;)-th roots of unity for ¢ # j. In this case, by [25]
Example 2.1.1, we get that V € G is fixed by T, that is, cxo V =V for every c € T, if and only
if V is spanned by a set of r vectors of the canonical basis of C™.

Given a linear action * of T on C™, the induced action of T on M(G,d) is also easy to

define. Just notice that, given a stable map (C, u), and ¢ € T, the map ¢ x p assigning Q € C
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4 Stable limit linear series

to {cxv|v € pu(Q)} gives a stable map (C,c * u). Clearly, isomorphic stable maps give rise
to isomorphic stable maps under this action. Hence, we have a well-defined action of T on
Mo(G,d): given a point (C,u) € Mo(G,d) and ¢ € T, we have

cx (Cop) :=(C,cx p).

Our next goal is to describe the points in Mo(G,d)", that is, the torus fixed stable maps in
the first case. A similar conclusion can be drawn in the second case.

First, we make some general remarks on the action of T on G, under the assumption that r <
m1 and r < mo. In this case, as a consequence of the study of the direct sum on Grassmanians
in ( [43]), Section 2, the fixed point locus is the union of certain products of Grassmanians:
Gy, ry = Gy, X G, where G, := Grass(r1,m;) and Gy, := Grass(rz, ma), for r1 +rg = r, where
Gy, r, is embedded in G in the natural way.

In particular, the images by a torus fixed map p : T — G of the nodes and the contracted
components are fixed points in one of the G, ,,.

Clearly, (C, p) is a fixed map if and only if its restrictions (Cj, p|c,) are all fixed. Now, if C;
is not contracted by pu, then p(C;) is either entirely contained in some Gy, ,, or, otherwise, as
an application of the Localization Theorem (see [36], Lemma 6, p. 12 or [1], Prop. 6, p. 8), is
an invariant curve joining two fixed points lying on distinct G, .

In conclusion, for the first action the image of a torus fixed stable map p : T' — G is an
invariant curve in G, the contracted components and nodes sent to fixed points, and the non-
contracted components sent to curves either entirely contained in some G, ,, or linking two
fixed points lying on distinct G, .

An analogous reasoning applies for the second action. In this case, however, since the ¢; are
distinct, there are only a finite number of fixed points, and thus the noncontracted components

are sent to curves linking two fixed points lying on distinct G, ;.

Remark 4.5. Though we are considering only diagonal actions, no generality is lost, as all actions
of T on C™ can be diagonalized; see, for instance, [13], Ch. 6, Prop. 1.6, p. 6. More precisely,
given an action * of T on C™, there exist a basis v1,..., v, of C" and integers /1,..., ¢, such
that, for each ¢ € T and z; € C,

c* (Z ;) = Z tiziv;.
i i

The Chow Group of Grassmann Bundles.

In this section, our main goal is to present the fundamental tools to define the class § €
Hy(H}(X),Z) we are interested in. More precisely, it will be the class of a certain section
A: T — H}(X) of the composition

Hi(X) —— Pic{” xT7 —25 T
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4 Stable limit linear series

of the structure map v with the projection g2, a section corresponding to an Osserman exact
limit linear series in a way we will make precise later. We will view A as a translation from a
discrete to a continuous point of view.

Whatever X is, notice that the composition ¢; v is constant, as T is a union of rational curves
and Picg?’o) is an Abelian variety. Thus X factors through H} (X, L), the fiber of g1\ over a
certain L € Picg?’o).

As we have seen in Subsection 4.1.1 that H}(X) can be embedded in a natural (though
not canonical) way in a Grassmann bundle over Picg?o) x T, we get a natural embedding of
H}(X,L) in a Grassmann bundle G over T'. Since A1(G) = H(G, Z) in this case, we will focus
on presenting the basic facts on the Chow group A.(G). We begin by recalling fundamental
facts about Chow rings, Chern classes and Grassmann bundles. Our main references are [21]
Chs. 3, 10 and 14 and [23] Chs. 1 and 2.

The Chow group of a scheme G is

4.(G) = D AnG),

>0

where Ay/(G) is the group of ¢-dimensional cycles modulo rational equivalence. In particular,
when G is purely n-dimensional, A, (G) is the free Abelian group on the set of irreducible
components of G.

If G is irreducible and nonsingular of dimension n, define the Chow group of cycles of G of
codimension £ as A'(G) := A,_;(G), and put A*(G) := PAY(G). In this case, A*(G) admits the

structure of a graded ring via the intersection product:

ANG) x A™G) — AT(@G)
(a7 B) = a - /8

It would take us too much astray to give the definition of -. Let us just say that, justifying the
name, if £/ and F' are subvarieties of G such that their intersect is proper, that is, £ N F' is of

pure codimension codim(E) + codim(F’), then
[E]-[F]=[ENF]=) mylH],
H

where the sum runs over the irreducible components H of E N F, and the my are the geometric
multiplicities of H in E'N F'; see for instance [21] Ex. 8.1.11 or [23], p. 32.

As usual, we may view A,(G) as a module over A*(G) if G is nonsingular, that is, the elements
of A*(G) induce endomorphisms of the group A,(G). In any case, even if G is singular, certain
endomorphisms arise from vector bundles. More precisely, given a vector bundle E over G of

constant rank r, its Chern classes ¢;(E), and thus the total Chern class

e(E) =1+ c1(E) +--- + (),
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4 Stable limit linear series

are endomorphisms of A,(G), denoted o — ¢;(E) N «, satisfying the following properties (see
21] Thm. 3.2):

1. (Vanishing) ¢o(E) =1 and ¢;(E) =0 for i <0 or i > r.

2. (Projection formula) For each proper map f: H — G,

fe(ci(ffE)Na) =c¢(E)N f.

w

. (Flat pullback) For each flat map f: H — G,
G(ffE)N ffa=f"(¢(F)Na).

4. If D is a Cartier divisor of G then ¢;(Og(D)) N [G] = [D].

5. (Whitney sum) For each exact sequence of vector bundles over G
0— E1 — Ey — Es — 0,

the total Chern class satisfies ¢(Ep) = c(E1)c(E2); equivalently, co(Ep) = Y ¢i(E1)ci(E2)
i+j=t
for each integer /.

When G is nonsingular and irreducible, we identify ¢;(E) with an element of A*(G), namely
c;(E) N [G]. In this case, we have an isomorphism Pic(G) = AY(G) defined by L+ c1(L).

We are now in a position to give a rough introduction to the intersection theory of Grassmann
bundles. Let E be a vector bundle of rank d over a scheme U, and r an integer such that
0 <r < d. Let G := Grass(r, F) the Grassmann bundle of r-planes in the fibers of F, and

m: G — U the structure map. From the universal short exact sequence on G:
0—S—7(E)— Q —0,

where S is the universal rank-r subbundle and @ is the universal rank-(d — r) quotient bundle,

define ¢; := ¢;(Q — 7*E). More precisely, ¢; is the degree-i part of the quotient:

c(Q—7*E) := =14+ (c(Q)—c(m*E)) +(c2(Q) —c1(Q)cr (T* E) + 3 (n* E) —co(n* E) ) 4+ - - .

A partition A := (Aq,..., ;) is a sequence of r integers such that \; > --- > A\, > 0. Given
A, define the Schur polynomial

Chy o Cgr—1
Ay = Ax(c) := det : : : = det(cy,45-i(Q — T°E))

Cxi—r+1 " CA,
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The Schur polynomials have the following properties:

1. (Vanishing, [21] Lemma 14.5.1) If ¢ is an integer such that C; = 0 for all i > ¢ and A\; > 0
then Ay = 0.

2. (Pieri’s formula, [21] Prop. 14.6.1) For each partition A and integer m > 0, we have
Ay cm =Y Ay, where = (p1, ..., pr) runs over all partitions satisfying |u| = [A] +m

i
and p11 > A1 > pig > -0 2> pp 2> Ape

3. (Product formula, [21] Prop. 14.6.2) For each two partitions A and g, it obtains that
Ay A, =3 NxunAy,, where the sum runs over all partitions n with || = |u| + |A[, and
"

the N ,, are given by the Littlewood-Richardson rule.

4. (Duality theorem, [21] Prop. 14.6.3) For each two partitions A and p such that |A| + |p| <
r+ 1(d —r), and each o € A,(U), we have

« if N+ pp—jp1=d—r for i=1,...,r
0 otherwise.

T (Ax- A N7Tra) = {

The next result will be useful in the description of our class 8. For a proof, see [21] Prop. 14.6.5.

Lemma 4.6. (Basis Theorem).

For each ¢ > 0, there is a canonical isomorphism
A(G) = P Ay (aryin (),
A

where X runs over all partitions A = (A1,...,\) withd—r > Ay > -+- > A\, > 0. Moreover, each
element in A¢(G) has a unique expression in the form ) AxN*(ay) with ax € Ap_pg—r)4 iz (U)-
X

In particular, when U is nonsingular, A*(G) is the algebra over A*(U) with generators
aiy...,0p, b1,..., b4, where a; = ¢;(5) and b; = ¢;(Q), and relations f: aiby_; = c¢(E) for
¢=1,...,d; see [21] Ex. 14.6.6, p. 270. =

Our main analysis is made on Grassmannians, that is, Grassman bundles over a point. In
this case, the above formulas make part of what we call the Schubert calculus. Changing the
notation, G := Grass(d + 1, C"*1), or, in projective terms, G = G4(P"), the Grassmann variety
of d-planes in P™. It is a smooth and irreducible projective variety of dimension (d + 1)(n — d).
The universal quotient bundle @ has rank n — d. In this case, the classes 0; = ¢; = ¢(Q)
and {Ng,...,A\g} == Ay = Ayx(0), for i = 0,...,n — d and partitions A = (Ng,...,\g) with
n—d> X > > A >0, are called special Schubert classes and Schubert classes, respectively.
(Indeed, o; = {,0...,0}.) It follows from the general theory presented above that the Schubert

classes form a free Z—basis of A*(G). Their product is determined by the product formula.
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The celebrated Giambelli’s formula in this context is
{Xo, - Aa} N[G] = (ao, - .., aq) = [2(Ao, ..., Ad)], (4.7)

where a; :=n—d+i—\; fori =0,...,d, and Q(Ay,...,Ay) is an associated Schubert variety,
the ) .(a; — i)—dimensional subvariety of G defined by a flag of linear subspaces Ay & A1 &
<o G Ay & P" with a; = dim(4;) for i =0, ..., d as follows:

Q(Ag, ..., Aq) :={L e G;dim(LNA;) >1 0<i<d}

The class [Q(Ao, ..., Ag)] of Q(Ap,...,Aq) depends only on the a;.
With this notation, o; = (n—d—i,n—d+1,...,n) for i =0,...,n—d. In addition, for each

a € Ay(G), the expression of « in terms of Schubert classes of dimension ¢ is

o= Zaao,...,ad(am ...,aq), where g . a, = / a-(n—ap,...,n—ag).
G

Ezample 4.1. Let T = Ty U --- U1y be the chain of d + 1 projective lines. In contrast to
the nonsingular case, Ay(T") # Pic(T). Indeed, Pic(T) = Z%*+!, as each line bundle over T is
determined by its restrictions to the 7;, and the restrictions by their degrees. On the other
hand, Ag(7T) = Z. Indeed, if N; is the point of intersection between T;_1 and T;, then [Q] = [V;]
for each Q € T;_1 UT;.

Let Grassp(r +1,V) = Grass(r + 1,V) x T' =: G x T, for a vector space V of dimension
n+1 > r+1. By the Kiinneth Formula (see [21], Ex. 1.10.2, p. 25), there is a natural surjection:

itj=1

(o, B) = axf.

Since A1 (T) =@ Z-[T;) and A;(G) = Z-(0,1,...,7r,7+1), we conclude that any v € A;(G xT)

can be expressed as

v =Y ai([pt] x [T:]) + b((0,1,..., 7,7 + 1) x [pt]),

for some a;, b € Z.

The integer b can be determined as follows. Considerer the Pliicker embedding of G, deter-
mined by the line bundle A"~"@Q); then o1 becomes the class of a hyperplane section. Under this
embedding, b = deg(p1+Y) := [;(p1+7) - 01, where py: G x T — G is the projection. In fact, the
expression for b follows from the equality (see [21] Ex. 14.7.4, p. 272):

/(d—r—l,d—r—i—l,...,d,d—{—l)-(0,1,...,T,r+1):1.
G
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Remark 4.7. Recall that we are interested in describing a certain class § € Ho(H} (X)), which
will actually be described in Ho(G x T) for a certain Grassmannian G, where 7' is the chain
To, ..., Ty of projective lines. However, A;(G x T) = Hy(G x T). (Hence, the above example
describes the group we are interested in.) First notice that the cycle map clp1 : A1 (P') — Ho(P!)
is an isomorphism; see [21] Section 19.1. (Actually, P! is the unique projective curve for which
this holds; see [21] Ex. 19.1.11, p. 378.) Thus, since A1(T) = @@, Ai(T;), we conclude that
A1 (T) = Ho(T) via the cycle map. Second, by [21], Ex. 19.1.11(d), p. 378, we have that the
cycle map of a Grassmann, or more generally a flag, bundle is an isomorphism if and only if the

cycle map of the base is so, which is precise the case of G x T.

4.2 Stable limit linear series.

In this section we define what stable limit linear series are, and construct their moduli space
as that of torus fixed points in a certain moduli space of genus-0 stable maps to H}(X). After
this, we explain the connection with level-d limit linear series.

We sketch now briefly the contents of this section. In the first subsection, we introduce the
notion of a stable limit linear series and the construction of its functor. This new definition is
apparently artificial, although will make sense later on.

In the second subsection, we will be concerned with the study the stable maps from genus
zero curves to the scheme H(X), which parameterizes generalized linear series (briefly, gls) on
X along of a chain T of the its relation to a family of gls. Loosely speaking, this relation is
the translation from the discrete concept: of level-d exact points, to the continuous concept: of
fixed stable maps by of the torus action.

Here the Ossermann exact points has attached a special homological classes which will deter-
mine, in some sense, the type all level-é exact. Finally, in the third subsection we present the
equivalence between the two functors and will be proved that the functor the fixed stable maps

is coarsely represented by a projective scheme MO(H&"(X ), 8)¢".

4.2.1 The functor of stable limit linear series.

Follow the notation used in Sections 4.1.2 and 4.1.1. We will define a special type of families of

linear series over X.

Definition 4.8. Let B be an algebraic scheme and T a chain of d+ 1 projective lines. A family
of chain maps to T parametrized by B, denoted (7: & — B,u: S — T'), consists of:

1. a family of chains (7: & — B,0,00), that is, a family of curves 7: & — B such that the

fiber Sy over each geometric point b € B is a chain of projective lines.

2. a morphism p : & — T such that it contracts to T, i.e., for every b € B, we have
pi [Sp] = [T7].
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Consider the family of twisters F on X x T'/T constructed in Remark 4.1.1. Let B be an
algebraic scheme, and C := (7: § — B,u: S — T') be a family of chain maps to T" parametrized
by B. Let £ be an invertible sheaf on X x B of (relative) multidegree (d,0) over B. From the

diagram
o

S——T
B,
we have the diagram below:
X xS8 (4.8)
V J (id,p)
ps
X x B S X xT,

where pgs is the projection. We will call the sheaf
LIC):=LKRF=(_Ad,7)"L.® (id, u)*F

on X x S the family of twists of L along the family of chain maps C.

Definition 4.9. A family of generalized linear series of degree d and dimension r over X consists

of the following data:
1. a family of chain maps C := (7: § — B,u: S = T);
2. an invertible sheaf £ on X x B of relative multidegree (d,0) over B;
3. a family V C ps.L(C) of linear series of dimension r over X along S of sections of L(C).

Two families (£,V) and (£',1V’) along the same family of chain maps C are said to be equivalent
if there is an invertible sheaf Q on & and an isomorphism £(C) = £/(C) ® p%Q inducing an
isomorphism V= V' @ Q.

When B is a point, the family becomes a single generalized linear series. And, from the
definition, a family (£,V) along a family of chain maps (7: & — B,u: & — T') gives rise to a
generalized linear series (Lp, V) along the chain map (S, , pup: Sp — T') for each geometric point
beB.

A family of generalized linear series (L£,V) along a chain map (S,u: & — T) is called
everywhere nonconstant if, for every component C of S contracted to a point ¢ € T, the vector
subspaces Vs C H)(X, L ® F;) vary as s € C.

There is one extra property we need to address, namely we would like our family of generalized
linear series to be as “locally constant” as the family of twisters JF is.

Indeed, recall that for any i and any ¢ € T}, we have that F|xx¢ = Ox(—i,4) and Flxxrr =
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Flx Xt®(’)T;. Moreover, recall that, choosing coordinates (a : b) for T; such that N; corresponds
to (0 : 1) and Njy1 to (1 :0), we have that Fx,ap)y = Ker(p(a,b)), where p(a : b) is the

composition below:
p(ab)

Oy(—iP) ©® Oz(ip) ——Opd Op W@p .

Thus, the natural inclusions Oy (—iP) & Oz(iP) C Oy & Oz(dP) for each i = 0,...,d give rise

to a natural inclusion of sheaves on X x T"
F C(Oy © 0z(dP)) @ Or C Oyxr ® Ozx7(dP xT). (4.9)
Consequently, if L is an invertible sheaf on X with degree d on Y and 0 on Z, we have that
LXF:=p"LeF C (Ly ® Lz(dp)) ® Op, (4.10)

where p: X xT — T is the projection. More precisely, for each i and t € T;, we have LQF|x x¢ C
L;ly ® Li|z, with L;|y := L|y(—iP) and L;|z := L|z(iP).

Now, there is a natural action of the torus T on each Tj;, fixing N; and N;11, namely ¢ * (a :
b) = (ca : b). (As we will be interested in the orbits of lifts of this action to a certain space over
T, the action described above or ¢ * (a : b) = (a : ¢b) is the same for us.) We wish to lift this
action to one on F and consequently, and most important for us, on the spaces of sections of
families of twists of invertible sheaves over X. The next paragraphs illustrate how the lifting
works. All ideas share the spirit of G-linearizations; see [20], Section 3, p. 30.

The actions of T on each T;, letting IV; and N;1 fixed, can be assembled together in an action
o: TxT — T. We lift it trivially to the action ox := (idx x o) on X x T'. We claim that there is
an isomorphism oy F = p5 v F, where py x : TXxX xT — X X T is the projection. In other words,
for each t € T and ¢ € T, there is a natural isomorphism F.; & F;. Indeed, if t = (a : b) € T;,
then F. = Ker(p(ca,b)), whereas F; = Ker(p(a,b)). Since p(ca,b) = p(a,b)(c,1), it follows
that F; = (¢, 1) Fest, where (¢, 1) is the endomorphism of Oy @ Oz (dP) indicated. Furthermore,
since

Fi = (c1, 1) Fepst = (c1,1)(c2, 1) Feyernt = (102, 1) Feyepnts

the cocycle condition is satisfied; see [20], §3 Def. 1.6.

We are now in a position to furnish the last property the stable limit linear series we are
interested in must satisfy. Let C := (7: S — B, : S — T) be a family of chain maps to T
parametrized by an algebraic scheme B. An automorphism of C is an automorphism g: S — S
such that pog = f o u for an automorphism f: T — T fixing Ny and Ng1.

Notice that any automorphism f: T — T, fixing Ny and Ngy1, fixes all the nodes N;, and
restricts to an automorphism of 7T; for each ¢. Thus, for each i there is ¢ € T such that f(t) = cxt
for each t € T;.
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Definition 4.10. Let (£,V) be a family of continuous limit linear series along a family of
chain maps C = (7:S— B,u:S = T). We say that (£,V) is locally constant if for each
automorphism g: S — S of C and each s € S, letting b := 7(s) and ¢ := u(s), and ¢ € T such

that u(g(s)) = c*t, the following diagram commutes:

Vg(s)c—> HO(X, Ly ® f’c*t)c—> HO(X, ﬁb‘y ) ﬁﬂz(dp)) .

F o

Vo HO(X, Ly @ Fl)—— HY(X, Lo|y ® L] z(dp))

Furthermore, (£,V) is called a family of stable limit linear series if it is locally constant but

everywhere nonconstant.
We can finally define the functor we are interested in:

Definition 4.11. Let X be the curve obtained as the union of two smooth curves Y and Z
meeting transversally at a unique point P. Let T be the chain of d + 1 rational smooth curves
T, ..., T4 Let F be the sheaf of twisters on X x T'/T'. Define the contravariant functor of stable

limit linear series of degree d and dimension r on X:

&%(X) : {Schemes} —  {Sets}
B = BL(X)(B)

as the functor that associates to each scheme B the set &),(X)(B) of the following data:
1. an invertible sheaf £ on X x B of relative multidegree (d,0) over B;
2. a family (7 : S — B,u: S — T) of chain maps to T parametrized by B.

3. a locally free subsheaf V C L(C) of constant rank r + 1 of the family £(C) = LXK F of
twists of £ along C,

such that (£,V) is a family of stable limit linear series.

We will see in the next subsections that stable limit linear series can be interpreted as torus
fixed stable maps from genus-0 curves to H}(X) whose images lie on a certain homology class

f. This will give us the representability of & (X).

4.2.2 Stable Maps to H}(X) and their moduli space.

Our main objective is to define a suitable functor Mo (H7(X), B)C". Specifically, we will define
a certain class § € Ho(H}(X),Z) and study the stable maps invariant by a certain torus action

from genus-0 curves to H}(X) whose images lie in f3.
Recall that H}j(X) = Grass (r+1,us (L X F)), where:

Pic{d? xT
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1. Picg?’o) is the component of the Picard scheme of X parameterizing invertible sheaves of

degree d on Y and 0 on Z;

2. L is the Poincaré sheaf X x Picg?’o);

3. F is the sheaf of twisters on X x T/T;

4. LKF := ¢*LRp* F, where p : XxPicg?’O) XT — XxT andq : XxPicg?’o) xT — XxPic()?’O)

are the projections;

5. and u: X x Pic'®? x T = Picl®” x T is the projection.

Let m: H}(X) — Picg?’o) x T denote the structure map.

Our first results shows that all morphisms from a nodal genus-0 curve to H}(X) factors

through the subscheme H)(X, L) for a certain L € Picg?’o), where H(X,L) =7 '({L} x T).

Lemma 4.12. Let S be a genus-0 nodal curve and f : S — H}(X) a morphism. Then there

erists L € Picg?’o) such that f factors thorugh H}(X,L).

Proof 4.13. The statement follows from the fact that any morphism from P' to an Abelian

variety is constant, by [35], Prop. 3.9, p. 19, for instance.

Our next proposition asserts that each Osserman exact limit linear series g = (L, Vp, ..., Vy)
of degree d and dimension 7 defines a section of H}(X,L)/T. More generally, we will see that
an exact level-§ limit linear series of degree d and dimension r gives rise to a map from a chain
S of dé + 1 smooth rational curves to H}(X) whose composition with the map to 7" contracts
all the components of S but the (id 4+ 1)-th, for ¢ = 0,...,d. Loosely speaking, the “discrete”
notion of limit linear series that has been the standard so far will be replaced by a “continuous”

one.

Proposition 4.14. To each Osserman exact limit linear series g = (L, Vp, ..., Vy) over X, there
corresponds a section fg: T — HY(X,L) of H}(X,L)/T such that, for every i and t € T}, we
have f4(t) = (L;, Vi), where L; is the invertible sheaf on X whose restrictions to Y and Z are
Ly (—iP) and L|z(iP).

Proof 4.15. Recall that, from the construction of F, for each ¢ =0,...,d we have
LY Flxxiabyy = Ker (¥i(a,b): Lily © Li|z — Op),

where L; is an invertible sheaf on X satisfying L;|y = L|y(—iP) and L;|z = L|z(iP), and
Y (a,b) is the composition of fixed isomorphisms L|Y (—iP)|p = Op and L|z(iP)|p = Op with
(a,b): O% — Op. 1t follows that

L&f|X><TZ.* ng@OTZ,*, (4.11)
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whereas L X F|xy0:1)y = Lily ® Li—1]|z and LY Flx a0y = Lita1ly © Li|z. In particular,
LY Flxxr, C (Lily ® Lilz) ® Or,.

Thus, given g we may construct a locally free subsheaf V} of u,(LXF) ’T{‘ of rank r+ 1, where
u: X x T — T is the projection, as the image of

V; ® Opr € HY(X, L;) ® Orx 2 u.(L; ® Or)|p>

under the isomorphism induced by (4.11).

Another way of putting this is by viewing V; as a subspace of H(Y, L;|y) @ H°(Z, L;|z) and
ux (LB F)|rs as a subsheaf of (H*(Y, Lily) @ H*(Z, Li|z)) ® Or». Then V; C (H°(Y, Li|y) @
H°(Z, Li|z)) ® O in such a way that V(.. = (b, a)V; for each (a: b) € T}

The next lemma describes what happens with the V' at the boundary of T in Tj.

Lemma 4.16.
lim(1,a)V; = Vily & V;"° (4.12)
a—0

and
lim (b, 1)V; = V20 @ Vi (4.13)
b—0

Proof 4.17 (proof Lemma 4.16). Recall that we have the decomposition V; = ViZ’O @VZ-Y’O@VZ-L ,
where VZ-Z’0 C Vily and ViY’O C Vi|z are, respectively, the kernels of restriction maps V; — V;|z
and V; — V;|y, and ViL C Vily®Vilz € Vy (—ip)®Vz(—(d—1i)p) is the space of linked vectors, the
sections glued under conditions of vanishing at the node P. Then (b,a)V; = (b, a)ViZ’O @ (b,a) -
V"0 @ (b, a)VE. Now, (b,a)V;7? = bV7°0 = V20 and (b,a)V,"" = aV;"* = VX' for ab # 0, and
thus lim(1,a)V; D V;Z’O and lim(1,a)V; D VZ-Y’O. On the other hand, lim(1,a)V;F = (1,0)VL.
a—0 a—0 a—0
Since (1,0)V:F @ ViZ’O = Vily, Equation (4.12) follows. A similar argument establishes (4.13)

We return now to the proof of Proposition 4.14. By hypothesis, g is exact. Thus, it follows
from Lemma 4.16 that
hm(b7 1)‘/’5 = h_%(L a)‘/i-f—l'

b—0 a

In fact, exactness of g means exactness of

i

o ©i ®
Vi —— Vina — V; > Vit1,

L . . Y, VA
which is equivalent to the equalities V +? = Vi|z and V; 0 — i+1|y. In other words,
lim Vi, = lm Vi, |
t—N;r1 v ’ t—=Nit1 Z+1|

We may thus put together all the extensions V; of V} as subsheaves of (H°(Y,L;ly) @
H%(Z,Li|z)) ® Or,, and hence of u,(L X F)|z, to get a locally free subsheaf V of u,(L X F) in
such a way that (L X F,V) is a family of linear series parameterized by 7.
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Finally, it follows from the construction of H}(X') that (LXJF,V) corresponds to a morphism
fo + T — HJ(X,L), which, by its very construction, is a section of H}(X,L)/T such that
fo(t) = (L;, V;) for each t € T and each i =0,...,d.

Proposition 4.18. To each level-§ exact limit linear series g = (L, Vo, ..., Vistj, .-, Vas) there
corresponds a morphism fg: S — H}(X, L), where S is a chain Sy, ..., Sis+j,-.., 545 of rational

smooth curves, such that

1. (S,pu: S = T) is a chain map to T, contracting each Sisy; for j > 0, where p is the
composition of fy with the natural map H}(X,L) — T';

2. For each i and j, and each s € ;5+j’ we have fy(s) = (Lis+j, Vis+j), where Lisy; is the
invertible sheaf on X whose restrictions to Y and Z are L|y(—iP) and L|z(iP) if j =0
or the sheaf L|y (—iP) @ L|z((i — 1)P) if j > 0.

Proof 4.19. The proof is similar to that of Proposition 4.14.

Proposition 4.20. Under the hypotheses of Proposition 4.14 the map fq: T — H}(X,L) cor-
responds to a stable limit linear series (L, V) along the trivial chain map (T,id: T — T).
Conversely, if (L, V) is a nonconstant, locally constant generalized linear series along the trivial

chain map (T,id: T — T), then it gives rise to an Osserman exact limit linear series.

Proof 4.21. Indeed, by the proof of Proposition 4.14, the map fy: T'— H}(X, L) corresponds
to a generalized linear series (L, V) along the trivial chain map (7,id: " — T'). Since f; is a
section of H}(X,L) — T, the generalized linear series is everywhere nonconstant. Moreover, it
is locally constant, thus stable.

Conversely, choose t; € T for each i = 0,...,d, and set
V= V‘tz - HO(X,L ®‘F‘ti)'

Notice that L ® Fl,) = L; for each i = 0,...,d, where L; is the invertible sheaf on X whose
restrictions to Y and Z are L|y(—iP) and L|z(iP).

Furthermore, since (L, V) is locally constant, putting coordinates on each T;, for i = 0,...,d,
such that N;, ¢; and N;11 correspond to (0: 1), (1:1) and (1 :0), respectively, it follows that
Vi) = (b,a)V; for each a,b € C*. Thus, since the limit of V|, as ¢ tends to Nj1 is the same,
whether t € T; or t € T; 14, it follows from Lemma 4.16 that

Y,0 7,0
Virily @ Viy = V77 @ Vil z,

or equivalently, VZ-Z"J = Vit1ly and Vﬁ? = Vilz. Thus g := (L, Vo, ..., Vy) is an Osserman exact
limit linear series.

Remark 4.22. Regarding Proposition 4.18, the map fy: S — H} (X, L) corresponds to a genera-
lized linear series (L,)) along the chain map (S, u: S — T'), which is also locally constant, but

may fail to be everywhere nonconstant.
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We want now to define 5 € Ho(H}(X)) as the class of the image of a map f; corresponding to
an Osserman exact limit linear series, if one such limit linear series exists. By the very definition
of fy, it is clear that f, € Mo(H%(X),8)"".

The aim of the following results is to show that every f € Mo(H5(X),8)C", where the class
B corresponds to the Osserman “type,” and the invariance to the property of being “locally
constant,” corresponds to a stable limit linear series over X.

Our first step is to describe the class 5 € Ho(H}(X),Z).

So, let B := fg.[T], where fg: T — H}(X) is the map arising from an Osserman exact limit
linear series g = (L, Vp,...,Vy). Then fy(T) € H}(X,L). Now, f; corresponds to a family of
linear series of the form (L X F,V). Let u: X x T — T denote the projection. Then

YV Cu (LRF)C (HLly)® H°(L|z(dP))) ® Or.
Letting W := HO(L|y) ® H°(L|z(dP)) and G := Grass(r + 1, W), we get an embedding,
HY(X, L) = Grassp(r + 1, u, (LR F)) < Grassp(r + 1, W ® Or) = G x T.

By Example 4.1 and Remark 4.7, letting p; and py denote the projections of G x T onto the
indicated factors, we have that po.e.8 = > a;[T;], and p1.e.3 = by, where the a; and b are

integers, and <y is the dual class to o1 on G, that is o1 - v = 1.
Lemma 4.23. Let (8 := fg[T], where g is an Osserman exact limit linear series. Then
1. pastsB = [T].
2. pretsff = (r+ 1)7y.
Proof 4.24. For the first statement, recall that f; factors through H}(X, L) for a certain L,

and that 7, fy = idy, where 7r,: H}(X, L) — T is the natural map, thus 77, = pat. Thus

pQ*L*/B = pQ*L*fg*[T] = [T]

As for the second statement, set f; := fq|r, and 5; := fi[T;]. Writing b; := deg(pi«t«fi), it
remains to show that > b; =r + 1.

Claim: b; = dim(V;") for i = 0,...,d

The second statement follows from the claim and Lemma 3.13(3), Chapter 3, as that lemma
says that if g is an exact lls then Y, dim(V;%) = r + 1.

Proof (Claim): Write g = (L, Vb, ..., Vy). Choose coordinates (a : b) on each 7T; such that
N; corresponds to (0 : 1) and N;41 to (1 : 0). Then pjef; is the map that sends (a : b), for
ab # 0, to (b,a)V;, where V; € G under the embedding

Vi C Vily ® Vi|z € W (—iP) ® Vz(—(d —i)P) ¢ H*(X,Ly) ® H°(X, Lz(dP)).
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Choose a basis of W := H’(X, Ly) ® H°(X, Lz(dP)), respecting the decomposition. For each
subset I of this basis, let n;y be the number of vectors in H°(X, Lly) and nr z the number of
those in H°(X, Lz(dP)). For each I with |I| =r +1, let p; be the Pliicker coordinate of V' and
pr(c) that of (¢,1)V. Then ps(c) = ™Y py.

Now, from our study of invariant curves by our torus action in Subsection 4.1.2, we have two

cases:
e p1.fi(T;) consists of torus fixed points

e p1ufi(T;) is an invariant curve connecting two torus fixed points.

In the first case, by Lemma 4.16, we conclude that V; = VZ-Z’O @ Vilz = V;Y’O @ Vily, which is
only possible when V; = ViY’O ® ViZ’O, whence dim(V,X) = 0. So (b,a)V; = bViY’O ® aVZ.Z’O =V.
It follows that pitf; is constant, or equivalently, that b; = 0.

In the second case, let V;o and V; o be the two fixed points, such that the rational curve
(p1efi)(T;) passes through them. Then (pief;)(T;) can be identified with the projective fixed
line I'; in G that links V; ¢ and V; . Clearly, by Lemma 4.16, V; o = VZ-Z’0 ® Vilz and V; o =
V;Y’O @ Vily, and these are also the unique branch points of py¢f;: T; — I';. Hence, the degree
of di := (p1fi)(T;) is equal to nyyy = nr_y the sum of ramification index on Vjo and Vj o,
respectively. Hence,
nr,y = dim Vilz _ dim V;|z — dim VZ-Y’O = dim ViL = dim Vj]y — dim ViZ’O = dim Vz;; =nr_y,

Y0
Vi i

where the equalities follow from the exactness of g, since V|7 = Vzig = VZ-Y’O &) ViL and Vi|ly =
Vi =vite vk

To follow, it is only necessary to recall from 5 € Ho(H}(X),Z) the equalities in Lemma 4.23,
and the fact that v,8 = 0, where v: H}(X) — Picg?’o) is the natural map.

Our next goal is to prove that each point in Mo o(H7(X), B)C" is represented by a stable
map f: S — HJ(X) where S is necessarily a chain. So, forcing C*-invariance and the class
B determines strongly the type of our stables maps. Intuitively, by the discussion so far, this

moduli space is a “good candidate” for the moduli space parametrizing stable limit linear series.

Theorem 4.25. Any point of Mo(H5(X), )% is represented by a map f: S — H5(X) where

S is a chain of smooth rational curves contracting to T' under the natural map H}(X) — T.

Proof 4.26. Let us recall first the various objects and notions involved in the above statement.
According to Lemma 4.12, we may replace H}(X) by H := Grassp(r + 1, ¢.(L X F)), where L
is an invertible sheaf of multidegree (d,0) on X, and ¢: X x T — T is the projection. Since
LXF < (Ly &® Lz) ® Op, with Ly := L|y and Lz := L(dP)|z, we have a natural inclusion
v: H = G x T, where G := Grass(r + 1, W), for W := H(Ly) ® H°(Lz). More precisely,

LR Flxxr, = (Ly(=iP) ® Lz((i — d)P)) @ O,
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and thus ;
WH)C | JGix T,
i=0

where G; := Grass(r + 1,W;), for W; := H°(Ly (—iP)) ® H*(Lz((i — d)P)).
Thus, we may view My(H,3) as the closed subfunctor of My(G x T, t.(3) parameterizing
stable maps factoring through H. By hypothesis,

pretB = (r+ 1)y postsff = [T, (4.14)

where p1, po are the projections of G x T onto the indicated factors, and ~ is the positive
generator of Ha(G,Z).

Now, the torus action on H can be described as:

C*xH — H

(4.15)
(c,(Vit) = (V5 exi),
where, for t € T;, the space V¢ is defined as the image of V' C W; under the action:
Ve W; == HY(Ly (—iP)) & H(Lz((i — d)P)) . (4.16)
] o
Vei=c(V)—W; HY(Ly (—iP)) ® HY(Lz((i — d)P))
Since ¢, = 3, it induces naturally an action on the space of stable maps:
c* XMO(H76) — MO<H7IB) (4 17)
(c,[f: S —=H]) w~ [f:8— HS H]. ‘

Recall that Mo(H, 3) parameterizes classes of maps modulo automorphisms of the source.
Therefore, to say that [f: S — H] is in Mo(H, 3)®" means that there is an automorphism g, of
S such that f = f€¢g,. for each ¢ € C*.

Let [f: S — H] € Mo(H,3)® . Using the inclusion ¢: H < G x T, we can write f = (f1, f2) :
S—GxT.

The proof will be divided in 3 steps.

First Claim: S has d+ 1 components Sy, ..., Sq isomorphic to Ty, ..., T, under fo. For each
i=0,...,d+ 1, let Nj_1,00 (resp. N;o) be the point on S;_1 (resp. S;) mapped to N; under fo.
Let St := SoU---USy and put S!. := S — Sp. Then Sl consists of at most d + 2 connected
components S_y 2,812, -+ Sq41/2, where S;_y 3, if nonempty, is collapsed by fo and intersects
the rest of S only at Ni—1,00 and Njg. For each i =1,...,d, we have that S;_y /5 is nonempty
if and only if Ni—1,00 7 Nio, in which case there is a chain S?_1/2 C Si_1/2 of smooth rational
curves connecting Nij_10o with N;o. Let SO be the union of St and the 5?71/2 fori=1,...,d.
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Then S° is a chain.

Proof 4.27 (proof first claim). By the sake of preciseness, we put S_; := () and Sy, := (). Since,
by our choice of 8, we have f,[S] = [T], we conclude that there exist irreducible components
S0, ..,89q of § mapping to Tp,..., T, via fo with degree 1, the remaining components being
collapsed. Since [f] is fixed by the torus action, and the action moves the points on T for each
i, it follows that each collapsed irreducible component collapses to a point among Ny, ..., Ngy1.

Foreachi=0,...,d+1,let S;_;/5 C S’ be the union of the connected components of 7. which
are mapped to N; under fa. As fa|g, is a map of degree 1 onto T; for each i =0, ..., d, there is a
unique point on Sp, lying exclusively on Sy (resp. S;) mapped by f2 to Ny (resp. Ngi1). Then
S_1/2 and Sgy1/9 are connected, if nonempty. In addition, for each ¢ = 1,...,d, there are at
most two points on Sp that map to IV;, one on S;_1 and one on 5;, and they coincide if and only
if S;—1 intersects \S;, in which case the intersection only consists of that point. Clearly, S;_1/o
is empty if and only if S;_; intersects S; and consists of at most two connected components
otherwise, one intersecting each point of ST mapped to IN;. However, since S is connected, in
this case S;_1 /o is connected.

The remaining statements are clear since, as S is nodal of genus 0, so are the S;_j 5.

Second Claim: Let C be an irreducible component of the chain S°. Let 0 and oo denote
its special points. Then f1(0) = Vig @ Voo and fi(00) = Vie @ Voo, where Vig and Vi
are subspaces of H°(Ly) and Va and Va o are subspaces of H°(Lz). Furthermore, dim Vy o —
dim Vi o = dim Vs — dim Vo, and the difference is nonzero if and only fi(C) contains a
nonfized point of G. In this case, the degree of filc: C — G is a nonzero multiple of the

absolute value of the difference.

Proof 4.28 (proof second claim). Since [f] is fixed by the torus action, it follows that fi(C)
is invariant by the action of C* on G and that f1(0) and fi(c0) are fixed points by this action.
Then, as a consequence of our study of torus action in Subsection 4.1.2, the images f1(0) and
f1(00) are as claimed, and either f;(C') consists of fixed points or is a fixed curve with a nonfixed
point. In the first case, since the fixed points are of the form V; @ Vs, for spaces V; C H? (Ly) and
Vo € H%(Ly), it follows that fi(s) = [Vi(s) @ Va(s)] for Vi(s) € H(Ly) and Va(s) C H(Ly)
varying algebraically with s € C. Since V;(s) depends algebraically on s, for ¢ = 1,2, it follows
that
dim V19 —dim Vi o = 0 = dim V5 o — dim Vo .

In the second case, let V € f1(C) be a nonfixed point. Then

f1(C) ={(c,1)V/ c € C*}.

In this case, as in the proof of Lemma 4.23, there are two fixed points in f1(C), the limits of
(¢,1)V as c tends to 0 and oco. Letting V|y denote the image of the projection V. — H°(Ly),
and VYV its kernel, and V|7 the image of the projection V — H%(Ly), and VZ its kernel, the
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limits are V]y & V¥ and VZ & V|z. Of course, V¥ C V|z and VZ C Vy, where the inclusions

are strict because V is nonfixed. Also,
dimV|z —dimVY = dimV —dimVZ — dim VY = dim V|y — dim VZ,

is the degree of f1(C) in G under the Pliicker embedding.
There are two cases now, either f1(0) = V]y @ V¥ and fi(00) = VZ @ V|z, or the other way

around. In any case, the claim is valid.

Claim Three: S° = S.

Proof 4.29 (proof claim three). Let Cy,...,Cy, be the irreducible components of S, ordered

in such a way that C; = Sp, Cq = Sg and C; N C; # 0 if and only if [¢ — j| < 1. For each

i=1,...,m, let Q;0 and @Q); o denote the special points of S% on C;, with Qioon Ci_qifi > 1.
Since f1(Qipo) and f1(Qi,0) are fixed points of G for i =1,...,m, we may write

AQio) =V @ Vh and fi1(Qiee) = Vi, & Vid,

for certain subspaces Vfg and Vfgo of HY(Ly) and VlZ0 and V;ZOO of HY(Lz). Tt follows from
Claim 2 that the degree of f1(S) is at least

m
> dim Vi — dim V.
=1

Now, f1(Q1,0) is a subspace of H(Ly )& H®(Lz(—(d+1)P). Since Lz has degree d, it follows that
Vf,/o has dimension r + 1. Analogously, we have that Vn{ ~ has dimension 0. Since V}go = ‘/i{l,()

fori=1,...,m — 1, it follows that
m
> dim Vil — dim V| > 7 + 1.
=1

But, by our choice of 3, the degree of the map f1: S — G is exactly r + 1!

A number of consequences follow: First, all the connected components of S — SO are collapsed
by fi1 to points. Since they are also collapsed by fs, and f is stable, they must be stable curves.
But there is no stable 1-pointed genus-0 curve. So S = SY. Furthermore, either fi(C;) is a
(fixed) point, or f1(C;) is a curve containing a nonfixed point. The first case can only occur if
C; is one of the S;. If the second occurs, then f; maps C; isomorphically to fi(C;) and f1(C;)

has (nonzero) degree dim VZ}B — dim Vf;o

4.2.3 Equivalence of functors and coarse representation.

This subsection will be divided in two parts. In the first part, it will be established an iso-

morphism between the functor of stable limit linear series of degree d and dimension r, denoted
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&7 (X) and defined in Subsection 4.2.1, and the functor of torus fixed stable maps from genus-0
curves to H';(X) with homology class 3, denoted M (H’(X), 8)¢" and defined in the last sub-
section. The second part is devoted to showing that M, (H, B)C* is coarsely represented by a
projective scheme.

We begin recalling the definitions of the functors &’,(X) and Mo (H}(X), B)%". The first was

defined as the contravariant functor

&5(X) : {Schemes} — {Sets}
B = 6y(X)(B),

that associates to each scheme B the set &),(X)(B) the following data:
1. an invertible sheaf £ on X x B of relative multidegree (d,0) over B;
2. afamily C=(r:S — B,u: S — T) of chain maps to T parametrized by B.

3. a locally free subsheaf V C L(C) of constant rank r + 1 of the family £(C) = L X F of
twists of £ along C,

such that (£,V) is a family of stable limit linear series.
On the other hand, M, (H}(X), B)%" was defined as the contravariant functor

*

Mo(H(X), B)C {Schemes} — {Sets}

B = Mo(H(X),8)(B),

that associates to each scheme B the set Mo (H’(X), 3)*" (B) of isomorphism classes of families
over B of stable maps from a family of genus-0 curves S/B to H}(X), whose images represent
the class B, and which are fixed by the torus action; see Subsection 4.1.2. The class 3 is a
class satisfying the two conditions displayed in Lemma 4.23, plus the fact that v, = 0, where
v: Hj(X) — Picg?’o) is the natural map.

Recall that H}(X) := Grasspicg?,o)xT

(Z,V), where 7 is any torsion-free, rank-1 sheaf on X of degree d whose restrictions to Y and Z,

(r+1,W) is the scheme parameterizing linear series

modulo torsion, have degrees ranging from —1 to d, and V is any vector subspace of H°(X,T)

of dimension r + 1; see Section 4.1.
Proposition 4.30. The functors Mo(H5(X), )% and &"(X) are isomorphic.

Proof 4.31. In fact, for each scheme B the bijection between the sets Mo (H(X), 3)¢ (B) and
&% (X)(B) is defined as follows: For each element in the first set, let (7: S — B, f: § — H}(X))
be one of its representatives. By Theorem 4.25, the map 7 defines a family of chains of rational
smooth curves. Composing p with the natural map H}(X) — T, we get a map pu: S — T such
that, by the properties of 8, the pair C = (7 : S — B,u: S — T) is a family of chain maps to T’
parametrized by B. Finally, H}(X) comes with a family of linear series on X x H}(X)/H}(X).
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Pulling it back to X x §/S, we get a family (£(C), V) of linear series of sections of an invertible
sheaf which is precisely £(C), where L is the pullback to X x S of the universal invertible
sheaf on X x Picg?’o) under the map induced by the composition of f with the natural map
v: H)(X) — Picg?’o). Finally, the stability of (7: S — B, f: § — H};(X)) is equivalent to the
fact that (£,V) is everywhere nonconstant, and the fact that (7: S — B, f: § — H}(X)) is
torus fixed is equivalent to the fact that (£,V) is locally constant. Thus (£,V) is stable, and
hence defines an element of &/,(X)(B).

Conversely, let C = (7: S —- B,u: S = T) and (£(C),V) be a family of stable limit linear
series. On one hand, by the existence of a family of generalized linear series (£,)) and the
Universal property of Hj(X) we obtain that a unique map f : & — Hj(X). On the other
hand, the fact that (£(C),V) is locally constant and everywhere nonconstant is equivalent to
the fact of the map f : & — H}(X) is a torus fixed and stable. Thus, the representative of
(m: S — B, f: S — H}(X)) is the searched element of Mo (H(X),3)C (B).

Theorem 4.32. There exists a projective scheme MO(H;(X),ﬁ)C* coarsely representing the
functor Mo(H5(X), B)C".

Proof 4.33. First, since the algebraic scheme H)(X) is projective, by Theorem 4.2, we have

that Mo(H5(X),B) is coarsely represented by a projective scheme, 3 := Mo(H}(X), ). From

the embedding H;(X) SO xTx Picg?’o) described in Subsection 4.1.1, where

G := Grass(r + 1, W1 & Wa),
we obtain, by Proposition 4.4, a closed embedding
3 < Mo(G x T x Pic??, 1,.8). (4.18)
Now, Lemma 4.12 yields a natural isomorphism
Mo(G x T x Pic'? | 1,8) = My(G x T, B') x Pic'®?, (4.19)

where 8’ is the direct image of ¢,3 under the projection, since Picg?’o) = Pic(d?) (Y) x Pic(i)(Z)
is an Abelian variety.

On the other hand, we may embed G x T < G x P41 as a C*-invariant closed subscheme,
where we define the torus action on G x P4+t by cx (Vi,V5) := (ALVi, A2V%). Here V; denotes a

r + 1)-dimensional subspace of W7 @& W5 and V5 a one-dimensional subspace of Cd+2, Besides,
(
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Al and A2 are the C-linear transformations represented by the matrices, respectively:

c 0 0 10
0 c 0 0 ¢

Ag = A=
00 1 0 00 0
0 0 cd+1

Finally, T C P! is the chain of d + 1 lines Ty, ..., Ty, where T} is the line represented by the
2-dimensional subspace of Ci+2 generated by e; and e;y1, where eg,...,eq41 is the canonical
basis of C%2; see Subsection 4.1.2. A consequence of this embedding is the lemma below, which

will be proved later:
Lemma 4.34. Every point z € 3 has a torus invariant affine open neighborhood.

Now, for each scheme B, the set F(B) := My(H}(X),3)" (B) is identified as the subset of
Homj3(B) of maps f : B — 3 such that the following diagram

C*x3—253 (4.20)

(id7f)T Tf

C* XBLB,

is commutative, where o denotes the action. Thus, to prove that F' is coarsely representable,
by [41] Prop. E.18, p. 382, it suffices to show that the functor F satisfies the following two

properties:
1. F' is a sheaf (in the Zariski topology).
2. F admits a covering by representable open functors.

The first property is easily checked. In fact, we need to prove that the sequence of sets on top

below is exact, for each open covering B = U; B;:

F(B) ——— ILF(B;) —— 11, ;F(B; N B;)
0 —— Homj3(B) —— II;Homjz(B;) —— II; ;Homj3(B; N B;)

(The commutativity of the above diagram follows from the definition of F'.) Now, given (f;: B; —
3) € II,F(B;) in the kernel of the second map at the top of the above diagram, since Hom3z(-)
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is a sheaf, it follows that there exists a unique f: B — 3 such that f|p, = f;. By assumption,

C*x3—7—3 ,

commutes, that is, f o pa|cxxp, = fiop2 = o(id, fi) = o(id, f)|c*xp, for each i, which implies
that fops =o0o(id, f), i.e., f € F(B).

As for the second property, since F is a sheaf, by [41] Lemma E.19, p. 382 , we may restrict

ourselves to the category of affine schemes. On the other hand, by Lemma 4.34, we may replace
3 by an affine scheme. Thus, it suffices to prove, for a C-algebra A over which there is a co-action

o: A — A[t,t71], that there is a universal quotient h: A — B:

A At t7Y (4.21)

where ¢ is the natural inclusion and A’ is the algebra homomorphism extending h, that is, such
that h'(t) = t. Equivalently, we would like to show that there exists an ideal I C A such that

A—2— At,t7Y (4.22)

A/l —— AJIft,t71],

commutes, and such that for any morphism h: A — B making (4.21) commute, we have that
I C Ker(h).

In fact, from the commutativity of Diagram (4.22) we must have

a— > a;tt, (4.23)

(2

|

a—= > a;tt
7

and since ¢ is the natural inclusion, the sum Y @;t’ should be equal to @y = @. Thus, it suffices
i

to let
I:=(ai|i#0,a€A) CA,

the ideal generated by the nonconstant coefficients of o(a). It is easy to check that for any h

making (4.21) commute, we have I C Ker(h). This finishes the proof of the theorem.
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Proof 4.35. (of Lemma 4.34) Using the isomorphism (4.19), and the fact that the C*-action
on Pic®9 g trivial, we may replace 3 by Mo(G x T, 8"). Furthermore, using the embedding of
G x T in G x P™1 we may replace the former by the latter. Now, since G x P41 is a convex

variety, Mo(G x P?*1) is normal. Thus the lemma is a consequence of [42], Cor. 2.

4.3 Comparison with 2’7fsxaCt(X).
From the Theorem 4.32, we have the set bijection
B(Spec(C)) : Mo(Hj(X), /) (Spec(C)) — Hom (Spec(C), Mo(HH(X). H) . (424)

where ¢ is a natural transformation of the functors determined by G%(X)% := Mo(H%(X),8)*".
Our next result, may be paraphrased saying that the projective (coarse) moduli space 3

parametrizes the limit linear series in all levels on the curve X. Precisely,

Theorem 4.36. For all § > 1, exists a natural map
Wy GLEX) — GR(X),

whose union run on § of the left side is equal to (set-theoretically) GQ(X)St.

Proof 4.37. According to Proposition 4.18 and the proof of Theorem 4.25, each g € G;’?Xaet(X)
determines a unique class of [f?] € G(X)*", for any 6. More precisely, from Remark 3.15(3) of
(3) we know that GZ’?XaCt (X) admits a covering by:

Gy (X3 U) = { g €G> My =r+ 1} .
keU

According to Proposition 4.18 and the proof of Theorem 4.25, each point in Gg’fsxa(:t(X ;U) cor-
respond to a unique point of [f¥] € G%(X )™, whose chain source is indexed by U and corresponds
to non-collapsed components by f§ and f{, which are the compositions of f9 with the natural
projections to pp : Hj(X) — T and p1 : Hj(X) — Grass(r + 1, W).

Conversely, to each point of [f] € G(X)** we associate gy € Gg’v}*gxaCt(X ) for some §, by adding
the necessary P! to get a chain of length d§ + 1. Recall that the class 3 and the torus action

determines the type of our stable maps.

It follows that, associated to each stable limit linear series [f] € G7(X)** we have a subscheme
in the fiber of the degree d Abel map A as defined in 3: P(gs) € A;*(L). In particular,

Corollary 4.38. For any g = (L,Vy,...,Vy) € GZ’OSS(X) there exist a stable limit linear series
[f5] € Gi(X)*" such that g € G;’}?mCt(X) and p15(g) = g for some 0 and whose subscheme
associated in the fiber of the Abel map P(gys) € Agl(L) has “correct” Hilbert polynomial, i.e.,
the Hilbert polynomial P(s,t) = (SJF;L;M) of the diagonal of P" x P".
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Proof 4.39. In fact, by Proposition 3.16(2) in (3) there exists an exact level-§ lls g € GZ’?XaCt (X;0)
for some U # ¢. By Theorem 4.36 above g corresponds to [f;] a unique stable limit linear series

on X, which by the comments above, exactness and Theorem 3.19 in (3) the subscheme P(gy)
has Hilbert polynomial P(s,t) = (**1*7).

Notice that, since P(gs) = [JP(gsx) we have that each class in G(X )" determines a unique
subscheme in the fiber of the Abel map A,4. In this sense, the projective scheme G%(X)™ is a

“good candidate” for resolving the (set-theoretically) map

r4+s+t
P GEO¥(X) - Hﬂbgd"" )
g > P(g).

studied by Esteves-Osserman (see [18]).
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